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Preface 


Signal processing represents an important domain of electronics, in the last years 
many efforts being directed for improving the performances of these structures. 

The approach of the signal processing from an analog perspective presents the 
advantage of allowing an important reduction of the circuits’ power consumption. 
The compact implemented structures are compatible with ultimate low-power 
designs and find a lot of applications such as portable equipments, wireless nano- 
sensors or medical implantable devices. Even the power consumption is continuous 
for analog circuits comparing with digital structures that consume only in the 
switching intervals, the possibility of an important reduction of designs’ complex- 
ities and of the number of their constitutive active devices strongly decrease the 
medium power consumption per unity of time for analog designs. Moreover, low- 
power analog signal processing circuits are often implemented using subthreshold- 
operated MOS transistors, having extremely low values of drain currents, this fact 
producing an additionally lowering of the total power requested by the analog 
computational structures. The original approach of designing analog signal proces- 
sing circuits using multifunctional structures also contributes to the decreasing of 
power consumption per implemented function. 

Another important advantage of analog signal processing is that the speed of 
circuits is usually greater than the speed of digital computational circuits, allowing 
a real time signal processing. 

Two important classes of analog signal processing circuits can be identified. The 
first class corresponds to linear structures, such as differential amplifier structures, 
multiplier circuits or active resistor structures, being necessary to develop particular 
linearization techniques in order to improve their general performances. The second 
class of analog signal processing circuits covers the area of nonlinear structures: 
squaring or square-rooting circuits, exponential structures or vector summation and 
Euclidean distance circuits. In this case, the most important goal is to minimize the 
approximation error of the implemented function. In order to improve the circuits’ 
frequency response, a part of analog signal processing circuits are implemented 
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using exclusively MOS transistors biased in saturation region. In cases in which the 
low-power operation is crucial, the subthreshold operation of MOS active devices 
represents the single choice for the designer. 

In order to obtain an important reduction of design costs and of power consump- 
tion for the designed circuits, multifunctional computational structures can be 
implemented. Their principle of operation is based on the possibility of a multiple 
use of the same functional cell that is named multifunctional circuit core. As the 
design effort is mostly focused on the improving of the core performances and 
because the most important silicon area is consumed by the multifunctional core, 
the reutilization of this part of the multifunctional structure for all circuit functions 
will strongly decrease the complexity and power consumption per implemented 
function. The multifunctional structures present the important advantage of a 
relatively simple reconfiguration, small changing of the design allowing to obtain 
all necessary linear or nonlinear circuit functions. 

The first chapter is dedicated to the presentation of linearization techniques for 
improving the performances of CMOS differential structures, fundamental circuits 
in VLSI analog and mixed-signal designs. The mathematical fundamentals are 
structured in eight different elementary mathematical principles, each of them 
being illustrated by concrete implementations in CMOS technology of their func- 
tional relations. 

As it exists a relative limited number of mathematical principles that are used for 
implementing the multiplier circuits, the first part of Chap. 2 is dedicated to the 
analysis of the mathematical relations that represent the functional core of the 
designed circuits. In the second part of the chapter, starting from these elementary 
principles, there are analyzed and designed concrete multiplier circuits, grouped 
according to their constitutive mathematical principles. Both current and voltage 
multiplier circuits are presented, their operation being extensively described in 
Chap. 2. 

The squaring function can be relatively easily obtained considering the intrinsic 
squaring characteristic of the MOS transistor biased in saturation region. Referring 
to the input variable, the squaring circuits can be clustered in two important classes: 
voltage squarers and current squarers, for both of them, the output variable being, 
usually, a current. The first part of Chap. 3 is dedicated to the analysis of the 
mathematical relations that represent the functional core of the designed circuits, 
while, in the second part of the chapter, starting from these elementary principles, 
there are analyzed and designed concrete squaring circuits, clustered according to 
their constitutive mathematical principles. 

An important class of VLSI computational structures is represented by the 
square-root circuits. Frequently implemented using a translinear loop, they exploit 
the squaring characteristic of MOS transistors biased in saturation region. The 
presented design techniques are based on five different elementary mathematical 
principles, each of them being illustrated in Chap. 4 by concrete implementations in 
CMOS technology. 

Exponential circuits represent important building blocks with many applications 
in VLSI designs. In CMOS technology, the exponential law is available only for 
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the weak inversion operation of MOS transistor, the circuits designed using 
subthreshold-operated MOS active devices having the disadvantage of a poor 
frequency response. Thus, circuits realized in CMOS technology that require a 
good frequency response can be designed using exclusively MOS transistors biased 
in saturation region. The first part of Chap. 5 is dedicated to the analysis of the 
mathematical relations that represent the functional core of the designed circuits. 
In the second part of the chapter, using these elementary principles, there are analyzed 
and designed concrete exponential circuits, grouped according to the mathematical 
principles they are based on. 

Chap. 6 is dedicated to the analysis and design of Euclidean distance circuits, 
classified (depending on their input variable), in computational structures having 
current-input or voltage-input vectors. 

Functionally equivalent with a classical resistor, but presenting many important 
advantages in comparison with them, active resistor structures are extensively 
analyzed in Chap. 7. The goal of designing this class of active structures is mainly 
related to the possibility of an important reduction of the silicon area, especially for 
large values of the simulated resistances. The techniques presented for designing 
active resistor structures are based on six different elementary mathematical prin- 
ciples, each of them being illustrated by concrete implementations in CMOS 
technology. 

A multitude of fundamental linear or nonlinear analog signal processing blocks 
can be realized starting from the same core, the optimization techniques implemen- 
ted for the core being efficient for all derived circuits. The structures that can be 
realized starting from an improved performance multifunctional core are: differen- 
tial amplifiers, multiplier circuits, active resistors (having both positive and nega- 
tive controllable equivalent resistance), squaring, square-rooting or exponential 
circuits. Additionally, developing proper approximation functions, multifunctional 
structures are able to generate any continuous mathematical function. The circuits 
shown in Chap. 8 are based on four different elementary mathematical principles, 
being also presented concrete implementations in CMOS technology of these 
complex computational structures. 
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Chapter 1 
Differential Structures 


1.1 Mathematical Analysis for Synthesis 
of Differential Amplifiers 


Elementary mathematical principles represent the functional basis for designing 
differential structures [1-55], each theoretical principle corresponding to a class of 
differential amplifiers. Usually, the proper operation of these circuits uses a biasing 
in saturation of MOS active devices. The notations of variables are: V; and V2 
represent the input potentials, /gyr signifies the output current, while, usually, Vo, 
Vo. and Voz constant voltages are introduced for modeling a voltage shifting. In 
order to obtain a differential structure able to amplify with small distortions an input 
signal, a linear behavior of the circuit must be implemented. 


1.1.1 First Mathematical Principle (PR 1.1) 


The first mathematical principle used for implementing differential amplifiers is 
based on the following relations: 


Tour = A(Wh — Vi) 


K K 
Tl, ==(Vesi - Vr) = lout = av —V\) 


2 
K 
h= 3 Vose — Vr)” 
Vas2 — Ves1 = V2 - Vi (1.1) 


The differential amplifiers based on the previous relation compute a current 
proportional with the differential input voltage, V. — V; 
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2 1 Differential Structures 
1.1.2 Second Mathematical Principle (PR 1.2) 


The mathematical relation that models this principle is: 


2 2 2 2 
Vi V2 V2 Vy 
V V V V 
(5 a) (5 a1) + (Vo 2) (vos | 
V,-—V2 (Vit V2 — 
— 2 
5 ( 5 Vor) + 


= (Vo2 = Voi(Vi = V2) = ct. (Vi = V2) (1.2) 


The circuits that use this principle generate a current proportional with the 
differential input voltage, V; — V2. 


1.1.3 Third Mathematical Principle (PR 1.3) 


This principle is illustrated by the following mathematical relation: 


[A(Vi — Va)? + B(Vi — Vo) +C] [A Wy SB Vee 
= 2B(V, — Vo) (1.3) 


The output current will be also proportional with the differential input voltage, 
Vi —V2 


1.1.4 Fourth Mathematical Principle (PR 1.4) 


The mathematical relation that models this principle is: 


2 2 2: 
V V V 
(ve SV, Ver *) fs (vo Vite 3) (ve ViVi ) 


Vy, 
Vo —Vr 5 


+ Vi(2Vo — 2Vr) = 2V1(Vc — 2Vr) (1.4) 


2 
) = Vi(2Ve — 2Vo — 2Vr) 


The output current of the differential amplifier is linearly dependent on the input 
voltage, V}. 
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1.1.5 Fifth Mathematical Principle (PR 1.5) 


The fifth mathematical principle can be written as follows: 


V, —V2 
Tour = 5 


K 
|| pe a eee) 


= V/Klo(V; — V2) (1.5) 


1.1.6 Sixth Mathematical Principle (PR 1.6) 


The method modeled by this mathematical principle, used for linearizing the 
transfer characteristic of differential structures, uses an anti-parallel connection of 
two differential amplifiers, the controlled asymmetries between their biasing 
currents, also between the aspect ratios of their transistors fulfilling this desiderate. 


1.1.7 Seventh Mathematical Principle (PR 1.7) 


This principle is useful for obtaining a rail-to-rail operation of a differential struc- 
ture, based on a parallel connection of two complementary differential amplifiers. 
The mathematical relations of this principle are shown in the following lines: 


Pup= V2K (Top ihe Von) (Vi — V2) (1.6) 


Vlon + lop = 2/lo CZ) 


resulting: 


Tour = \/8KIo(V1 — V2) (1.8) 


1.1.8 Different Mathematical Principle for Differential 
Amplifiers (PR 1.D) 


There are some circuits based on different mathematical principles that are useful 
for linearizing the behavior of differential amplifiers. 


4 1 Differential Structures 
1.2 Analysis and Design of Differential Structures 


The classical MOS differential presents a strong nonlinear behavior, as a result 
of the quadratic characteristic of their constitutive transistors biased in saturation 
region. In order to improve the linearity of the structure, it is necessary to develop 
efficient linearization techniques, functional mathematical principles being elaborated 
for fulfilling this desiderate. 

Based on the previous presented mathematical analysis, it is possible to design 
different types of differential structures, included in eight classes, corresponding to 
the previous presented eight mathematical principles (PR 1.1 — PR 1.7 and PR 1.D). 

The MOS differential amplifier represents a fundamental block in analog design, 
having a large area of applications. The analysis of the large signal operation for the 
classical MOS differential structure (Fig. 1.1) [1, 2] can quantitatively evaluate 
the circuit’s nonlinearity, being possible to determine the weight of each superior- 
order distortion introduced by the structure nonlinearity. 

The V; = V; — V2 differential input voltage can be expressed as follows: 


21 21 2 
Vi = Vesi — Ves2 = (v + 72) - (v + 2) = Avi Vb) (1.9) 


Squaring and replacing the sum /; + J) with Jo, it results: 


KV; 
2 (lo —h) = lo -* (1.10) 
The resultant second-order equation will be: 
1 KV2\° 
Tj -Ioh +=(1 a) = 1.11 
poh ty ( 0-5 ) 0 (1.11) 


wy 1 


vi. | MI m2 4I/ _ais 
a 


ie @ Ro 
Fig. 1.1 Classical MOS 


differential structure V7 
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having the following solutions: 


Io Io [KV; K?V} 
I = + 1.12 
)i2 2 OV aR a 
Io Io |KV2 K2V3 Io Io |KV2 K?V4 
h=2+2,/—--—4 h=2-2,/-~-—} (1.13) 
2° 2 Io Al?, 2 2YV Io Ar, 


The output differential current will be: 


[KV2 K2v# V, 
b-l=-l u _ \/4KIo — K2V? 1.14 
2 1 O Ip 42 5) O I ( ) 


The (J, — 1,)(V;) function is strongly nonlinear, the quantitative evaluation of its 
nonlinearity being possible using a Taylor series expansion. So, it is necessary to 
compute the superior-order derivates of the following function: 


f (Vi) = \/4KIo — K2V7 (1.15) 


and their values for V; = O The first-order derivate is: 


So: 


f'(Vi) = —K?V;(4KIg — 22)? (1.16) 

while the second-order one has the following expression: 
£"(V1) = —4K31o(4KIo — K2v2) 7°? (1.17) 

resulting: 
f'(Vi)ly,-0 = 9 (1.18) 
1 2d 
CS) pee renal (1.19) 
The Taylor series expansion of the function (1.14) gives: 

K3/2 K)/2 

(b — hh) (Vi) = —KY7167V; + pV} + Vedas (1.20) 
j2°1 3/2 "1 
815 128], 
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1, [uA] 


V, [mV] 
-400 -300 -200 -100 0 100 200 300 400 


Fig. 1.2. The /;(V;) and J,(V;) dependencies for the classical differential amplifier 


or: 
(In — Ih) (Vr) = aiV + a3V; + a5V; +--- (1.21) 


The first term is linearly dependent on the input voltage, while the last two terms 
model the third-order and fifth-order nonlinearities of the differential structure. 

The dependencies of the drain currents 7; and J, on the differential input 
voltage V; for the differential amplifier from Fig. 1.1 are presented in Fig. 1.2. 

Considering a load resistance R, = 10k Q, the simulation of the transfer char- 
acteristic Vo(V;) =Rz(I, —1,) (V;) for the differential amplifier presented in 
Fig. 1.1 is shown in Fig. 1.3. 

The simulation of the transfer characteristic Vo(V;) for a maximal input range 
between — 0.4V and 0.4V and a biasing current Jo having the values 0.1 mA, 
0.2 mA and 0.3 mA is shown in Fig. 1.4. It could be remarked an increasing 
of the differential-mode voltage gain for an increasing of the biasing current [o 
(using relation (1.20)), the doubling of the biasing current generating an increasing 
of V2 of the voltage gain. 

The voltage gain is — 10.95 (using relation (1.20)), while the simulated value 
is — 10.43, 

Fig. 1.5 presents the simulation of the transfer characteristic of the differential 
amplifier for different values of the common-mode input voltage Ve = (V; + V2) /2 
(between | V and 1.3 V), showing a minimal value of Vc of about 1.2 V. The 
simulation was made considering a passive load attached to the differential amplifier 
from Fig. 1.1, having R} = Ro = 10k Q and a supply voltage Vpp = 9 V. 
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Vo IV] 
1.2 


0.8 


124 V, [mV] 
-400 -300 -200 -100 0 100 200 300 400 


Fig. 1.3. The Vo(V,) dependence for the classical differential amplifier 


-400 -300 -200 -100 0 100 200 300 400 


Fig. 1.4 Parametric Vo(V;)dependence for the classical differential amplifier 


Figure 1.6 represents the simulation of the transfer characteristic of the differential 
amplifier for different values of the common-mode input voltage Vc = (V; + V2) /2 
(between 8.9 V and 9.1 V), showing a maximal value for Vc of about 9 V. 
The simulation was made considering a particular implementation of the current 
source Ig from Fig. 1.1 using a classical current mirror. 
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Fig. 1.5 The Vo(V,) dependence for multiple common-mode input voltages (1) 


Vo IVI 
1.2 I 
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Fig. 1.6 The Vo(V,) dependence for multiple common-mode input voltages (2) 


1.2.1 Differential Structures Based on the First Mathematical 
Principle (PR 1.1) 


The method for obtaining a linear transfer characteristic of the differential amplifier 
based on the first mathematical principle (PR 1.1) uses the compensation of the 
squaring characteristic of the MOS transistor biased in saturation using comple- 
mentary square-root circuits. 
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The first circuit using this method is shown in Fig. 1.7 [3] and it uses two 
square-root circuits for improving the linearity of the differential amplifier. 

Using relation that describes the operation of Mla—M1b and M2a—M2b square- 
root circuits, the output voltage of the differential amplifier from Fig. 1.7 will be: 


1 1 1 1 1 1 
Vo=Va-Vi= Vib (ete Vz) Vin Vet+e-Ve) (1.22) 


Because: 


K K 
Vh-Vh = van —Voes1) = rE —V)) (1.23) 


it results: 


a | 1 
Vo = VR(\ le te le) (V2 — V1) (1.24) 


equivalent with a linear dependence of the output voltage on the differential input 
voltage. 
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Fig. 1.8 Differential structures (2) based on PR 1.1 

The principle of operation for the differential amplifier shown in Fig. 1.8 [4] is 
based on the compensation of the squaring characteristic of parallel-coupled differ- 
ential amplifiers M5—M6 and M7—M8 by two square-rooting circuits, M1—M3 and 
M2-M4. The principle of operation is similar with the principle of the circuit 
presented in Fig. 1.7, the advantage being the exclusively biasing in saturation of 
all MOS transistors. 

The differential output current of the circuit can be expressed as follows: 


Tour: — Tour2 = (a — hh) — (a — bs) (1.25) 


The constant potential Vc is equal with the difference between two gate-source 
voltages. Supposing a biasing in saturation of all identical MOS transistors, it results: 


21, 21 
= = = 4/——4,/— 1.2 
Ve = Vas — Vsa3 = 4/ RK VE (1.26) 


So: 


Vi = Vib + [Eve (1.27) 


resulting: 


K 
I =1,+ aVG + 4/2KTs Ve (1.28) 


and, similarly: 


K 
bh Stet s Vet V2KI4 Ve (1.29) 
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Fig. 1.9 Current-mode square-root circuit (1) 


From (1.25), (1.28) and (1.29), it results a square-root dependence of the 
differential output current on the input currents: 


Tour: — lour2 = V2K Ve(Via a Vb) (1.30) 


The differential expression 74 — \/J; is a function of the input potentials V, 
and V5, as follows: 


Vie — B= [SVs Vr) [Svs Vr) 


= [E50 — Vsqs5) = rE — V2) (1.31) 


From (1.30) and (1.31), it results a linear dependence of the output current on the 
differential input voltage: 


Tour: — Tour2 = KVc(V1 — V2) (1.32) 


Alternate implementations of square-root circuits used for linearizing the transfer 
characteristic of the classical differential amplifier are shown in Figs. 1.9-1.13 [4]. 

For the square-root circuit shown in Fig. 1.9, the translinear loop realized using 
M1, M3, M5 and M6 transistors has the following characteristic equation: 


Vsa3 + Vscoe = Vsai + Vses (1.33) 


So: 


flo + Vi = VIs (1.34) 
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Fig. 1.13 Current-mode square-root circuit (5) 
Squaring the previous relation, it is possible to write that: 


hH=lp th 2h (1.35) 


In a similar way, it results, from the right part of the circuit: 


h=ly $64 2/iob (1.36) 


The differential output current of the squaring structure can be expressed as 
follows: 


Tour: —Tour2 = (Is +h) — Ig +h) = 2Vlo(Wh — Vb) (1.37) 


In order to obtain a linear differential amplifier, the square-root circuit shown in 
Fig. 1.9 must have as input currents the drain currents /; and Jy of a classical 
differential amplifier M9—M10, resulting the circuit presented in Fig. 1.14. [4] 

The differential output current of this circuit can be obtained replacing the 
expressions of /; and /, drain currents by their squaring dependencies on the gate- 
source voltages: 


K 
Tour: — Lour2 = 2/ Tay Ves — Vse10) = V 2KTo(V2 — V1) (1.38) 


For the square-root circuit presented in Fig. 1.10, the translinear loop achieved 
using M1, M2, M5 and M6 transistors has the following characteristic equation: 


Va2 — Vai = (Vas1 + Vsas) — (Vaso + Vsae) (1.39) 


resulting: 


K 
Ver — Va =2 Goth (1.40) 
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Fig. 1.14 Differential structures (3) based on PR 1.1 


or: 


Vpo — V, K 
yee eee Lys (1.41) 


Squaring the previous relation, it results: 


[KI Veo — Vai)” 
heii 5 (V2 Vai x Ve : ai) (1.42) 
and, similarly: 
KI Veo — Voi)” 
hai 5 (V2 Vei) 4 x We 3 ai) (1.43) 
The differential output current can be expressed as follows: 
Tour: — lour2 = Us +) — Us +h) (1.44) 


From (1.42)-(1.44), the expression of the differential output current becomes: 


K 
Tour: — Lour2 = (Vp2 Va (Wh vh) (1.45) 


The implementation of a differential amplifier using this square-root circuit is 
shown in Fig. 1.15 [4]. 
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Fig. 1.15 Differential structures (4) based on PR 1.1 


The differential output current of the linear differential amplifier from Fig. 1.15 
can be obtained replacing /; and /» currents by their squaring dependencies on the 
gate-source voltages: 


K K 
Tour: —lout2 = 3 (V2 — Vai) (Vsco — Vsci0) = 3 (V2 —Vei)(V2—-Vi) (1.46) 


equivalent with: 


Gm = > (Vaz — Va) (1.47) 


N/A 


The square-root circuit presented in Fig. 1.11 is composed from two identical 
cores (M1—M2 and M3—M4), each of them computing the square-root function of 
an input current. For M1—M2 pair, Vc input voltage can be expressed as follows: 


2 
Vc = Vse2 — Vsei = a= vn) (1.48) 


So: 


K 
Vin = f8Ve+VE (1.49) 
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Fig. 1.16 Differential structures (5) based on PR 1.1 


or: 


K 
Ino = + 5Ve + V2K VeVi (1.50) 


The expression of the first output current will be: 


K 
Tour: = Ip2 — I = 5 Ve+ V2KVevh (1.51) 
Similarly: 
K 
lour2 = miae + V2K VeVIz (1.52) 


resulting the following expression of the differential output current: 


Tour — lout, = V2K Ve(VWh — Vb) (1.53) 


Attaching two parallel-connected classical differential amplifiers to the double 
square-root circuit presented in Fig. 1.11, it results a differential amplifier with a 
linear transfer characteristic (Fig. 1.16) [4]. 

For this circuit, the differential input voltage can be expressed as follows: 


2 
Vi — V2 = Ves7 — Vasio = (2h — vh) (1.54) 
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From (1.53) and (1.54), it is possible to obtain the expression of the differential 
output current as a function on the differential input voltage: 


Tour: — Tour2 = KVc(V1 — V2) (1.55) 
so an equivalent transconductance of the circuit expressed by: 
Gm = KVc (1.56) 


For the square-root circuit shown in Fig. 1.12, the translinear loop realized using 
M1, M3, M5 and M6 transistors has the following characteristic equation: 


Vso + Vse3 = Vsas + Vsee6 (1.57) 


Noting Vsgs + Vsce with Vc, it results: 


vI= [Sve —2V7)—- Vi (1.58) 
So: 
l=h +5 We =2Vr)" = \/2KE (Ve —2Vr) (1.59) 


The expression of the first output current will be: 
K 2 
Tour. =It+h=h+ht+ Rive = 2Vr)~ —¥ 2K1\ (Ve _ 2Vr) (1.60) 


and, similarly: 


loose S144 * (Vc Wry — /2Kh(Ve — 2Vr) (1.61) 
The differential output current can be expressed as follows: 
lourt ~ lourz = V2K (Ve — 2Vr) (Wh — Vi) (1.62) 
The biasing voltage is equal with: 
Vo = Vses + Vso = 2Vr + Nee (1.63) 
Replacing (1.63) in (1.62), it can be obtained: 


Tour: — Tour, = 4VTo(Wh — Vh) (1.64) 
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The implementation of a differential amplifier using this square-root circuit is 
presented in Fig. 1.17 [4, 5]. 

The differential output current of the linear differential amplifier from Fig. 1.17 
can be obtained replacing the currents /; and J, by their squaring dependencies 
on the gate-source voltages: 


K 
Tour: — lour2 = Voy) Svea — Vsa7) = V/8KIo(Vi — V2) (1.65) 
The equivalent transconductance of the circuit can be expressed as follows: 


Gy = +/8RTo (1.66) 


Another possible implementation of a square-root circuit based on a similar 
principle is shown in Fig. 1.13. 
The Vc potential can be expressed as follows: 


2, 
Vc = Vse3 — Ves = ove — vh) (1.67) 


resulting: 


K 
Vb = Vi + [Eve (1.68) 


Squaring the previous relation, the expression of /3 current will be: 


K 
h=h+ aVe + /2Kh Ve (1.69) 
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Fig. 1.18 Differential structures (7) based on PR 1.1 


and, similarly: 


K 
In =1n+ aVe + V/2Kh Vc (1.70) 


The output currents have the following expressions: 


K 
Tourn = - Ny = 5 Vet V2Kh Ve (1.71) 
and: 
K 2 
Tout2 = 14 — Ih = ac + /2Kh Ve (1.72) 


So, the differential output current will be: 


Tour: — Tour, = V2K Ve(Whi — Vh) (1.73) 


The implementation of a differential amplifier using this square-root circuit is 
presented in Fig. 1.18 [4]. The /; and /) currents are generated by two parallel- 
connected differential amplifiers, M5—M8 and M6—M7, respectively. 

The differential output current of the linear differential amplifier from Fig. 1.18 
can be obtained replacing the J; and /, currents by their squaring dependencies on 
the gate-source voltages of M5—M6B transistors: 


K 
Tours — Lour2 = V 2K Vey) Wes — Voss) = K Vc(V1 — V2) (1.74) 
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Fig. 1.19 Differential structures (8) based on PR 1.1 
resulting: 
Gm = KVc (1.75) 


The same method for improving the linearity of the classical differential 
amplifier is used for designing the following differential amplifier. The principle 
is presented in Fig. 1.19, while the implementation of square-root circuits from 
Fig. 1.19 [4, 6] is shown in Fig. 1.20a [7]. 


1.2.1.1 The FGMOS Transistor 


The multiple-input floating-gate transistor (M from Fig. 1.20a) is an ordinary MOS 
device whose gate is floating. The basic structure of a n-channel floating-gate MOS 
transistor is shown in Fig. 1.20b. The first silicon layer forms the floating-gate over 
the channel, while the second polysilicon layer forms the multiple input gates, 
which is located over the floating-gate. This floating-gate is capacitive coupled 
to the multiple input gates. The symbolical representation of such devices with n 
inputs is shown in Fig. 1.20c. 

The drain current of a FGMOS transistor with n-input gates working in the 
saturation region is given by the following equation: 


2 
K n 
b=z 2M —Vs) — 7 (1.76) 


where K = u,,Cox(W/L) is the transconductance parameter of the transistor, 1, is 
the electron mobility, C,, is the gate oxide capacitance, W/L is the transistor aspect 
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Fig. 1.20 Current-mode square-root circuit (6) 


ratio, kj, i= 1,...,n are the capacitive coupling ratios, V; is the ith input voltage, 
Vs is the source voltage and Vr is the threshold voltage of the transistor. The 
capacitive coupling ratio is defined as: 


nc ae (1.77) 


3° Ci + Ces 


i=l 


C; represent the input capacitances between the floating-gate and each of the i-th 
input and Cas is the gate-source capacitance. Equation (1.76) shows that the 
FGMOS transistor drain current in saturation is proportional with the square of 
the weighted sum of the input signals, where the weight of each input signal is 
determined by the capacitive coupling ratio of the input. 

The drain current of M transistors from Fig. 1.20a can be expressed as follows: 


4K [V, 4 A 
l= (“225 GS1,2 vr) (1.78) 


2 2 


while Vgso and Vgs1,2 expressions can be obtained from the squaring dependencies 
of the drain currents of MO and M1/M2 transistors on their gate-source voltages 


Voso = Vrt+ /2Io/K and Vgsj2 = Vr + VJ 2h2/K. So: 
2 
f= (Vio rs ha) Spi PO Iola (1.79) 


resulting: 


Tovri2’ =1-1p —hh2 =2Vhalo (1.80) 
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Fig. 1.21 Differential structures (9) based on PR 1.1 


The circuit shown in Fig. 1.19 will have a linear transfer characteristic: 
Tour = Tours’ — Tour2’ = 2V/lo(Wh — Vh) 
K 
a 2 Joy) K Vos —Vas2) = V2KIo(Vi — V2) = Gin(Vi — V2) (1.81) 


Gm = V2KIo being the circuit transconductance. So, in a first-order analysis, the 
dependence of the output current of the differential circuit on its differential input 
voltage is perfectly linear. 

A similar method used for linearizing the transfer characteristic of the differen- 
tial amplifier is presented in Fig. 1.21 [8]. 

The elementary differential amplifier is composed by M1 and M2 transistors. 
The linearization of its transfer characteristic is realized using two square-root 
circuits (M3—M6 and M7—M10), their operation being characterized by the follow- 
ing relations: 


2 
Veo = Vasr ~ Vase = Je(vi - vi) (1.82) 
resulting: 
! K 2 
I! = N+ 5 Ve — V2K Veoh (1.83) 


The output current of the first square-root circuit is: 


K 
lop =H -1' = 5 Veo + V2K Vo, (1.84) 
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Similarly, for the second square-root circuit, the output current can be expressed 
as follows: 


K 
our, = — L! = - . Veg + V2K Vor h (1.85) 
Because: 


Tour = Iour2 — Tour (1.86) 


it can be obtained: 


Tour = V2K Veo(Wit — vh) (1.87) 


As all MOS transistors are biased in saturation region, the differential input 
voltage of the M1—M2 differential amplifier depends on the difference of the 
square-roots of the drain currents, J; and J: 


2 
Vi — V2 = Ves — Vas2 = (2h — Vh) (1.88) 
From the previous relations it results: 
Tour = KVc2(Vi — V2) (1.89) 


equivalent with a constant transconductance of the entire differential amplifier 
presented in Fig. 1.21, Gj», = KV. 

Comparing with the previous similar circuit, the linear differential amplifier 
from Fig. 1.21 presents the important advantage of implementing also the multiplier 
function (Vc2 and V; — V2 can be considered as input voltages). 


1.2.2 Differential Structures Based on the Second 
Mathematical Principle (PR 1.2) 


The symmetrical circuit presented in Fig. 1.22 [9] represents a differential amplifier 
having the transfer characteristic linearized using the second mathematical princi- 
ple (PR 1.2). 

The gate-source voltages of Mla and M4a transistors are equal because they 
are identical and are biased at the same drain current J}g. As Vj = Vesta + Vosaa, 
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Fig. 1.22 Differential structures (1) based on PR 1.2 


it results that the gate potential of M2a transistor is V; /2. Similarly, the gate-source 
voltages of M2a and M3a are equal, resulting: 
(1.90) 


V1 [213¢ 
-—_— = 2 a= 
Vo 5 VGs3a = 2 (v + 4K 


equivalent with: 


K Vi 
tu = (Vo - 9-205) (1.91) 
and: 
K(V : 
ha=5 (4 7 vr) (1.92) 


The difference between the previous currents can be expressed as follows: 


K 
Na ~ Tba = > 


(Vo — 3Vr) (Vi — Vo + Vr) (1393) 
Similarly, the /;, — Js, differential current will have the following expression: 


(Vo — 3Vr) (V2 — Vo + Vr) (1.94) 


K 
Tip — Lp =5 
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Fig. 1.23 Differential 
structures (2) based on PR 1.2 


lout 


Thus, the total differential output current of the circuit, Ioyr7; — Ioyr2, will be: 


Touri — Lour2 = (Lia + Lan) — Ce + Loa) = (Lita — La) 
(1.95) 


(hy — fn) = 5 (Vo ~ 3V5)(Vi — V2) 


The Vo biasing voltage is implemented as a current-controlled voltage source, 
this realization having the advantage of removing the dependence of the circuit 
performances on the variation of the threshold voltage with temperature and 
technological parameters: 


II 
Vos 3Vee=3 (v if 72) (1.96) 


For this particular realization of the voltage source Vo, the total differential 
output current becomes: 


Ko 
Tour: — Tour2 = 3 es. — V2) (1.97) 


It was obtained a linear dependence of the output current on the differential input 
voltage, resulting an equivalent transconductance of the entire structure that can be 
controlled by the 7g biasing current: 


Tour: — Lour2 KIo 

Gn = =3 1.98 

Vi —V2 2 ae) 

An alternate implementation of a linear differential amplifier using the same 
linearization principle is presented in Fig. 1.23 [9]. 
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The differential output current of the circuit can be expressed as follows: 
Tour = Tour: — Tovr2 = (i + Is) — (a + 14) = (1 — he) — Ug — Js) (1.99) 


Because M1 and M3 transistors are identical and they are biased at the same 
drain current, their gate-source voltages will be equal, so: 


K (V; 
es Ll 
q 5 (5 vr) (1.100) 
and: 
K (V 5 
= 5($-Ve-vr) (1.101) 


K (V2 : 
i= -—(—- 1.102 
4 (5 vr) (1.102) 
and: 
K (V. = 
Is=5 (3- Ve= vr) (1.103) 
resulting: 


K K K 
Tour =5Vc(V1 Vc —2Vr) 5 Vea Vo —2Vr) ==Vc(Vi —V2) (1.104) 


2 


the equivalent transconductance being expressed by: 


K 
Gin — 7 Ve (1.105) 


The circuit presented in Fig. 1.23 presents the disadvantage of requiring a 
current from the Vc voltage source. In order to avoid a current consumption from 
the external Vc voltage source, the circuit presented in Fig. 1.23 can be modified, 
as it is shown in Fig. 1.24. 
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Fig. 1.24 Differential structures (2) based on PR 1.2 with implementation of Vc source 


The Vc potential is obtained as the difference between the gate-source of 
M9 transistor (biased at 4/9 current) and the gate sources of M4 or M8 transistors 
(working at /g current): 


Vc = Veso — Vesa = Veso — Vass 


81 21 21 (1.106) 
(ool) (ood8)-¥8 


Replacing (1.106) in (1.105), it results: 


KI 
lour = i — V2) (1.107) 


In this case, the equivalent transconductance can be controlled by the reference 
current Jo: 


Gn = 4/——- (1.108) 


A differential difference amplifier (DDA) can be designed using two previous 
presented differential amplifiers, the block diagram of the DDA being shown in 
Fig. 1.25. These circuits present a multitude of applications such as amplifying or 
comparing of differential input voltages and designing complex active filters. 

The output current of the DDA can be expressed as follows: 


Tour = Uouri—1 + Tour2-u) — lour2-1 + Tours) 
= (louri-1 — Jovr2-1) — louri—u — Iout2-) (1.109) 
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Fig. 1.25 The block diagram of a DDA circuit 
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Considering that DA I and DA II differential amplifiers from Fig. 1.25 are 
identical, the expression of the output current becomes: 


Tour = Gm|(Vi — V2) — (V3 — Va)] (1.110) 


with G,, expressed by (1.108). The complete implementation of the DDA structure 
is presented in Fig. 1.26. 

The differential amplifier shown in Fig. 1.27 [10] presents a linear transfer 
characteristic, obtained using the same mathematical principle, its equivalent 
transconductance being controlled by a reference voltage. 

The expression of J; current is: 


K K 
1; = 5 (Vass — Vr)” = ses ~Vr) (1.111) 


Because M1 and M3 are identical and they are biased at the same drain current, 
their source-gate voltages will be equal, so: 


K K 
I = 35 Vsar —Vr)y = Von Ve“ Ve) (1.112) 
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Fig. 1.27 Differential structure (3) based on PR 1.2 
Similarly: 
K 
Iy = ona —Vr) (1.113) 
The /; current can be expressed as follows: 
K K 
= 5 (Vasia —Vr) = 5 (Vso +Ve—Vr) 
K 
= 5 Von — Vi + Ve — Vr) (1.114) 
and, similarly: 
K 
h = Vpn — V2 + Ve Vr) (1.115) 
The expression of the differential output current is: 
Tour = (i +13) — (a +h) (1.116) 
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Fig. 1.28 Differential structure (4) based on PR 1.2 — circuit’s core 


resulting: 


K 
Tour = 5 (V2 — Vi) (2Vop Vi — V2 + 2Vc — 2Vr) 


K 
— 5 (V2 —Vi)(2Vop — Vi — V2 ~ 2Vr) = KVe(V2—Vi) (1-117) 


The advantage of this linear differential amplifier is the independence of its 
equivalent transconductance on the threshold voltage, the result being an important 
increasing of the circuit accuracy. 

The linearization technique for the differential amplifier presented in Fig. 1.28 
[11, 12] exploits the second mathematical principle (PR 1.2). Its output current is 
made to be linearly dependent on the drain currents of M1—M4 transistors using 
a current mirror (not shown in Fig. 1.28), ovr = (Ip: + Ip3) — (Ip2 + Ipa): 


K K 
Jour = 5 (Val — Vi — Vr)” +5 (Va! — Va — Vr)” 
K K 
5 (Val — Va Vr) 5 (Val — V1 Vr)" (1.118) 
resulting: 
K / 
lour = 3 (V2 —V\)(2V4" — Vy — V2 — 2Vr) 
K 
ta — V2)(2V3' — Vi —V2—2Vr) (1.119) 
and: 


Tour = K(Vg' — Va’)(Vi — V2) (1.120) 
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Fig. 1.29 Differential structure (4) based on PR 1.2 — complete implementation 
Because: 
21 
Val = Va + Vsca = Va + Vr + = (1.121) 
and: 
2Io 
Va! = Ve + Vscp = Vea + Vr + ra (1.122) 
it results: 
Tour = K(Vp — Va) (Vi — V2) (1.123) 


The equivalent transconductance of the entire structure presented in Fig. 1.28 
can be expressed as follows: 


I 
Gm = —* ~ = K(Vp — Va) (1.124) 


The complete implementation of previous differential amplifier (Fig. 1.29) [11] 
contains two cascode current mirrors, M7—M10 and M15—M18, in order to increase 
the circuit accuracy. 

The efficiency of the second mathematical principle can be illustrated by the 
differential amplifier presented in Fig. 1.30 [13], having a very simple implemen- 
tation comparing with the previous circuits. The Vc; and Vc? voltages represent 
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constant external potentials that impose the drain currents of M1 and M2 transistors 
to be equal with Jo, and /g2, respectively. The Vp2 — Vp; voltage is considered to be 
imposed by an external circuit. 

The differential amplifier is composed from two parallel-connected differential 
stages (M3—M5 and M4—M6), having different biasing currents (/9; and [2, 
respectively). The output current of the entire structure can be expressed as 
follows: 


Tour = !p3 + Ip4 — Ips — Ip (1.125) 
equivalent with: 
K K 
Jour = 5 (Vi — Vai — Vr) +5 (V2 — Veo — Vr) 
K K 
5 ee a ee (1.126) 


or: 
Tour = K(V1 — V2) (Ve2 — Ve1) (1.127) 


As Vp, and Vp» potentials are fixed, the behavior of the circuit shown in Fig. 1.30 
is linear, having an equivalent transconductance expressed as: 


Gm = K(Vp2 — Vp1) (1.128) 


A method for obtaining a linear differential amplifier is presented in Fig. 1.31. 
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Fig. 1.31 Differential structure (6) based on PR 1.2 


Because M5 and M3 transistors are biased at the same drain current, 
Voss = Ves3 = Vc, for the left part of the circuit, the differential output current 
will have the following expression: 


K K 
h-b=—(W1 =Vry =— (Vi — Ve Vr)’ = 5 Ve(2V1 — Ve — 2Vr) (1.129) 


2 


Similarly, for the right part of the circuit, it results: 
K 
Iy-1h = 5 Ve(2Va — Vc —2Vr) (1.130) 


Using a current mirror (not shown in Fig. 1.31), the differential output current of 
the differential amplifier presented in Fig. 1.31 is designed to be: 


Tour = (hh — 12) — Ua — 13) = KVc(V1 — V2) (1.131) 


The equivalent transconductance of the structure is independent on the threshold 
voltage, with the result of reducing the circuit errors. 

Another implementation of a linear differential amplifier based on the same 
mathematical principle is presented in Fig. 1.32 [14]. 

The expressions of Jgy71 and Ig9yr2 currents are: 


Ve — Ve — Vr)? (1.132) 


K K 
Tour: = 5) (Vi Vr) 5 | 
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Fig. 1.32 Differential 
structure (7) based on PR 1.2 Iour1¥ Y Iout2 


and: 


wl 


K 
(Ve—Vry + S 


Tour2 = (Vi — Ve — Vr)” (1.133) 


Implementing an output current Jour as the difference between Jour and Iou72, 
it results: 


K 
Tour = Tour: — our. = 3 (Vi — Vr)(Vi + Vr — 2Vr) 
K (1.134) 
+ 7 Vr _— Vi)(Vi + Vp —2Vz3 - 2Vr) 
So: 
Tour = KVa(Vi — Vr) = KVa(Vi — V2) (1.135) 


The equivalent transconductance of the circuit can be controlled by the biasing 
voltage Vz. 


1.2.3 Differential Structures Based on the Third 
Mathematical Principle (PR 1.3) 


The circuit shown in Fig. 1.33 [15] represents a differential amplifier having the 
transfer characteristic linearized using the third mathematical principle (PR 1.3). The 
advantage of the following circuits is represented by the possibility of implementing 
also the squaring function, by considering the sum of their output currents. 


1.2 Analysis and Design of Differential Structures 35 


of 


Poe vs ma hyo 


Y Ip; Ipay 


louti¥ »—_6 "DD Iour2 


mid __Lijms mel fiat wei], m 
of i, 7 


4 4 


Fig. 1.33 Differential structure (1) based on PR 1.3 


The current sources and the circuit’s connections impose the following relation 
between the currents: 


Ip3 +Ip6 = [pa + Ip7 = Ip3 + Ipa = 210 (1.136) 


resulting [p6 = I[p4 and Ip7 = [p3. The translinear loops containing M1, M5, M6 
and M2, M7, M8 transistors have the following characteristic equations: 


Voes1 — Ve = Vass — Vase (1.137) 
and: 
Ves2 — Ve = Vass — Ves7 (1.138) 
resulting: 
2louri 2 
Vr+ {Vo = =( Vos - Vio) (1.139) 
and: 


21, 2 
V+ Vo = [2( Vins - Vin) (1.140) 
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The Jour; and Jgyr2 output currents can be expressed as follows: 


2 
Tour! = Be (fills VIps) + (Ve= vn] (1.141) 
and: 
K 2 
lours = 5 (ere Vis) + (Ve=Ve ] (1.142) 
or: 


our =(V/Ios - vipa) + V2K (Vis - Vina) (Ve - Vr) +5 B We - Vr)? 
(1.143) 


and: 


Tour2 = (Vios — Vos) te V2K (VIps = Vins) (Ve —Vr) +5(Ve = Vr) 
(1.144) 


The circuit’s differential input voltage is equal with the difference between two 
source-gate voltages: 


2 
Vi — V2 = Vscg3 — Vsca = f2( vin = VIos) (1.145) 


From (1.143), (1.144) and (1.145), the expressions of the output currents become: 


K K 
Tours = (Vi — V2)’ + K(Vi —Va)(Ve — Vr) +5 (Ve Vr)” (1.146) 


and: 


K K 
lounn = 5 (Vi — Vo)" — K(V1 = Vo) (Ve — Vr) +e — Ve) (1.147) 


As Vc voltage is equal with the gate-source of M9 transistor, that is biased at 
the /c constant current, the previous relations become: 


K 2 
Tour =35 V1 — V2)" + /2KIc(V; — V2) + Ic (1.148) 
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Fig. 1.34 Differential structure (2) based on PR 1.3 


and: 


(Vi — Vo)? — /2KIc(Vi — V2) +Ic (1.149) 


K 
Tour2 = a 


The differential output current will have the following expression: 


Tour: — lour2 = V/ 8KIc(Vi — V2) (1.150) 


so, the circuit implements a linear dependence of the differential output current on 
the differential input voltage, the equivalent transconductance being: 


Gn = \/8KIc (1.151) 


A realization of a linear differential amplifier using the computation of the 
arithmetical mean for input potentials is presented in Fig. 1.34. 

As M1-M4 transistors implement an arithmetical mean circuit, the expression 
of V potential will be: 


_VitVa 


V 
2 


(1.152) 


38 1 Differential Structures 


Iour!¥ Io Io Iour2 


4 [MI M2 | | M3 M4 V5 


Fig. 1.35 Differential structure (3) based on PR 1.3 


For M5—M6 differential amplifier, the differential input voltage can be expressed 
as follows: 


2 
Vi -V = Voss — Voss = \/2(Wloun - VFo) (1.153) 


Replacing (1.152) in (1.153), it results: 


KI. K 
lour: = 10 +4] eats Va) V2)? (1.154) 
Similarly, for M7—M8 differential amplifier, it can be obtained: 
KI, K 
Ioura = Io — 4] nals Vo) +5 (Vi — Vay? (1.155) 


The output current of the differential amplifier circuit shown in Fig. 1.34 will be: 


Tour = Tour — Iour2 = V 2KIo0(Vi — V2) (1.156) 


A differential amplifier with linear transfer characteristic can be implemented 
using two classical differential amplifiers (Fig. 1.35) [16]. 

For M1—M2 differential amplifier, the differential input voltage can be expressed 
as follows: 


2 
Vi -Vo = [2 (Vion - vo) (1.157) 
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Fig. 1.36 Differential structure (4) based on PR 1.3 


resulting: 


K 
Tour: = 1o + V2KIo(Vi — V2) + 5M a V2)? (1.158) 


Similarly, for M3—M4 differential amplifier, the expression of /, current will be: 


K 
Tour. = To — /2KIo(Vi — V2) + 7M — Vay" (1.159) 


The output current of the differential amplifier will be linearly dependent on the 
differential input voltage: 


Tour = Iour: — Iour2 = V 8KIo(V1 — V2) (1.160) 
The circuit presented in Fig. 1.36 [17] is used for linearizing the transfer 
characteristic of a classical differential amplifier. 
The difference between gate-source voltages of M1 and M3 transistors can be 
expressed as follows: 


Vasi — Vas3 = (Ve + Vin) — Ve (1.161) 


For a biasing in saturation of all MOS transistors from Fig. 1.36, it results: 


2 
Vin = f2(Viom - Vio) (1.162) 


40 1 Differential Structures 


lout! ¥ V lour2 


Io Io 
a Co oC is 


Fig. 1.37 Differential structure (5) based on PR 1.3 — principle of operation 


So, the expression of /; current will be: 


K 
Tour: = lo +5 Viv + »/2KIo Vin (1.163) 


Similarly, computing the difference between the gate-source voltages of M2—M3 
transistors, it results: 


K 
Tour2 = Io + 5 Vin — V 2Klo Vin (1.164) 
The differential output current for the circuit presented in Fig. 1.36 will be: 


Tour = Tour — Lout2 = V 8KTo Vin (1.165) 


The following presented principle for linearizing the transfer characteristic of 
a differential structure is based on the constant sum of gate-source voltages, the 
circuit’s core being represented by a particular implementation of a differential 
amplifier (Fig. 1.37) [18] that provides a linear behavior of the circuit. 

For a biasing in saturation of MOS transistors from Fig. 1.37, the V; — V2 
differential input voltage can be expressed as follows: 


Vi — V2 = Vesi1 — Vo (1.166) 
and: 

Vi — V2 = Vo — Ves2 (1.167) 
resulting the expressions of the sum and difference between gate-source voltages: 


Vos1 + Ves2 = 2Vo (1.168) 
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and: 
Vos1 — Ves2 = 2(Vi — V2) (1.169) 


The differential output current /gyr is: 


K K 
Tour = four: — Lour2 = 5 (Vesi — Vr) 5 (Vaso — Vr) (1.170) 


equivalent with: 


K 
Tour = 3 (Vest — V@s2)(Ves1 + Ves2 — 2Vr) (1.171) 


Replacing (1.168) and (1.169) in (1.171), it results a linear transfer characteristic 
of the differential amplifier presented in Fig. 1.37: 


Tour = 2K(Vo — Vr)(Vi — V2) (1.172) 


Usually, the Vo voltage sources are implemented as current-controlled voltage 
sources. The simplest way to realize these sources, having the advantages of 
simplicity, also of minimizing the errors introduced by the bulk effect is to use 
the gate-source voltage of a MOS transistor in saturation, biased at a constant 


current, /g: 
II 
Vo = Veso = Vrt f= (1.173) 


Replacing these particular expressions of Vo voltage sources in the general 
expression (1.172) of the output current of the differential amplifier, it can be 
obtained: 


Tour = V 8KIo(Vi — V2) (1.174) 


so, an equivalent transconductance of the differential amplifier G,, = /8K/o that 
can be very easily controlled by the biasing current, J. 

A similar linearization technique is used for the circuit shown in Fig. 1.38 [19]. 
The Vo voltage sources from Fig. 1.37 are implemented in Fig. 1.38 using the 
gate-source voltages of M3 and M4 transistors, biased at constant current, Jo. 

Considering a biasing in saturation of MOS transistors, the output differential 
current [9yr can be expressed using (1.172) and (1.174): 


lour = 2K(V1 — V2)(Vo — Vr) = V/8KIo(V1 — V2) (1.175) 
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Fig. 1.38 Differential structure (5) based on PR 1.3 — first implementation 


The equivalent transconductance of the structure is: 


1 
Gm = — oo = 4/8KTo (1.176) 
2 


In Fig. 1.39 [19], the Vo voltage sources from Fig. 1.37 are realized as current- 
controlled voltage sources, the gate-source voltages of M3 and M5 transistors being 
dependent on the /g biasing current. Similarly with the previous circuits, the Jour 
output differential current can be expressed as: 


Tour = Tour: — Tour2 = 2K(V — V2)(Vo — Vr) = VW 8KIo(V; — V2) (1.177) 


The equivalent transconductance of the structure is: 


I 
Goes = Fri, (1.178) 
Vi=% 


A differential amplifier with linear transfer characteristic based on the same 
mathematical principle can be designed (Fig. 1.40) [20] using two translinear loops 
implemented using M1, M3, M8, M7 and M5, M6, M4, M2 transistors, respectively. 

Using the notation Vgs(/) for the absolute value of the gate-source voltage of 
a MOS transistor biased at a drain current equal with /, it is possible to write: 


2 
Vi — V2 = 2Vas(lo) — 2Ves(lour1) = nf2( Vio —Vloun) (1.179) 
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Fig. 1.40 Differential structure (5) based on PR 1.3 — third implementation 


and: 


Vi — V2 = 2Ves(loura) ~ 2Ves(lo) ) = 24/2 (Vioun- Vio) (1.180) 


It results: 


Vive Ie 
Vioun = Vlo- 35 (1.181) 
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Fig. 1.41 Differential structure (5) based on PR 1.3 — third implementation (improved version) 


and: 
V Vo |K 
JVlour: = Vio +— ; . (1.182) 
So: 
Vloun + Vlour2 = 2\/lo (1.183) 
and: 


K 
Vlour2 — Vloun = (Vi — ANS (1.184) 


The differential output current will have the following expression: 


Tour2 — Tour: = (Vioure — Viour') (Viour + Vou) 


= /2KIo(Vi — V2) = Gn (V1 — V2) (1.185) 


The equivalent transconductance of the differential amplifier is: 


Gm = \/2KIo (1.186) 


The principle of operation of the differential amplifier presented in Fig. 1.41 [21] is 
similar with the general principle described for the previous circuit. The Vo voltage 
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Fig. 1.42 Differential structure (5) based on PR 1.3 — fourth implementation 


sources from Fig. 1.37 are implemented in Fig. 1.41 using the gate-source voltages 
of M3 and M4 transistors. Because, from the current equations, / = J’ = 0, the 
M3-M6 transistors will be biased at the same drain currents, imposed by the Vc 
potential. Since they are identical, their gate-source voltages will be equal, so 
Vo = Vas3 = Vasa = Vc. Using the general relation (1.172), the differential output 
current can be expressed as follows: 


Tour = Iouri — Four, = 2K(Vc — Vr) (Vi — V2) (1.187) 

the equivalent transconductance being: 
Gm = 2K(Vc — Vr) (1.188) 
In order to avoid the dependence of the equivalent transconductance on thresh- 
old voltage, the M3 and M4 transistors from Fig. 1.41 have been replaced in Fig. 1.42 


[21] with two series-connected MOS transistors, M3’—-M3” and M4’—M4”. The 
voltage sources Vo will have the following expression: 


/2Ins5 2K ) 
_ ! a = an 
Vo = Vas3 + Vas3 = 2 (v + TK 2Vr + K2 (Ve Vr) VetVr 
(1.189) 
Replacing (1.189) in (1.172), it results: 


Tour = 2KVc(V1 — V2) (1.190) 
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Fig. 1.43 Differential structure (5) based on PR 1.3 — fourth implementation (improved version) 


So, the equivalent transconductance, G,,, = 2KVc will be not dependent on the 
threshold voltage and Vc voltage can control it. 

Another realization of a differential amplifier with linear behavior based on 
the third mathematical principle is presented in Fig. 1.43 [22]. The M1 and 
M2 transistors from Fig. 1.37 have been replaced in Fig. 1.43 by two series- 
connected transistors, Mla—M2a and M1b—M2b, while the voltage sources Vo 
from Fig. 1.37 have been practically implemented in Fig. 1.43 by the gate-source 
voltages of M3a and M3b transistors. The current equations impose / = I' = 0, 
so Io; = I92 = 1p. Because M3a, M3b, Mila and M11b transistors are identical 
and biased at the same current, their gate-source voltages will be identical, 
so Vo = Ves3a = Vas3p = Ve. Using (1.172), it can be obtained: 


Tour = Tour: — Tour, = 2K(Vc — Vr) (Vi — V2) (1.191) 

The equivalent transconductance is: 
Gm = 2K(Vc — Vr) (1.192) 
The replacing of M3a and M3b transistors with two series-connected MOS 
transistors, M3a’—M3a” and M3b’—M3b” (Fig. 1.44) [21, 22], allows to remove 
the dependence of the circuit equivalent transconductance on the threshold voltage: 
Gy = 2KVc (1.193) 
The advantage of the circuits presented in Figs. 1.43 and 1.44 with respect to 


the circuits shown in Figs. 1.41 and 1.42 consists in the availability of the output 
currents Jgyr; and Igyr2 as external currents, being possible to process them 
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Fig. 1.45 Differential structure (7) based on PR 1.3 


in order to implement other classes of circuits (active resistors, multipliers or 
multifunctional structures). 

A differential amplifier with linear behavior obtained using the same mathe- 
matical principle is presented in Fig. 1.45, the NMOS transistors being replaced 
by complementary PMOS active devices. The Vg voltage sources from Fig. 1.37 are 
practically implemented in Fig. 1.45 [23] using the source-gate voltages of M4 and 
M6 transistors, biased at constant current Jo. 


Vo = Vsca = Vsco = 


Vr+ 


ne 
K 


(1. 


194) 
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Fig. 1.46 Differential structure (8) based on PR 1.3 — complete implementation 


Fig. 1.47 Differential 
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Using the general relation (1.172), the differential output current can be 
expressed as follows: 


Tour2 — Iour: = 2K(Vo — Vr)(Vi — V2) = 2\/2KIo(Vi — V2) (1.195) 
resulting an equivalent transconductance of the entire structure, given by: 

Gm = 24/2KI9 (1.196) 

A similar method based on the constant sum of gate-source voltages is used in 


Fig. 1.46 [23]. 
The principle diagram, equivalent with the previous circuit is presented in Fig. 1.47. 
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The core of the differential amplifier is represented by the M13 and M14 
transistors, while the Vo current-controlled voltage sources are implemented 
using M11 and M12 transistors, biased at a current imposed by M15 and M16 
transistors (having the gate-source voltages determined by the Vc control voltage). 
The current mirror from Fig. 1.47 is implemented in Fig. 1.46 using M34—M22, 
M33-—M24 and M23—M25 pairs, with the goal of realizing the difference of the 
drain currents of M13 and M14 transistors. For the circuit presented in Fig. 1.47, the 
differential input voltage can be expressed as follows: 


Vi — V2 = Vse14 — Vo (1.197) 
and: 
V, — V2 = Vo — Vse13 (1.198) 
resulting: 
Vse1a — Vsci3 = 2(V1 — V2) (1.199) 
and: 
Vse1a + Vsqi3 = 2Vo (1.200) 


The differential output current for the circuit presented in Fig. 1.47 will be: 


K 
5 (Vse13 — Vr)? 


K 
= 3 (Vs — Vsqei3)(Vsci3 + Vsci4 — 2Vr) (1.201) 


K 2 
Tovr2 — Jour: = 5 (Vscia — Vr) 


Replacing (1.199) and (1.200) in (1.201), it results: 
Tour2 — Jour: = 2K(V1 — V2)(Vo — Vr) (1.202) 


For the complete circuit presented in Fig. 1.46, the Vo voltage sources will have 
the following relations: 


Vo = Vseu = Vsei2 = Vesis = Vasie = Ve (1.203) 


Because M11, M12, M15 and M16 transistors are identical and they work at the 
same drain current, it results: 


Tovr2 — our: = 2K(V1 — V2) (Ve — Vr) (1.204) 
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Fig. 1.48 Improving method for the differential structure (8) based on PR 1.3 


so, an equivalent transconductance of the circuit expressed by: 
Gm = 2K(Vc — Vr) (1.205) 


The disadvantage of the circuit is represented by the dependence of its equiva- 
lent transconductance on the threshold voltage, concretized in the existance of 
errors introduced by the bulk effect. In order to avoid this aspect, M11 and M12 
transistors from Fig. 1.46 must be replaced (Fig. 1.48) with two series connections 
of two transistors, M11’—-M11’ and M12’-M12”, respectively, each of them having 
K' = K" = 4K. 

For this new configuration, the expression of Vg becomes: 


Vo = Vseu' + Vsen"” = 2Vseir' (1.206) 
2Ipi1 2K 2 
— e) — 2 Por gree — . 
Vo (v + Vr+ es (Vo—Vr) (1.207) 
resulting: 
Vo=VctVr (1.208) 


In this case, the circuit equivalent transconductance becomes independent on the 
threshold voltage: 


A differential amplifier with linear behavior, having a similar principle of 
operation is presented in Fig. 1.49 (M5, M6, M12 and M13 transistors have the 
parameter K fourth time greater than the other circuit’s transistors). The M1 and M2 
transistors form the differential input stage, excited by the differential input voltage 
V, — V2, while M1 and M2 transistors, together with the current mirrors M17—M18 
and M19—M20, mirror the output currents from the differential amplifier Zour; and 
Iour2) for obtaining the differential output current Jgyr. The Vo voltage sources 
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Fig. 1.49 Differential structure (9) based on PR 1.3 


from Fig. 1.37 are implemented in Fig. 1.49 using M5—M6 and M12—M13 pairs, 
biased at a constant current. This current is imposed using M8—M9-M14 current 
mirror by M7 transistor, having the gate-source voltage determined by Vc; control 
potential. 

The voltage Vo can be expressed as follows: 


Ves Veet Veg 2 oe 
O — YGS5 GS6 — T 4K 


K 
= WVeb yl ey Ver Vr)? = Ver + Vr (1.210) 


2 
K 
So, using relation (1.172), it results: 

Gm = 2KV¢. (1.211) 


The advantage of the circuit consists in the possibility of controlling G,,, tran- 
sconductance by Vc, potential, as well as the independence of the equivalent 
transconductance on the bulk effect. 

A differential amplifier with linear behavior based on a translinear loop is 
presented in Fig. 1.50 [24]. 

The translinear loop containing M2, M3, M4 and M7 transistors has the follow- 
ing characteristic equation: 


2 
Vi — V2 = 2V6s(lo) ~ 2Ves(lourt) = nf2( Vio -Vioun) 1.212) 
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Fig. 1.50 Differential structure (10) based on PR 1.3 


resulting: 


K KI 
Jour =lo + (V1 Vo)" = 4/ ala V>) (1.213) 


Similarly, analyzing the translinear loop containing M1, M5, M6 and M8 
transistors, it results: 


K KI 
lour2 = Io +3 (Vi V2) +4/ sale V2) (1.214) 


The differential output current of the circuit presented in Fig. 1.50 will have the 
following expression: 


Iour2 — Lour: = V2KIo(V1 — V2) (1.215) 


A linearization technique [25] using the third mathematical principle (PR 1.3), 
based on the utilization of translation blocks for realizing DC shifting of input 
potentials has the block diagram presented in Fig. 1.51 [25]. 

The “DA” block represents a classical active-load differential amplifier, having 
the common-sources point biased at a potential V fixed by the circuit “M”. This 
circuit computes the arithmetical mean of input potentials, providing a very good 
linearity of the entire structure, with the contribution of “T” blocks (which are used 
for introducing a translation of input potentials). 
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Fig. 1.51 Differential structure (11) based on PR 1.3 — block diagram 
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1.2.3.1 The “DA” (Differential Amplifier) Block 


The “DA” block is implemented as a classical active-load differential amplifier, 
having the concrete realization presented in Fig. 1.52 [25-27]. 

Considering a biasing in saturation of all MOS devices from Fig. 1.52, the output 
current of the differential amplifier can be expressed as: 


K 
Tour = 5 Vir — Var) (2V — Vir — Vor — 2Vr) (1.216) 


In order to obtain a linear transfer characteristic Joyr(Vir — V2r), it is necessary 
that the second parenthesis from (1.216) to be constant with respect to the differential 
input voltage, Viz — Vor: 


2V — Vir — Var — 2V7 = A= cect. (1.217) 
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Fig. 1.53 Differential H 
structure (11) based on PR 
1.3 — T block implementation Io Y Io 


o) 
Vir Vor 
resulting the necessity of implementing a V voltage equal with: 
Vir+V A 
Vat Wrt5 (1.218) 


1.2.3.2 The “T” (Translation) Block 
The translation of the V potential with Vr + A/2 (relation (1.218)) can be obtained 


using the “T” block, having the implementation presented in Fig. 1.53. 
Because the same /g current is passing through transistors from Fig. 1.53, it is 


possible to write that: 
21 
Vi=Vir + Vrt fe (1.219) 


aI 
Vo = Vor + Vr + 4)" (1.220) 


So, both input potentials V; and Vz are DC shifted with the same amount, 


Vr + /2lo/K. 


and: 


1.2.3.3 The “M” (Arithmetic Mean) Block 


In order to obtain the arithmetic mean of input potentials expressed by (1.221) 
relation, the circuit from Fig. 1.54 [25] can be used, having the advantages of using 
only MOS transistors biased in saturation region and of avoiding any current 
consumption from the input voltage sources, V; and V2. 
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Fig. 1.54 Differential structure (11) based on PR 1.3 — M block implementation 


The M14—M15 and M14’-M15’ differential amplifiers are biased at the same 
current, [9 and, additionally, the sum of drain currents of M15 and M15’ transistors 
are, also, equal with Jj. As a result, gate-source voltages of M14 and M15’ 
transistors are equal and, similarly, gate-source voltages of M14’ and M15 transis- 
tors are equal. In order to obtain the expression of V voltage, it can write that V; — 
V = Vesia — Vasis and V — V2 = Vesis’ — Vesi4’. Subtracting these two relations 
and using the previous observations, V potential will represent the arithmetical 
mean of V; and V2 input potentials: 


V= Vi + Va (1.221) 
2 
So: 
V V. [21 
y= oe aie Vee _ (1.222) 


Comparing (1.218) and (1.212) relations, it results that A = 2,/2/)/K, so: 


21, 
(Vir — Var)2\/ = /2Klo (Vir — Vor) (1.223) 


equivalent (using (1.219) and (1.220)) with: 


Tour = \/2KIo(V1 — V2) = Gnn(Vi — V2) (1.224) 


Gm = V/2KTo being the equivalent transconductance of the differential amplifier. 

In conclusion, a linear transfer characteristic of the differential structure having 
the block diagram presented in Fig. 1.51 is obtained by using a proper voltage 
biasing of the classical differential amplifier from Fig. 1.52. The full implementa- 
tion of the linearized differential structure is presented in Fig. 1.55. An equivalent 
structure, obtained by replacing the “DA” block from Fig. 1.51 with a complemen- 
tary circuit is presented in Fig. 1.56 [25]. 
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Fig. 1.56 Differential structure (11) based on PR 1.3 — alternate complete implementation 
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A similar behavior can be obtained based on the block diagram presented in 
Fig. 1.57, using another structure for replacing the block diagram from Fig. 1.51. 
The full implementation of the differential amplifier using this architecture is 
shown in Fig. 1.58. 

A differential amplifier with linear transfer characteristic using FGMOS 
transistors is presented in Fig. 1.59 [28]. 

Considering that FGMOS transistors from Fig. 1.59 have different inputs, the 
expressions of their drain currents will be: 


RIV LV 

louri = 5 ( : = BEEN 147 vr) (1.225) 
K fVe4-V . 

Tour2 = 5 ( : 5 a vr) (1.226) 


and: 


(1.227) 


RIV Veo, ‘ 
lo =5 (4 = POL3 yy vr) 


Replacing in (1.225) and (1.226) the expression of V potential, expressed from 
(1.227), it results: 


Tour: = 5 + 


2 
K _ 2 —2 21 
(“ Vo+ Pou VpoL3 z) (1.228) 
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Fig. 1.58 Differential structure (12) based on PR 1.3 — complete implementation 


and: 


2 
K [V2 —-—V 2V, — 2V, 21, 
ee ; ( 2 Lor rote POLS %) (1.229) 


The differential output current of the circuit presented in Fig. 1.59 will have the 
following expression: 


K (Vi —V2__ Veoui — Veor2 
Tour: — lour2 = 5 


2 2 
V, V 21 
e ( one POL2 Coxe v) (1.230) 


In order to obtain a linear differential amplifier, the structure must be symmetrical, 
so Vpoz1 = Vpozz, resulting: 


K 
Tour: — Lour2 = 4 


21, 
(Vi =v.) (Yon Veor3 +2 ¢) (1.231) 
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Fig. 1.60 Differential structure based on PR 1.4 


1.2.4 Differential Structures Based on the Fourth Mathematical 
Principle (PR 1.4) 


A possible illustration of the utilization of fourth mathematical principle (PR 1.4) 
for linearizing the transfer characteristic of a differential structure is presented in 
Fig. 1.60 [29]. The symmetrical structure is responsible for an important improve- 
ment of the circuit accuracy. 
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Fig. 1.61 Differential 
structure based on PR 1.4 — Iouti Iout2 
symbolic representation 
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The expression of /gy7; output current is: 
K K 
Jour: = 5 (Vass — Vr)” + > (Vass — Vr)” (1.232) 
which is equivalent with: 


K 
(Vc — Vass — Vr)” + = (Vass — Vr)° (1.233) 


2 


K 
Tour, = > 


Because M1 and M3 transistors are identical and they are biased at the same 
drain current, their gate-source voltages will be equal, so: 


K K 
Tours = 5 (Ve — Vest — Vr)” + 5 (Vass — Vr)’ (1.234) 


or: 


K V,\2 K V,\2 
toon = 5 (Ve Va +V—Vr4 3) 5 (Ys V-—Vr¢4 3) (1.235) 


Similarly, the second output current, Jgyr2, will have the following expression: 


K Vi\? K Vy 
fours = 5 (Ve-Va +¥ Vr 3) +5 (vs V-Vr 3) (1.236) 


The differential output current can be expressed as follows: 


four: —Toura = KVi(Vc — Va t+ V — Vr) 
RAVE -V = Va = Ke Vv, (1.237) 


The symbolic representation of the circuit is shown in Fig. 1.61. 


1.2 Analysis and Design of Differential Structures 61 


Fig. 1.62 Classical MOS 
differential structure q I, 
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1.2.5 Differential Structures Based on the Fifth 
Mathematical Principle (PR 1.5) 


The method for obtaining a linear behavior of the differential amplifier using the 
fifth mathematical principle (PR 1.5) is based on a proper biasing of the structure at 
a current that is dependent on the differential input voltage. 

The analysis of the classical differential amplifier (Fig. 1.62) using MOS 
transistors biased in saturation region illustrates a strongly nonlinear behavior, 
that can be quantitatively evaluated by the (1.14) dependence of Jgyr differential 
output current on the differential input voltage, V; = V; — V2. 


RW=VeyY R20, —Voy 
loo = f= ff ( 7 2) ie 2 (1.238) 


equivalent with: 


y=¥ 
lour = — ; : \4Klo! ~ K2(V, — V2)? (1.239) 


Io' being the biasing current of the differential structure. So, superior-order 
distortions will characterize the behavior of the classical differential structure, 
imposing the design of a linearization technique for removing the superior-order 
terms from its transfer characteristic. 

The method [30] for obtaining a linear transfer characteristic of the differential 
amplifier, despite the quadratic law of its composing devices (Fig. 1.63) [30], is to 
obtain the Jo’ biasing current of the entire differential structure as a sum of a main 
constant term, Jj and an additional term, proportional with the square of the 
differential input voltage, 1 = K(V; — V2)" /4: 


/ K 2 
Io =Io te alg te —V)) (1.240) 
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resulting, in this case, a perfect linear behavior of the differential amplifier: 


Tour = V/ Klo(V1 — V2) = Gnn(Vi — V2) (1.241) 


Gm = KIo being the equivalent transconductance of the structure, that could 
be very easily controlled by the biasing current, Jj. The circuit implementation 
is relatively simple, allowing to implement, by minor changes of the design, 
a multitude of circuit functions (multiplying, amplifying and simulating a positive 
or negative equivalent resistance). 

In order to implement (1.240) relation, it is necessary to design a CMOS 
structure able to compute the square of the V; — V2 differential input voltage. 
A possible implementation of this circuit uses the arithmetical mean of the input 
potentials (Fig. 1.64) [6]. 


(Vie—Vey +—(Vo— Vey 


K 
PS 


NLA 


VitV. > OK 
-«(45" vy) = 7 (V1 — V2)" (1.242) 


1.2.6 Differential Structures Based on the Sixth 
Mathematical Principle (PR 1.6) 


The general linearization technique based on the sixth mathematical principle 
(PR 1.6) achieves the minimization of superior-order distortions using an anti- 
parallel connection of two or more differential amplifiers having controlled 
asymmetries and different controlled biasing currents. Using (1.20), the expression 


1.2 Analysis and Design of Differential Structures 63 


°Vpp 
; | ¢—— Vpp 
ay, 
iy yb hs 
——l KK gL ths 
als 


Fig. 1.64 Squaring circuit for the differential structure based on PR 1.5 


of the differential output current for the classical differential amplifier from 
Fig. 1.62 [31] will be: 


K3/2 K)/2 
lom(Vi) =—-K'7 1 V4 V4 V4 
ee sR 


(1.243) 


As a consequence of the circuit symmetry, the even order terms from the 
previous expansion have been cancel out: 


Tour(V1) = a1V; + a3V; +.a5V; + °°: (1.244) 


ax being constant coefficients of the expansion. For simplicity, Jo’ biasing 
current from Fig. 1.62 has been renamed J/g. The total harmonic distortions of the 
classical differential amplifier are mainly given by the third-order term from the 
previous expansion: 


a3V; K 2 
THD = =—V 1.245 
aVy Io ! ( ) 
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Fig. 1.65 Differential structure (1) based on PR 1.6 


The first linear term is proportional with the differential-mode voltage gain of 
the differential amplifier, while the following two terms model the third-order and 
the fifth-order nonlinearities of the transfer characteristic. The most important cause 
of the distortions introduced by the circuit nonlinearity is the third-order term from 
the previous expansion. 

The method for improving the circuit linearity uses an anti-parallel connection 
of two differential amplifiers with controlled asymmetries and different controlled 
biasing currents (M1—M2 and M3-M4 pairs from Fig. 1.65) [13, 31]. Because 
M1-M2 differential amplifier is biased at /g; current and M3—M4 structure is 
biased at Jo2 current, the differential output currents for these circuits are: 


3/2 5/2 
(Ip2 — Ini) (Vi) = —Ki GIG; Vi + V3 + SV + (1.246) 
Bh 12877) 
and: 
R32 5/2 
(Ips — Ins) (Vi) = —Kq/ leg Vi + 24, V3 + 4 ve + (1.247) 


ane? 198P? 
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The differential output current for the entire anti-parallel structure from Fig. 1.65 
will have the following expression: 


Tour2 — Tour: = (lp2 + Ip3) — (Ip + Ia) 
ie Gis) (1.248) 


Replacing (1.257) and (1.258) in (1.259), it results: 


a ee (Kile - Kee V1 


Ke 2) (KE RE 
+ = Ve + ei] Vee (1.249) 
(aa a gh)? Noa? ioerey* 


The linearization technique is considered to be efficient if it is able to cancel the 
third-order distortion, so the condition that must be fulfilled by the design is: 


3/2 3/2 
Kip _ K34 


— (1.250) 
gi? ae 
equivalent with: 
Toi Kip\° 
— = (= 1.251 
To2 (%) ( ) 


Imposing this condition for obtaining the minimization of the circuit nonlinear- 
ity, the main distortions will be caused by the fifth-order term from the circuit 
transfer characteristic. Using (1.251), relation (1.249) becomes: 


5/2 
Ky 


jo87) 


Vite. (1.252) 


The total harmonic distortions of the improved linearity differential amplifier 
from Fig. 1.65 are mainly given by the fifth-order term from the previous expansion: 


Vi (Kio\? (lor\*? 
THD' = — — 1.253 
a) (2) ( ) 


resulting an important increasing of the circuit linearity (THD’ is much smaller 
than THD). 
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Fig. 1.66 Differential structure (2) based on PR 1.6 


In order to further increase the differential amplifier linearity, the previous 
technique can be extended for removing both third-order and fifth-order terms 
from the Taylor series expansion (1.249). This is possible using a parallel connec- 
tion of four differential amplifiers, having controlled asymmetries and controlled 
different biasing (Fig. 1.66). 

Similarly with the circuit presented in Fig. 1.65, the conditions for canceling the 
third-order and the fifth-order distortions are: 


1 1 
K I 3. OK I 3 
2. ( 2) by Aa ( 2.) (1.254) 
K3 To3 Ky To4 
K I 3 K I 3 
5 5 
L_ (2) 5 ie ( 2) (1.255) 
Ky To2 Ky Toa 


K,—K, being model parameters for M1—M1’, M2—M2’, M3—M3’ and M4—M4’ 
pairs, respectively. The total harmonic distortions of the circuit presented in 
Fig. 1.66 are mainly given by the fifth-order term from the Taylor series expansion 
of the transfer characteristic: 


1 (Ko\> 6 [1 - ee 1 - @)"e 
Pe) Tee ON 


resulting an important improvement of the circuit linearity by applying this 
technique. 

An alternate implementation [32] of the previous linearization technique can be 
obtained using differential amplifiers based on MOS transistors working in weak 
inversion region (Fig. 1.67) [32]. This implementation of the differential amplifier 
circuit allows to obtain an important reduction of the current consumption, the 
structure being useful for low-power designs. The drive of these transistors is also 
realized on their gates and bulks. The utilization of the bulk as active terminal 


THD" = 


(1.256) 


To2 
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Fig. 1.67 Differential structure (3) based on PR 1.6 


avoids the utilization of large aspect ratios MOS transistors. A, and A, represent the 
voltage gains used for computing the voltage drives of the bulks. 

The drain currents of MOS transistors composing the Mla—M2a differential 
amplifier from Fig. 1.67 have the following expressions: 


= Toa 


Ip12a = 
- | , Vasia — Vos2a 2-1 Vesta — Ves20 
1+exp| + Wa exp| += - Va 
t ti 


Toa 
= o (1.257) 


1+ exp (+k, i) 


Similarly, for the second differential amplifier, M1b—M2b, the drain currents can 
be expressed as follows: 


Top 


I — 
D1,2b ican Vasip — Vaso» exp 26 n—1 Vesip — Vas 
t _ nVin on Vin 


1 
= iia (1.258) 


1+ exp (+x: mt) 
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where K, = [1+ (n— 1)Aq]/n and Ky = [1 + (n— 1)Ap]/n. For evaluating the 
circuit linearity, it is necessary to expand in Taylor series the following mathe- 
matical function: 


1 1 x x x” 
laws 


Tee 2 4 ae 


(1.259) 


Using this fifth-order limited Taylor series expansion, the drain currents of the 
M1a—M2a and M1b—M2b differential pairs from Fig. 1.67 will be: 


1 ky. 1 | vi\° 
I a= I a +- a Ky + Ky ale 3828 1.260 
ee ; i Ve a( my aol i) ( ) 


and: 


1 K, V, 1 V, 3 1 V; ? 
I =! +- se K, + K ae ace 
ao i ; 4 Vy, 48 ( : 7) 480 ( ‘ vs) 


The differential output current of the entire anti-parallel structure is: 


Tour = Tour2 — Tour: = Unita + Ip2») — pin + In2) 
Kplopn — Kaloa 


= (hin Ines) = (oi — od SY 
( D1 D2 ) ( Dit D2b) Vs, T 
K3loq — K}1 K?lon — K°loa 
ee ss (1.262) 
24V3 240V 


th th 


The condition for cancellation of the third-order distortions introduced by the 
circuit is: 


a eee (1.263) 
n 


resulting the following expression of the /gyr output current: 
our = aV; + asV; + °°: (1.264) 
where a, and as constants are given by: 


=— Ka TI 
“3, 


a 


2/3 
(2) 1 (1.265) 
loa 
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The total harmonic distortion coefficient for the linearized circuit will have the 
following expression: 


1 (KaVi\*T1 + (n= DAs]? 
p= (2) ; + (n—1)A, a 


1.2.7 Differential Structures Based on the Seventh 
Mathematical Principle (PR 1.7) 


This principle is useful for obtaining a rail-to-rail operation of a differential 
structure. The general method for extending the maximal range of the common- 
mode input voltage is to use a parallel connection of two complementary (NMOS 
and PMOS) differential amplifiers. The simple parallel connection of these stages 
has the disadvantage of a variable value of the equivalent transconductance for the 
resulted structure, while the utilization of a translinear loop or of a “maximum” 
circuit permits to obtain an approximately constant value of the equivalent 
transconductance, only slightly dependent on the value of the common-mode 
input voltage (R; = Ro = R3 = R4). 

A possible method for obtaining a rail-to-rail operation of a differential structure, 
using two parallel-connected complementary differential amplifiers is presented in 
Fig. 1.68. The NMOS differential amplifier is realized using M1—M4 transistors, 
while the PMOS differential circuit is implemented using M5—M8 active devices. 
Because these differential amplifiers present complementary common-mode input 
ranges, their parallel connection will extend the equivalent domain of the common- 
mode input voltage for the entire structure. The DIFF 1 and DIFF2 blocks computes 
the differential output voltages of the complementary differential amplifiers, while 
the SUM block realizes the summation of these two output voltages. For medium 
values of the common-mode input voltages, both NMOS and PMOS differential 
amplifiers are active, so the equivalent transconductance of the parallel-connected 
structure will be equal with the sum of the individual transconductances, 
Sn = &mn + Simp: 

The maximal range of the common-mode input voltage for the NMOS differen- 
tial amplifier, M1—M4 is included between the following limits: 


IoR IoR 
Viems = Vop — ae — Vposisat + Vasi1 = Voo — a +Vr (1.268) 


70 1 Differential Structures 


Vpp 


Fig. 1.68 Differential structure (1) based on PR 1.7 


and: 


I 
Vicwwn = Vasi + Vos3sar = Vasi + Vass — Vr = Vr + (v2 + 1) (1.269) 


while the maximal range of the common-mode input voltage for the PMOS 
differential amplifier M5—M8 is included between the following limits: 


PMOS 
Vicmax = Vop — Vso — Vspssat = Vop — Vsao — Vses + Vr 


=Vpp — Vr - (v3 4 We (1.270) 


and: 


IoR IoR 
Viemn = + Vsp6sat — Vsco = - —Vr (1.271) 
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Fig. 1.69 Diagram for the range of Vic 


The maximal range of the common-mode input voltage for the parallel-connection 
from Fig. 1.68 is determined by superposing the individual common-mode input 
ranges for the complementary NMOS and PMOS differential pairs (relations 
(1.268) — (1.271)) — Fig. 1.69. 

The maximal range of the common-mode input voltage for the parallel connec- 
tion from Fig. 1.68 must include the supply voltage range, [0, Vpp]. From Fig. 1.69, 
the conditions for obtaining this goal are: 


Vienux > Vop (1.272) 
Vice > Vicmnin (1.273) 
Viermin <0 (1.274) 
equivalent with: 
IR, <2Vr (1.275) 


and: 


Vpp >2 


Vi: (v2+ i) (1.276) 


The common-mode input ranges for the two parallel-connected differential 
stages are complementary, existing, however, a range of the common-mode input 
voltage (corresponding to medium values of this voltages), where the range of 
NMOS differential structure overlaps the range of the PMOS differential stage. 
Supposing 8mn = Zmp = ze the dependence of the circuit’s total transconductance, 
g!, on the common-mode input voltage is synthesized in Table 1.1. 

The disadvantage of this parallel connection of two complementary differential 
amplifiers is a value of the equivalent transconductance g! that depends on the 
common-mode input voltage. 
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Table 1.1 Equivalent transconductance for the circuit presented in Fig. 1.68 
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Fig. 1.70 Transfer characteristic of the MI-M4 NMOS differential amplifier 


The operation of the previous circuit is verified for the following particular 
values of their components and model parameters: 

Ri = Rp = R3 = Rg = Rs = Ro = R7 = 10K QO, Rp =1MQ,Vr =1V/-1V, 
A4=3x 10-3 V"!, K'=8 x 107-3 A/V’, W = 30 wm, L = 20 pm. Vpp, V; and 
Vc are continuous input voltages having the following values: 3 V, 1 mV and 1.5 V, 
respectively. 

For determination of the value of the biasing current J/g, it is possible to write the 
following relation: 


Vpp = 2Ves + os (Ves — Vr)? (1.277) 
equivalent with: 
60VE5 — 118V¢g5 + 57 =0 (1.278) 
resulting Vgs = 1.1135 V and J9 =77.3 wA, very closely to the simulated 
obtained value, [9 = 73.3 WA. 


The simulation of the transfer characteristic for the NMOS differential amplifier 
M1-M4 is shown in Fig. 1.70. A similar characteristic can be obtained for the 
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Fig. 1.71 Transfer characteristic of the MI-M4 NMOS differential amplifier (parametric) (1) 


PMOS differential stage M5-M8. The differential-mode voltage gain is 
App = —8mR, = —VKIpR, = —9.63, while the simulated value is — 9.71. 

Using (1.268) and (1.690), the maximal range of the common-mode input 
voltage for the MI-M4 NMOS differential amplifier will be between 1.1934V 
and 3.6135V. The simulation of the transfer characteristic (Fig. 1.71) of the 
NMOS differential amplifier for three values of the common-mode input voltage, 
Vo = 3.2V, Ve = 3.3V and Vc = 3.4V highlights a maximal common-mode input 
voltage of about 3.3V. 

Similarly, the simulation of the transfer characteristic (Fig. 1.72) of the NMOS 
differential amplifier for two values of the common-mode input voltage, Ve = 1.1V 
and Vc = 1.2V points out a minimal common-mode input voltage of about 1.2V. 

Using (1.270) and (1.271), the maximal range of the common-mode input 
voltage for the PMOS differential amplifier M5—M8 is between — 0.6135V and 
1.807V. The simulation of the transfer characteristic (Fig. 1.73) of the PMOS 
differential amplifier for three values of the common-mode input voltage, 
Ve = —0.5V, Ve = —0.4V and Vc = —0.3V highlights a minimal common-mode 
input voltage of about — 0.4V. 

Similarly, the simulation of the transfer characteristic (Fig. 1.74) of the PMOS 
differential amplifier for two values of the common-mode input voltage, Ve = 1.8V 
and Vc = 1.9V points out a maximal common-mode input voltage of about 1.8V. 

In conclusion, the maximal ranges of the common-mode input voltage are 
— 0.4V <Vic < 1.8V for the PMOS differential amplifier, and 1.2V < Vic <3.3V 
for the NMOS differential amplifier. The parallel connection of the complementary 
circuits extends the maximal range of the common-mode input voltage to 
— 0.4V < Vic <3.3V, with the disadvantage of obtaining a variable value of the 
equivalent transconductance for the parallel-connected structure (a double trans- 
conductance for the range of the common-mode input voltage, in which both 
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Fig. 1.72 Transfer characteristic of the MI-M4 NMOS differential amplifier (parametric) (2) 
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Fig. 1.73 Transfer characteristic of the MS5S—-M8 PMOS differential amplifier (parametric) (1) 


NMOS and PMOS differential amplifiers are active, 1.2V < Vic < 1.8V). So, the 
differential mode voltage gain will be not constant, having a value, App, for 
extreme values of the common-mode input voltages (— 0.4V < Vic < 1.2V and 
1.8V <Vjc <3.3V) and a double value, 2App, for the medium values of the 
common-mode input voltages, 1.2V < Vic < 1.8V. This behavior is illustrated in 
Fig. 1.75, the simulation of the transfer characteristic of the parallel structure being 
done for five values of the common-mode input voltages: 


¢« Two values in the area in which only one differential amplifier (NMOS 
or PMOS) is active (Vc =0.5V and Vc = 2.5V), the characteristics being 
approximately identical; 
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Fig. 1.74 Transfer characteristic of the MS5-M8 PMOS differential amplifier (parametric) (2) 
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Fig. 1.75 Transfer characteristic of the parallel differential amplifier (parametric) 


¢ Two values near the extended interval, but outside it (Vc = —0.5V and 
Vc = 3.5V), remarking a small decreasing of the differential mode voltage 
gain with respect to the previous case, as a result of a fault operation of some 
transistors from the circuit 

¢ A value placed in the center of the interval (Vc = 1.5V), the differential-mode 
voltage gain having a double value comparing with the first case, because both 
PMOS and NMOS differential amplifiers are active, the equivalent trans- 
conductance being the sum of each individual transconductances. 
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Fig. 1.76 Differential structure (2) based on PR 1.7 


An improvement of the behavior for the circuit shown in Fig. 1.68 is based on a 
circuit able to select the maximal value of two currents (Fig. 1.76). The most 
important advantage of this changing consists in that the equivalent trans- 
conductance of the resulted circuit is approximately constant and it does not 
depend on the value of the common-mode input voltage. The “maximum” circuit 
is presented in Fig. 1.77. 

For Io; > /o2, the relations between the currents from the circuit are: 


Ip3 = Ipa = Ips = Io2 (1.279) 
Ip) = Ip2 = [01 — Ip3 = 101 — Io2 (1.280) 
Io = Int + Ips = (loi — Lor) + 102 = Toi (1.281) 


while for Ig; <Io2: 


Tp4 = Ips = Tor (1.282) 
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Fig. 1.77 The implementation of the “maximum” circuit 
Table 1.2 Equivalent transconductance of the circuit presented in Fig. 1.76 
Vic range Viemin <Vic < Vien Viemin <Vic <Vicmax —_ Viemax <Vic < Vicmax 
NMOS DA 0 &m &m 
PMOS DA 8m 8m 0 
Parallel modified DA g,, Lm Sm 
Ip3 =101; Ip1 = Ip2 = 0 (1.283) 
Io =Ip, + Ips = Io2 (1.284) 


For medium values of the common-mode input voltages, ye <Vic < Vi 
the “maximum” circuit will select the maximal transconductance from gy, and mp, 
so the equivalent transconductance of the modified parallel circuit from Fig. 1.76 
will be approximately constant and independent on the common-mode input 
voltage the results are centralized in Table 1.2. 

The circuit presented in Fig. 1.78 [33] is designed with the main goal of obtaining 
a rail-to-rail operation using a proper biasing of a parallel connection of two comple- 
mentary classical differential amplifiers, M1—M2 and M3-M4, biased at Jo, and Ig, 
currents, respectively. The utilization of a translinear loop, that forces a proper 
relation between the biasing currents /9, and Jo,, has the advantage of obtaining an 
approximately constant equivalent transconductance of the entire structure. 

The output current of the circuit can be expressed as follows: 


Tout = Cnt — 1,2) se (pi _ Ip2) = (mn a Big) (Vi = V2) (1.285) 


where 2). represents the transconductance of MI-M2 NMOS differential ampli- 
fier, while g,,) is the transconductance of M3—M4 PMOS differential amplifier. 
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Fig. 1.78 Differential structure (3) based on PR 1.7 


Supposing a biasing in saturation region of M1—M4 transistors, it is possible 
to write that: 


§mn = V Kilon (1.286) 


and: 


Simp = V Kplop (1.287) 


Considering that M1—M4 transistors are identical, it results: 


Tour = VR (Top + Ton) (Vi — V2) (1.288) 


The relation between Jo, and Jo, currents is imposed by the translinear loop 
implemented using M5—M6&8 transistors: 


Voss + Ves7 = Vase + Vass (1.289) 


Using the square-root dependence of the drain current on the gate-source voltage 
for a MOS transistor biased in saturation, it results: 


Vlon + lop = 2V/lo (1.290) 


From (1.288) and (1.290), the expression of the output current will be: 


Tour = 2\/Klo(Vi — V2) (1.291) 


The advantage of this circuit consists in the rail-to-rail operation that can be 
obtained because of the parallel connection of two complementary differential 
amplifiers (M1—M2 and M3—M4). The utilization of the M5—M8 translinear loop 
eliminates the main disadvantage of this method (a variable equivalent transcon- 
ductance of the parallel connection, depending on the common-mode input voltage). 
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Fig. 1.79 The core of DDA 


Using the same principle it is possible to design a double differential amplifier 
(DDA), having an extended range of the common-mode input voltage and an 
approximately constant equivalent transconductance. 

The core of the DDA circuit is represented by a differential stage, having the 
circuit presented in Fig. 1.79 [34]. The differential output current of this circuit can 
be expressed as follows: 


Tour: — lout. = V 8KIo(Vi — V2) = 8mn(Vi — V2) (1.292) 


In order to extend the maximal range of the common-mode input voltage, 
a parallel connection of two complementary differential amplifiers are used, the 
selection of the active one being done using two “maximum” circuits. The differ- 
ential amplifier with extended common-mode input range and constant equivalent 
transconductance is presented in Fig. 1.80 [34]. 

Relation (1.305) can be rewritten for the two complementary differential 
amplifiers: 


Int — Tn =V 8Kylo(Vi a V2) = Smn(V1 = V2) (1.293) 


and: 


Ip, — Ip, = \/8Kplo(V1 — V2) = &mp(Vi — V2) (1.294) 
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Fig. 1.80 Differential amplifier with extended common-mode input range 


The output current has the following expression: 


Tour = max(In, Ip2) — max(In2, Ip) = W/8Knlo(Vi — V2) 
= \/8Kjlo(V1 — V2) = 8 (V1 — V2) (1.295) 


where 8mn = &mp = ge. 

The implementation (Fig. 1.81) of the double differential amplifier is based on 
the previous presented differential stage (Fig. 1.79). The output current of DDA 
circuit has the following expression: 

1 


Tour = max(I,, 4 I’ I, 4 Th) max(I,, tTiys Im +5,) 


ny? 


— Sm (Vp _ Von) a (Vn ~ Vin) | (1.296) 


Because of the utilization of the differential amplifier with extended common- 
mode input range, the equivalent transconductance of the DDA, g’, will be 
approximately constant. 


1.2.8 Differential Structures Based on Different 
Mathematical Principle (PR 1.D) 


Another possible realization of a DDA is presented in Fig. 1.81 [35], having a 
relatively simple implementation comparing with the previous designs of similar 
circuits. 
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Fig. 1.81 DDA based on PR 1.D 
The expressions of /4 and /g currents are: 
K K K K 
lou = 5 (V1 Vr)" 4 5 (V4 Vr)" 4 ae Vr)" 4 5 (Ve Vr)’ (1.297) 


K K K K 
loura = 5 (V2 Vr)’ 4 5 (4 Vr) 4 5 (Va Vi) 4 5 (Vp Vr)? (1.298) 


The differential output current of the DDA circuit will have the following 
expressions: 


(Vi — Va)(Vi + Va — 2Vr) 


K 
Tour: — Lour2 = a 


K 
+5 (Va — Vo) (Vs + Vo — 2V2) 


LK 
2 


K 
(Vz _ V2)(Ve + V> 2Vr) t 5) (Ve V3) (Ve +V3—- 2Vr) (1.299) 
Because: 
Vo = V, — V4 = V2 — Va = V3 — Vo = V4 — Vo (1.300) 


it can be obtained: 


Tour: — lour2 = KVo|(V4 — V3) — (V2 — V1)] (1.301) 
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Fig. 1.82 Differential structure (1) based on PR 1.D 


A linear transfer characteristic for a differential amplifier can be obtained using 
the circuit presented in Fig. 1.82 [36], the simplicity recommending it for a 
multitude of analog signal processing applications. 

As M1 and M2 transistors from Fig. 1.82 are biased at Jo drain currents, V4 and 
Vp potentials can be expressed as follows: 


oT, 
K 


Va =V2—Vr (1.302) 


and: 
2I0 
Va =Vi — Vr -4/— (1.303) 
K 
The expressions of Jgy7; and I9yr2 currents will be: 
K 
Tour = a (V3 —Va4 —Vr) (1.304) 
and: 


Tour. =~ (Va — Vp — Vr)” (1.305) 


Se 


Replacing (1.302) and (1.303) in (1.304) and (1.305), it results: 


2: 
K II 
louri = 5 (\ V2 4 2) (1.306) 
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The input potentials are chosen to have both common-mode and differential- 
mode components: 


Vi =Ve-Va (1.308) 

V2 =Ve+Va (1.309) 

V3 =Vet+ Vin (1.310) 
and: 

V4 = Ve —Vi2 (1.311) 


resulting that the differential output current will have the following expression: 


2 
K Io 

lowrt — Tours == | Va —Va +4] 

our — Lout2 1C V, %) 


2 
K II 
5 (\ = Vin 2) = /8KIo(Vi — Vit) (1.312) 


A differential amplifier using FGMOS transistors for cancellation of the errors 
introduced by the input offset voltage is presented in Fig. 1.83 [37]. 
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The Vc; and Vc voltages represent external applied continuous voltages. 
Considering a biasing in saturation of all transistors from Fig. 1.83 and FGMOS 
transistors having identical inputs, the expressions of Jgy7; and Igur2 currents are: 


K(Vi+Vv . 
Toe = (4 fay vr) (1.313) 
2 ,, 
and: 
K (V2 +V, . 
Tour: = ay a (1.314) 
5 2 
resulting: 


2 -—Vo Va-V 
Nee Vioum) => 4 Mave (1.315) 


Using the notations Vjp = V; — V2 and AVc = Vc; — Vc and replacing the 
Touri + Jour2 sum with Jo, the previous relation becomes: 


8 
R [to —2J/louri(lo — Touri)| = (Vip + AVc)’ (1.316) 


After some computations, it results the following expressions of Jour1 and Igur2 
currents: 


I K K2 
Tour: = a 0 Wp + AVc) \e- 641, (Vip + AVc)? (1.317) 
and: 
I K K2 
TouT2 = a 0 Wp + AVc) lee- 6422, (Vin + AVc)? (1.318) 


So, the differential output current of the circuit presented in Fig. 1.83 will 
have the following expression: 


2 


(Vip + AVc)* (1.319) 


K K 
Tours — Iour2 = Io(Vip + AVc) Ae ~ 6a 


The expression is similar with the result obtained for the differential amplifier 
based on MOS transistors biased in saturation. The advantage of using FGMOS 
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transistors for replacing classical MOS active devices is given by the possibility of 
compensating the input offset voltage of the differential amplifier by choosing 
a proper biasing voltage AVc, complementary with the intrinsic offset voltage of 
the stage. 


1.3. Conclusions 


Chapter extensively presents a multitude of design techniques for improving the 
performances of CMOS differential structures. The main goals of these design 
methods are to improve the linearity of differential structures and to obtain a rail- 
to-rail operation, for a more efficient utilization of the available supply voltage. The 
functional mathematical principles of operation that represent the basis for design- 
ing the presented linearization techniques have been used in order to minimize the 
linearity error of the implemented CMOS differential structures. 
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Chapter 2 
Voltage and Current Multiplier Circuits 


2.1 Mathematical Analysis for Synthesis of Multipliers 


The synthesis of multiplier circuits [1-60] is based on the utilization of some 
elementary principles, each of them representing the starting point for designing a 
class of multiplier circuit. 

Referring to the input variables, it can be identified two important classes of 
multiplier circuits: 


— Voltage multipliers, having as input variables two single or differential voltages 
and generating an output current proportional with the product of these input 
voltages; 

— Current multipliers, receiving as inputs two currents and producing an output 
current proportional with the product of the input currents. 


Because the multiplying function uses the characteristic of MOS transistors 
biased in saturation region, most of mathematical principles are derived from a 
linear relation between squaring terms (having voltages or currents as variables). 
The notations used for revealing these principles are: V;, V2, V3 and V4 represent 
the input potentials, while, usually, a constant voltage, Vo, is introduced for 
modeling a voltage shifting; for current multipliers, /;, J, and J; are the input 
currents and Jg represents a reference current. In both cases, Jgyr denotes the 
output current of the multiplier circuit. 
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2.1.1 Mathematical Analysis of Voltage Multiplier Circuits 


2.1.1.1 First Mathematical Principle (PR 2.1) 


The first mathematical principle used for implementing voltage multiplier circuits 
is based on the following identity: 


(Vi + V2 + Vo)” — (Vi — V2 + Vo)? + (-Vi — V2 + Vo)” 
= (-Vi +Vo+ Vo) = 2V2(2V, + 2Vo) — 2V2(—2V1 + 2Vo) =8V,V2 (2.1) 


The voltage multipliers based on the previous relation computes a current 
proportional with the product of two input voltages, V; and V2. 


2.1.1.2 Second Mathematical Principle (PR 2.2) 
The mathematical relation that models this principle is 
(Vi + V3 + Vo)? — (V2 + V3 + Vo)” + (V2 + Va + Vo)” 


— (Vi + Va + Vo) = (Vi — Vo)(Vi + V2 + 2V3 + 2Vo) 
_ (Vi — V2)(Vi + Vy +2V4+ 2Vo) = 2(Vi _ V2) (V3 — V4) (2.2) 


The circuits that use this principle generates a current proportional with the 
product between two differential input voltages, V; — V2 and V3 — V4. 


2.1.1.3 Third Mathematical Principle (PR 2.3) 


This principle is illustrated by the following mathematical relation: 


(Vi Vek Voy aVe= VF Voy HERVEY 
— (V2 — V3 + Vo)* = (Va — V3)(2V1 — V3 — V4 + 2Vo) 
_— (V4 _ V3)(2V2 —V3—V4a+ 2Vo) = (Vi _— V2) (V4 _— V3) (2.3) 


The multiplier circuits that implement this principle compute, also, an output 
current proportional with the product between two differential input voltages, 
Vi a Vo and V4 — V3. 
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2.1.1.4 Fourth Mathematical Principle (PR 2.4) 


The fourth mathematical principle is based on the following mathematical relation: 


Tour = avV/To(Vi — V2) 
= Iour = aVb(V; —V2)(V3-—Va) (2.4) 
Io = b(V3 = V4)? 
or 
Tour = a(Vi — Wh) (Vi — V2) 
: : = Tour = aVb(Vi — V2)(V3 — Va) (2.5) 
(Vi — Wh) = b(V3 — Va) 


a and b represent constant coefficients, depending on the particular implementation 
of the multiplier circuit based on this mathematical principle. 


2.1.1.5 Fifth Mathematical Principle (PR 2.5) 


The fifth mathematical principle represents the cancellation of a nonlinear depen- 
dence of an output current, Joy, on the input voltage, V,: 


To + KV2/4 V? 
foe = RV Zz i/ ri = /KIoVi (2.6) 


2.1.1.6 Sixth Mathematical Principle (PR 2.6) 


The mathematical relation that models this principle is 


2 2 2 
VitV. V V 
( L Vo) + V3, ( : Vo) (4 Vo) =ViV2 (2.7) 


2.1.1.7 Seventh Mathematical Principle (PR 2.7) 


The identity representing the basis of this mathematical relation is 


(V; + V2)* — (V, — V2)? = 4V,V2 (2.8) 
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2.1.1.8 Different Mathematical Principles for Voltage 
Multipliers (PR 2.Da) 


A class of multipliers can be designed starting from different mathematical 
principles, that are useful for linearizing the behavior of the multiplier circuits. 


2.1.2 Mathematical Analysis of Current Multiplier Circuits 


2.1.2.1 Ninth Mathematical Principle (PR 2.9) 


The ninth mathematical principle uses two square-rooting circuits in order to 
implement the multiplying function: 


To1 = av/Iolour 


Io. = aV [Ln = lour = —— 
Io 


Io, = To2 (2.9) 


2.1.2.2 Tenth Mathematical Principle (PR 2.10) 


The identity representing the basis of this mathematical relation is 


G Gepy 


alo 


(1 +b)? 
alo 


_ 4b 


I 
2 ae alo 


(2.10) 


2.1.2.3 Eleventh Mathematical Principle (PR 2.11) 


In order to implement the eleventh mathematical principle, the circuits use only 
MOS transistors biased in weak inversion region, the translinear loops that contain 
gate-source voltages generating the product between the input currents. 


2.1.2.4 Different Mathematical Principles for Current 
Multipliers (PR 2.Db) 


A class of multipliers can be designed starting from different mathematical 
principles that are useful for linearizing the behavior of the current multiplier 
circuits. 
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Fig. 2.1 Multiplier circuit (1) based on PR 2.1 


2.2 Analysis and Design of Multiplier Circuits 


2.2.1 Design of Voltage Multiplier Circuits 


Based on the previous presented mathematical analysis, the voltage multipliers 
can be clustered in eight important functional classes: circuits using PR 2.1—-PR 
2.7 elementary principle and a class containing multipliers based on different 
functional relations. 


2.2.1.1 Multiplier Circuits Based on the First Mathematical 
Principle (PR 2.1) 


The multiplier structures using as functional basis PR 2.1 present the important 
advantage of using a symmetrical structure that minimizes the intrinsic linearity 
error of the designed circuits. 

A circuit that implements the product between two input voltages using the PR 
2.1 mathematical principle is presented in Fig. 2.1 [1]. 

The output current of the voltage multiplier can be expressed as a linear function 
of the currents, Joy7; and Iour2: 


Tour = lou: — Lour2 = (Ip2 + Ina) — Uni + Ip3) (2.11) 


The drain current of M1 transistor is 


K 
i= Vay (2.12) 
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The V potential is imposed by V2 potential and by the gate-source of M5 
transistor (that is biased at a constant current, Jg) to be equal with: 


2Io 
V = —V2 — Voss = —V2 — Vr : (2.13) 


Replacing (2.13) in (2.12), it results the following dependence of Jp; current on 
V,, and V2 input potentials: 


2 
ee ee gee 2.14 
pi=7\— rtVo+ ee (2.14) 


Similarly, the drain currents of M2—M4 transistors can be expressed as 


2 
K By 
lig | Vita ta (2.15) 


2 
K II 
Ibs = 5 (v ay 4 Ve) (2.16) 
K Bo\? 
Iba = 5 (-v = Ved 72) (2.17) 


The expression of the output current as a function of input potentials can be 
obtained using relations (2.11) and (2.14)-(2.17): 


K 2g) 21 
Jour =52V1 (2 +2 ) Est 2vp( ave ny 72) anv (2.18) 


Another multiplier structure based on the first mathematical principle (PR 2.1) is 
presented in Fig. 2.2 [2]. Its output current can be expressed as 


Tour = Up1 + Ip3) — Up2 + Ip4) = U1 — [p2) + (p3 — Ina) (2.19) 


For M1-—M4 transistors, the gate potentials are imposed by the common-mode 
voltage Vc and by the differential components + V;/2 and + V2/2. 
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Fig. 2.2. Multiplier circuit (2) based on PR 2.1 


Replacing the expressions of the previous drain currents with their quadratic 
dependence on the gate-source voltages, it results: 


RIV VY. : 
tour = Toon ~ tours =5 ( = Vee vr) 
Kf Wi+Vo 2 OR Vy =Va 
PVE Vee v. LVes Vey, 
= ( 5) Cc S: r) = ( 2 Cc S ") 
K{Va—V. ‘ 
= ( : . + Vex Ve vr) (2.20) 


So, the output current will be proportional with the product between the differ- 
ential-mode input voltages: 


K 
Tour = 5 Vio + 2V¢ — 2Vs — 2Vr) 


Vi)(—V2 + 2Vc — 2Vs — 2Vr) = KViV2 (2.21) 


a 


An alternate realization of a voltage multiplier circuit based on the first 
mathematical principle (PR 2.1) is presented in Fig. 2.3. In order to reduce the 
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Fig. 2.3. Multiplier circuit (3) based on PR 2.1 


circuit complexity, a part of classical MOS transistors have been replaced by 
FGMOS active devices with identical inputs. 
The output current can be expressed as follows: 


K (Vi+V : 
Tour = Up — Ip2) + Upa — Ip3) = ( ; : vr) 


a 3g 
K (Vi —V2 * K(_VitVo : 
2 ( 2 vr) = ( a vr) 
K (V2-V = OK K 
-5( a vr) = 5 Va(Vi — 2Vr) 5 Vo(—Vi —2Vr) = KViV2 (2.22) 


2.2.1.2 Multiplier Circuits Based on the Second Mathematical 
Principle (PR 2.2) 


The multipliers based on PR 2.2 can be used in a large area of applications that 
require the implementation of the product between two differential voltages. 

A voltage multiplier having as functional relation the second mathematical 
principle (PR 2.2) is presented in Fig. 2.4 [3]. 

All MOS transistors are biased in saturation region and Vo represents a constant 
voltage that is summed with V3 and V4 voltages. The expression of differential 
output current is 


Tour: — Lour2 = (Ips + Ine) — Ug + 113) (2.23) 


2.2 Analysis and Design of Multiplier Circuits 97 


. . ; fe BV 
‘eal Tk Mio 
M2 ¢ Tour y \ Iour2 rN 
] | M3 oS Mi] ] 
C M6 M14” 
Ve [, M5 na M8 M16 4] ao M13, vy 
Vv V, 

Vs* Yous mi mat | oT M7 mist? 2 | Yeo vie my,ll’s,* Yo 


Fig. 2.4 Multiplier circuit (1) based on PR 2.2 


where the previous drain currents can be expressed as follows: 


K 


Ibs = 5 (Vx + Voo — Vr) (2.24) 
Ipi6 = * (Vz + Vpp — Vr)" (2.25) 
Ing = + (Vw + Vpp — Vr)? (2.26) 
Ipi3 = . (Vy + Vop — Vr)” (2.27) 


As a consequence of the circuit configuration, the gate-source voltages of M2 
and M3 transistors are equal, resulting [pp = [p3. But Ip3 = Ip4 and Ip; = Ip2, so 
Ip, =Ipq4. In conclusion, because M1 and M4 transistors are identical, it results 
Vos1 = Vsea, equivalent with: 


V3+Vo+Vpp = Vx — V1 (2.28) 
Thus, the expression of Vx potential will be 
Vy = V, + V3 + Vo + Vop (2.29) 


Replacing (2.29) in (2.24), the drain current of M5 transistor will have the 
following expression: 


Ips == [(Vi + V3) + (2Vpp + Vo — Vr)]° (2.30) 


NLA 


Similarly, the expression of drain currents of M8, M13 and M16 transistor will be 


K 
Ips = 5 [(V2 + Vs) + (2Vo0 + Vo alk (2.31) 
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K 2 
Ini3 = > [((Vi + V4) + (2Vpp + Vo — Vr)] (2.32) 
K 2 
Ipi6 = 5 (V2 + Va) + (2Vop + Vo — Vr)| (2.33) 


Replacing (2.30)—(2.33) in (2.23), it results: 


K 
Tour: — lour2 = > (Vi _ V2)(Vi + V2 +2V3 + 4Vpp + 2Vo — 2Vr) 


K 
—5 (Vi —Va)(Vi + V2 +2V4 + 4V pp + 2Vo — 2Vr) (2.34) 


So 
Tour: — Tour2 = K(Vi — V2) (V3 — Va) (2.35) 


A possible implementation of a voltage multiplier based on the second mathemat- 
ical principle (PR 2.2), using FGMOS transistors is presented in Fig. 2.5 [4]. 

Considering identical inputs for all FGMOS transistors, the differential output 
current of the voltage multiplier presented in Fig. 2.5 can be expressed as follows: 


K (/V, + V2 ‘ K (V3 +V4 z 
Tour = 1, 1, = V ve 
OUT OUT1 OUT2 5) ( 5) r) 2 5 T 


K (V2 + V. > K (V4 V. a 4 
(7 : vr) (“ : vr) = 3 (Vi — Vs)(V2 — Va) 


2 2 
(2.36) 
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Fig. 2.6 Multiplier circuit (3) based on PR 2.2 


An alternate implementation of a voltage multiplier using the second mathemati- 
cal principle is presented in Fig. 2.6 [4]. 

The differential output current of the voltage multiplier shown in Fig. 2.6 will 
have the following expression: 


K (V, + V2 : 
Tour = Tour: — lour2 = 5 ( : Vs vr) 


a 
K V34+ V4 Z K V2 + V3 7 

+3( Vs vr) a ; Vs vr) 
KR (Ve+V. a ie 
= ( = a= Ve vr) = 7 (V1 — Vs) (Vo — Va) (2.37) 


The multiplier circuit presented in Fig. 2.7 [5] is based on the second mathematical 
principle (PR 2.2). 

The output current of the voltage multiplier is implemented (using an additional 
current mirror, not shown in Fig. 2.7) to be the difference between /gy72 and Igy 
currents and it can be expressed as follows: 


Tour = Tour2 — Tourn = (hh +14) — (np +B) 
_K VY, +V3+VoG V °K V2 +V4+VeG V. 
“JZ 3 ee 3 . 

K (VitVatVe_y * K (V2 + V3 + Vo 
2 3 2 3 


Vr ° 2.38 
) e238) 


100 2 Voltage and Current Multiplier Circuits 


Iouti¥ Vlout2 
IY YL 1;¥ Ly 
¥ 
ete MI | ‘3| M2 M3 J M4 aE ee 
3 em ae 1 | iL 4 
VG 4 | 
VY VW 7. Vv 


Fig. 2.7 Multiplier circuit (4) based on PR 2.2 


resulting: 


K V3 — V4 (2V; + V3 + V4 + 2VG 
Tour = 73 3 2Vr 


ed ee 2Vr 
T 


2: 
2 3 3 oe 


So, the output current is proportional with the product between the differential 
input voltages: 


(a= Vai = V2) (2.40) 


K 
Tour = 9 


2.2.1.3 Multiplier Circuits Based on the Third Mathematical 
Principle (PR 2.3) 


Alternative implementations of multiplier circuits designed for differential input 
voltages uses the mathematical relations described by PR 2.3. 

A combination of two differential amplifiers, M1—M2 and M3—M4, can implement 
the multiplying function (Fig. 2.8), the functional equations of this circuit being 
obtained using the third mathematical principle (PR 2.3) [6]. 

The gate-source voltages of M1 and MS transistors are equal because they are 
identical and biased at the same drain current, resulting: 


Vpp — V3 =V—-Vy (2.41) 
equivalent with: 


V=V, —V3+Vpp (2.42) 
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Fig. 2.8 Multiplier circuit (1) based on PR 2.3 


The drain current of M9 transistor can be expressed as follows: 


K K K 
Ing = 5 (Vass vey =v Vr) = 


5 (Vi — V3) + (Vp 


(2.43) 


Similarly, the expressions of drain currents for M10, M11 and M12 transistors are: 


K 

Ipio = 5 (Vi — V4) + (Vop — Vr) F 
K 

Inu = 5 (V2 — Va) + (Vop — Vr) : 
K 

Ipi2 = 5 [(V2 — Vs) + (Voo ~ Vr)I? 


The output current /gyr of the multiplier will be expressed by 
Tour = Ip9 + Ip — Ip10 — Io12 


resulting: 


K 
Tour = 5 Va — Vs)(2V1 V3 — Va +2Vpp — 2Vr) 


K 
+ 3 (V3 - V4)(2V2 V3 —V4+2Vpp 2Vr) 


or 


Tour = K(V2 — Vi) (V3 — Va) 


(2.44) 


(2.45) 


(2.46) 


(2.47) 


(2.48) 


(2.49) 
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Fig. 2.9 Multiplier circuit (2) based on PR 2.3 


The voltage multiplying function can be implemented using the third mathematical 
principle (PR 2.3) by the structure presented in Fig. 2.9 [7]. 

The circuit contains four pairs of transistors (M1—M5, M2—M6, M3—M7 and 
M4—-M8) that implement voltage subtraction functions. Because M1 and M5 
transistors are identical and biased at the same drain current, their gate-source 
voltages will be equal, so that: 


Vpp — Vi = Vs — V3 (2.50) 

resulting that V5 potential is given by the differential input voltage, V3 — V;: 
Vs = Vpn + (V3 — V1) (2.51) 
The Vs potential is applied on the gate of M9 transistor, its drain current 


being expressed using the squaring characteristic of the MOS transistor biased 
in saturation: 


Ip9 = 


Sie 


(Vs — Vr)” Fas Vr) + (V3 —V1))? (2.52) 


2 


Similarly, the drain currents of M10, M11 and M12 transistors are 


K K 

Ino = 5 (Ve — Vr)" = 5 [Von — Vr) + (Va — Va) (2.53) 
K K 

Inui = 5 (V1 — Vr)" = 5 [Von — Vr) + (Va — Vi)? (2.54) 
K K 

Inn = 5 (Vs —Vr) = 3 (Von — Vr) + (Vs ~ Vo) i (2.55) 
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Fig. 2.10 Multiplier circuit (3) based on PR 2.3 


The output current of the voltage multiplier presented in Fig. 2.9 can be 
expressed as a linear relation using the previous currents: 


Tour = Ip9 + Ipi0 — Ip — Ip12 (2.56) 


resulting: 


K 
Tour = 5 (V3 — V4)(2Vpp — 2Vr + V3 + V4 — 2V1) 


K 
+5 (V4 — V3)(2V op 2V7 + V3 + V4 2V2) (2.57) 


So, the circuit implements the voltage multiplying function: 
Tour = K(V3 — Va) (V2 — V1) (2.58) 


A multiplier circuit using exclusively MOS transistors biased in saturation region, 
based on the third mathematical principle (PR 2.3), is presented in Fig. 2.10 [8]. 

The M1 and M2 transistors form a difference circuit that generates Vy 
potential. Considering identical transistors and because they are biased at the 
same drain current, it results equal gate-source voltages for these transistors. 
Thus, Vy potential will have the following expression: 


Vu = Vi — Ves1 = Vi — Ves2 = Vi — Vo (2.59) 
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The gate-source voltage of M5 transistor can be obtained using the equality 
between gate-sources of M5 and M6 transistors: 


V3 — Vu = 2Vass (2.60) 
resulting: 
are V3 —Vu _ V3 -—Vi+Vo (2.61) 
2 2 
Thus, the expression of J; current will be 
K K (V3-VitV : 
bs (Voss — Vr) = ( 2 : . vr) (2.62) 


Similarly, it is possible to determine the expressions of Jy, /3 and J, currents: 


_K (Vs—Vi+Vo a 
h=5 ( ; vs) (2.63) 

K (V3—Va+V, 
h=5 ( s a vr) (2.64) 


K _ 2 
= (“ V2 + Vo vr) (2.65) 


h= 
a a 


The output current can be expressed as a linear function of the previous currents: 


Tour = +lg-h—-lh (2.66) 
resulting: 
K V2 —V, (2V3 — Vi — V2 + 2Vo 
Tour = 2 
ouT = 5 5) ( 5) vr) 
K V2 —V, (2V4 —V, — V2 + 2Vo 
2 2.67 
2 2 ( 2 vr) (2.67) 
So 
K 
Tour = A (V2 — Vi) (V3 — Va) (2.68) 


The multiplier circuit presented in Fig. 2.11 [9] implements the same mathematical 
principle PR 2.3 and it is composed from two differential amplifiers, M1—M4 
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Fig. 2.11 Multiplier circuit (4) based on PR 2.3 


and M5-M8. For obtaining a low impedance in the common-source points, 
each differential amplifier uses a flipped voltage follower (M3—M4 and, M7—M8, 
respectively). The M4 and M8 transistors absorb current variations of M1—M2 
differential pairs and M5—M6. 

The differential output current of the first differential amplifier, M1—M2 can be 
expressed using the squaring law of MOS transistors biased in saturation region: 


K K 
In —In =5(V-V1 Vr) eee: Vr) 


K 
= 5 (V2 — Vi) (2V — Vi — V2 — 2Vr) (2.69) 


Similarly, the expression of the differential output current for the second 
differential amplifier, M5—M6 is 


i= Vie 4-1 = Ve) (2.70) 


K 
Ips — Ine = 5 


The differential output current of the entire multiplier circuit presented in 
Fig. 2.11 will have the following expression: 

Tour — Tour2 = (Ini + Ips) — (Ip2 + Ip) = (ni — In2) + (Ips — Ie) (2.71) 

Replacing (2.69) and (2.70) in (2.71), it results: 


Tour: — Tour2 = K(V2 — Vi) (V — V’) (2.72) 
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Fig. 2.12 Multiplier circuit (5) based on PR 2.3 


Because M3 and M7 transistors are biased at a constant current, /g, imposed by 
external current generators, the V and V’ potentials can be expressed as follows: 


2I 
V =V34+Vso3 = V3 + Vr + -s (2.73) 
and 
; 2Io 
Vo=V44+Vse7 = Va+Vr+ ra (2.74) 


From (2.72), (2.73) and (2.74), it results the multiplying function implemented 
by the circuit from Fig. 2.11: 


Tourt — Tour, = K(V2 — Vi) (V3 — Va) (2.75) 
A possible realization of a voltage multiplier, based on the third mathematical 
principle (PR 2.3) is presented in Fig. 2.12 [10]. The core of the circuit is 


represented by the group of M1I—M4 transistors. Using identical devices, their 
drain currents will have the following expressions: 


K 
b= Avie Vs SV (2.76) 


(Vo — V3! — Vr)’ (2.77) 
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Sik 


(V2 — Val — Vr)? (2.78) 


(Vi — Va! = Vr)? (2.79) 


es 


As a result of using additional current mirrors, the output current of the 
differential structure will have a linear variation with respect to /; — J, currents: 


Tour = (a — hh) + a — 3) (2.80) 
resulting: 
K / 
Tour = we —V\) (Vi + V2 — 2V3' — 2Vr) 
K 
P= Va Vit Vas 2V4' — 2Vr) = K(Vi — V2) (V3 — Va’) (2.81) 


Because M5 and M6 transistors are biased at the constant current, Jy, they will 
introduce a voltage shifting between V3 and V3’ and, respectively, between V4 and V4’ 
potentials, as follows: 


& 


Io 


V3! =V3+Vses5 = V3 + Vr + xe (2.82) 
and 
j 2lo 
Va =V4a4+Vsc6 = Va t+ Vr + ee (2.83) 


From the previous relations, it results the following expression of the output 
current: 


Tour = K(V, — V2) (V3 — Va) (2.84) 


A voltage multiplier can be designed using 4 v squaring circuits (Fig. 2.13). 

Considering that the output current of the voltage squaring circuits is equal with 
KAV?/2 AV being its differential input voltage, the differential output current of 
the multiplier presented in Fig. 2.13 will have the following expression: 


K K 
Tour: — Lour2 5) (Vi V4)? + 5 (V2 Vs) 
K K 
5 (Vi — V2) 5) (V3 — Va)? (2.85) 
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Fig. 2.13 Multiplier circuit (6) based on PR 2.3 — block diagram 
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Fig. 2.14 Multiplier circuit (7) based on PR 2.3 


resulting: 


Tour: — Lour2 = K(V1 — V3) (V2 — Va) (2.86) 


A voltage multiplier that illustrates the third mathematical principle PR 2.3 can 
be implemented using the symmetrical structure presented in Fig. 2.14 [11]. 

The circuit is derived from the core shown in Fig. 2.15 [11]. 

For this circuit core, the [p; —Jp2 differential output current can be com- 
puted replacing the expressions of drain currents by their squaring dependencies 
on the gate-source voltages (all MOS transistors are supposed to be biased in 
saturation region). 


K K 
Ini — Inn = 5 (Vest Vr) 5 (Vass Vr) (2.87) 
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Fig. 2.15 The core of the 
multiplier circuit (7) based on 
PR 2.3 Ip y Ip2 Y 


“| 


Sf v4 


The expression of the gate-source voltage of M1 transistor can be obtained using 
the equality between the gate-source voltages (if M2 and M3 transistors are 
identical and biased at the same drain current), resulting: 


Voes1 = V3 — Ves2 = V3 — Vas3 = V3 — Vy (2.88) 


Replacing (2.88) in (2.87), the expression of the output differential current for 
the circuit presented in Fig. 2.14 can be expressed as follows: 


K K 
Ip, —Ip2 = 5 (V3 —Vi — Vr)” 5 (Vi —Vr)? 
K 
= ae — 2Vr)(V3.— 2V1) (2.89) 


In order to implement a voltage multiplier circuit, two identical cores from 
Fig. 2.15 have to be used (Fig. 2.16 [11]), the input voltages for each of them 
being V; and V3 and, respectively, Vz and V3. 

For simplifying the analysis of the circuit presented in Fig. 2.16, (2.89) relation 
can be used, the differential output current of the circuit from Fig. 2.16 being, 
practically, the difference between two differential output currents of two identical 
cores, excited using different input voltages: 


I, — Tr = (Ipi' + Ip2') = (Ibo + Ini’) = (v1 — Iz) — (I = In’) (2.90) 


Particularizing (2.89) relation for each circuit core, it results: 


I, — Ir = 


K K 
3 Vs — 2Vr) (V3 — 2V\) 5 (V3 — 2Vr) (V3 — 2V2) 


= K(V2 — Vi) (V3 — 2Vr) (2.91) 
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Fig. 2.16 Half-circuit of the multiplier circuit (7) based on PR 2.3 


So, for the voltage multiplier presented in Fig. 2.14, the expression of the 
differential output current will be 


/ / 
Tour: — Foutz = pi» + Ip2a + Ip1a +1 p2n — Ipw — Ip1a 


= Ip2a' — Ipiv' = [py — Ina») — Un" — I2»")] 
[pia — Ip2a) — (Lp16' — Ip2a’)| = (I — Ir) g — (lt — Ir) 
= K(Vo—V1)(Va — 2Vr) — K(V2 — Vi)(Vs — 2Vr) = K(V2 — Vi)(Va — Vs) 
(2.92) 


A modified circuit that implements the multiplication of two differential input 
voltages is presented in Fig. 2.17 [12] (a four-quadrant multiplier that does not 
require balanced inputs). 

The difference between the gate-source voltages of M2 and M9 transistors can 
be expressed as follows: 


2 
Ves2 — Veso = V4 — V3 = e(va — Vio) (2.93) 


It results 


K 2 
Ih = Io + 5 (Va — Vs)" + /2KIo(Va — Vs) (2.94) 


Similarly, for M3—M5, M1—-M4, M6—M9, M5—M7 and M1—M8 differential pairs, 
the differences between their gate-source voltages have the following expressions: 


2 
Voes3 — Vess = V3 — V2 = /2(ve — Vio) (2.95) 
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Fig. 2.17 Multiplier circuit (8) based on PR 2.3 


2 
Vesa — Ves1 = V1 — Vg = 2(vi - Vio) 


v= Ve Vie~ vie) 
Vas7 — Vass = V4 — V2 = V2(va- Vio) 


Vose — Ves9 = V1 — 


and 


Voss — Ves1 = V3 — 


resulting: 


a= [2(vi- vio) 


V/2Klo (V3 — 
V2Klo (Vi — 
V/2Klo (Vi - 
V/2Klo (Va — 


V2) 


Vs) 


V3) 


V2) 


r Vpp 


(2.96) 


(2.97) 


(2.98) 


(2.99) 


(2.100) 


(2.101) 


(2.102) 


(2.103) 
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Fig. 2.18 Multiplier circuit CM 
(1) based on PR 2.4 — general 
block diagram U lout 
o—_ br 
Touti y Y loure 
VE eg DA | V2 
oY 
Vag SQ |___ Va 
and 
K 
Iz =I are = Vi +4/2RIg Ve— Vi) (2.104) 


The differential output current for the multiplier circuit presented in Fig. 2.17 
will have the following expression: 


Tour = foun: — foutr2 = +h +14 — 16 — In — Ig 
= K(V; —V2)(V3 — Vs) (2.105) 


2.2.1.4 Multiplier Circuits Based on the Fourth Mathematical 
Principle (PR 2.4) 


This class of multiplier circuits presents the important advantage of generating, 
using the same circuit core, multiple circuit functions: amplifying, multiplying, 
squaring or simulating both positive and negative equivalent resistances. 

A method for designing a voltage multiplier using the fourth mathematical 
principle (PR 2.4) is illustrated by the block diagram presented in Fig. 2.18, 
the biasing current of the first differential amplifier (with V; — V2 differential 
input voltage) being generated by a voltage squaring circuit having as input 
another differential voltage V3 — V4. Supposing that the G,, transconductance of 
the differential core is proportional with the square-root of the biasing current, 
To (an usual relation for a large class of differential amplifiers), the output current 
of the multiplier circuit will be proportional with the product between the input 
voltages of the differential amplifier and voltage squarer circuit. 
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Fig. 2.19 Multiplier circuit CM 
(1) based on PR 2.4 — block I 
diagram with SQ circuit - OUT 
implementation 
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The implementation of a voltage multiplier circuit can be simplified for a 
particular realization of the differential amplifier, having the transfer characteristic 
linearized using the method of constant sum of gate-source voltages. In this case, 
the squarer circuit from Fig. 2.18 can be implemented using the same differential 
amplifier, the sum of its output currents being proportional with the square of 
the differential voltage applied on the input pins. The block diagram presented in 
Fig. 2.18 can be re-drawn replacing the general voltage squarer with its particular 
implementation based on a differential amplifier (Fig. 2.19). The /g current from 
Fig. 2.18 has been replaced with a Jp’ current, linearly dependent on the output 
current of a squaring circuit from Fig. 2.19, having as input the V3 — V4 differential 
voltage, as follows: 


| ae Senay ee) (2.106) 


A possible realization of the differential amplifier linearized using the previous 
principle is shown in Fig. 2.20 [13]. 

Considering a biasing in saturation of MOS transistors, the Jgyr; and Ioyr2 
output currents of the differential amplifier from Fig. 2.20 can be expressed as 
follows: 


N| A 


Iourt = = (Ves — Vr)? (2.107) 
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Fig. 2.20 Multiplier circuit (1) based on PR 2.4 — principle implementation of DA block 


Tour, = = (Ves2 — Vr)? 


N| A 


The expression of the V; — V2 differential input voltage is 
Vi — V2 = Vo — Ves2 = Vesi — Vo 
resulting: 
Ves: = Vo + (Vi — V2) 
and 


Vas. = Vo — (Vi — V2) 


Replacing (2.110) and (2.111) in (2.107) and (2.108), it results: 


Tour =F (Vo Vr) + (Vi — V2)? 


and 


loura => ((Vo Vr) — (Vi — V2)? 


(2.108) 


(2.109) 


(2.110) 


(2.111) 


(112) 


(2.113) 


So, the differential output current of the circuit presented in Fig. 2.20 will be 


Tour = Iouri — Lour2 = 2K(Vo — Vr) (Vi — V2) 


(2.114) 
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In the particular case of implementing each Vg voltage source from Fig. 2.20 
using a gate-source voltage of a MOS transistor biased in saturation region, 


it results: 
21 
Vo =Vr+4/—2 (2.115) 
K 
so 


Tour = V 8Klo (Vi — V2) (2.116) 


The sum of the output currents of the differential amplifier will have the 
following expression: 


lou + louvre = K(Vo — Vr) + K(Vi — V2)? = 2lo + K(Vt — Vo)? (2.117) 


In conclusion, using in the block diagram of the voltage multiplier from Fig. 2.19 
the particular implementation of the differential amplifier shown in Fig. 2.20, it is 
possible to write: 


Tour = Tour: — Lour2 = V 8KIo' (Vi — V2) (2.118) 


where I’ current is linearly dependent on the sum of the output currents of the 
second differential amplifier: 


Io! = Tour’ + Toura! — 2lo = K(V3 — Va)” (2.119) 
Replacing (2.119) in (2.118), it results: 


our = V8K(V — V2) (V3 — Va) (2.120) 


The complete implementation of the principle illustrated in the block diagram 
presented in Fig. 2.19 and the utilization of the method of realization shown in 
Fig. 2.20 allows many possible configurations. 

The differential amplifier presented in Fig. 2.21 [14] is realized using M1 and M2 
transistors and implements the Vo voltage sources from Fig. 2.20 using the gate- 
source voltages of M3 and MS transistors, biased at the same constant current, Jo. 
So, the differential output current of the differential structure from Fig. 2.21, 
Tour = Tour: — [our2, will be expressed by (2.116). 

The realization of the multiplier circuit based on the block diagram from Fig. 2.19, 
using the differential amplifier presented in Fig. 2.21 [14] is shown in Fig. 2.22, 
the expression of the output current of the voltage multiplier shown in Fig. 2.22 being 
given by (2.120). 
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Fig. 2.22 Complete circuit of the multiplier from Fig. 2.19 using the first implementation of 
DA block 
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Fig. 2.23 Multiplier circuit (1) based on PR 2.4 — second implementation of DA block 


The second possible implementation of the previous presented principle uses as 
differential amplifier the circuit presented in Fig. 2.23 [14], the Vo voltage sources 
from Fig. 2.20 being realized using the gate-source voltages of M3 and M4 
transistors, biased at the same constant current, Jj, while the differential amplifier 
is realized with M1 and M2 transistors. The output current of this differential 
amplifier is expressed by (2.116). 

The complete realization of the voltage multiplier is shown in Fig. 2.24, 
the expression of its output current being given by (2.120). 

The third implementation of a differential amplifier based on the principle 
shown in Fig. 2.20 is presented in Fig. 2.25 [13, 15], the Vo voltage sources from 
Fig. 2.20 being realized using the gate-source voltages of M3 and M4 transistors, 
biased at the same constant current, Jj. The output current of this differential 
amplifier (which is implemented using M1 and M2 transistors) is expressed 
by (2.116). The disadvantage of this realization of the differential amplifier 
comparing with the other proposals consists in a biasing of transistors M3 and 
M4 at variable currents. 

The complete realization of the voltage multiplier is shown in Fig. 2.26 [15], 
the expression of its output current being also given by (2.120). 

The fourth implementation of a differential amplifier based on the principle 
shown in Fig. 2.20 is presented in Fig. 2.27 [16], the Vo voltage sources from 
Fig. 2.20 being realized using the gate-source voltages of M3a and M3b transistors, 
biased at the same constant current /g (because / and /’ currents are zero as a result 
of the circuit configuration). The output current of this differential amplifier is 
expressed by (2.116). 
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Fig. 2.24 Complete circuit of the multiplier from Fig. 2.19 using the second implementation of 
DA block 


The fifth implementation of a differential amplifier based on the principle 
shown in Fig. 2.20 is presented in Fig. 2.28 [17], the Vo voltage sources from 
Fig. 2.20 being realized using the gate-source voltages of M3 and M4 transistors, 
biased at the same constant current, Jg (because / and /’ currents are zero as a 
result of the circuit configuration). The output current of this differential amplifier 
(realized with M1 and M2 transistors) is expressed by (2.116). 


se 


M6 | 


» 


ie 


Fig. 2.25 Multiplier circuit (1) based on PR 2.4 — third implementation of DA block 
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Fig. 2.26 Complete circuit of the multiplier from Fig. 2.19 using the third implementation of 
DA block 
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Fig. 2.27 Multiplier circuit (1) based on PR 2.4 — fourth implementation of DA block 


120 2 Voltage and Current Multiplier Circuits 


J “8 
lourt lof jlo {lour2 
v; oh mM ce ac dL V 
—— |_¢ | 
lt, | to So 
n 4 ei th 


Fig. 2.28 Multiplier circuit (1) based on PR 2.4 — fifth implementation of DA block 
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Fig. 2.29 The core of the multiplier circuit (2) based on PR 2.4 


Both fourth and fifth implementations of voltage multipliers (derived from 
differential amplifiers presented in Fig. 2.27 and Fig. 2.28) are based on the principle 
illustrated in Fig. 2.19. 

The core of another voltage multiplier using the fourth mathematical principle is 
presented in Fig. 2.29 [18] and it is represented by a self-biased differential amplifier. 

The V; — V2 differential input voltage of the multiplier core can be expressed as 
a function of the difference between the gate-source voltages of M1 and M2 
transistors: 


Vi — V2 = Vesi — Ves2 (2.121) 
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Fig. 2.30 Replicated core of 
the multiplier circuit (2) Ip3 ¥ Ip3¥ 
based on PR 2.4 IouT2 
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Replacing the square-root dependence of the gate-source voltage on the drain 
current for a MOS transistor biased in saturation and considering identical 


transistors, it results: 
2Ip1 2Ip2 
VY, — V2 = 4/—— - 1/—— 2.122 
1—~Va= Ve Ve ( ) 


equivalent with: 


K 
Vip. = VIni — rE — Va) (2.123) 


Squaring the previous relation, it can be obtained that: 


K 
Ino = Ini ~ 2K (Vi — V2) +5 (Vi - Vo)" (2.124) 


Thus, the output current of the differential core presented in Fig. 2.29, Joy71, will 
have the following expression: 


K 
Tours = Ib2 — Ip = —V2KIpi (Vi — V2) +35 (Vi - V2) (2.125) 


In order to implement the multiplying function, the first linear dependent on 
the differential input voltage term from the previous relation will be used. The 
same core permits to realize also the squaring function using the second term from 
the same relation. The simplest way to remove the last quadratic term is to use a 
similar structure with the circuit from Fig. 2.29 (presented in Fig. 2.30) [18] 
and having the Jp; current replaced with another current, [p3. As the quadratic 
term from (2.125) does not depend on Jp; and Jp3 currents, the consideration 
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of the difference between the output currents of these similar structures will 
cancel out the undesired term. 

Similarly with the previous analysis, the output current of the circuit from 
Fig. 2.30 will have the following expression: 


K 
Tour2 = Ipa — Ip3 = —\/ 2KIp3(Vi — V2) + 5 (Vi — V2)” (2.126) 
The difference between the output currents Jgy7; and Igy72 will be 
lour = Tour — lour: = V2K (v/tos ~ Vii) (Vi = V2) (2.127) 


The /p3 and Jp; currents are generated by another differential amplifier M5—M6, 
having V3 — V4 as differential input voltage (Fig. 2.31). 

For this structure, considering that its composing transistors are biased in 
saturation, it is possible to write: 


Jios— Vio = Vo V3—Vr) —(Vop—Va val =yEive—vs) (2.128) 


Replacing (2.128) in (2.127) it results the multiplying function: 
Tour = K(V1 — V2) (V4 — V3) (2.129) 


The complete circuit of the multiplier is presented in Fig. 2.32 [18]. The differen- 
tial amplifier from Fig. 2.31 is replaced with two parallel-connected differential 
amplifiers M5, M5’—-M6, M6! because Jp, and /p3 currents must be duplicated for 
biasing the differential amplifiers, M1—M2 and M3—M4. 

Another possible implementation of a voltage multiplier uses the symmetrical 
structure presented in Fig. 2.33. 

The multiplier is composed from two self-biased differential amplifiers 
(M5-—M6 and M8-M9, respectively), their active loads being represented by 
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Fig. 2.33 Multiplier circuit (3) based on PR 2.4 


M1—M2 and M3-—M4 current mirrors. Analyzing the M5—M6 differential amplifier, 
the V3 — V4 differential voltage can be expressed as a difference between two gate- 
source voltages: 


V3 — V4 = Vsco — Vses (2.130) 


Replacing the square-root dependence of the gate-source voltage on the drain 
current for a MOS transistor biased in saturation and considering identical 


transistors, it results: 
2Ip6 2Ip1 
V3 — V4 = 4/ — - 1/— 2.131 
3 Vay K ( ) 


124 2 Voltage and Current Multiplier Circuits 


The /p6 current can be expressed from the previous relation as follows: 


K 
Vive = Vin + [hr — V4) (2.132) 


resulting: 


K 
Ing = Ip1 + /2KIpi (V3 — Va) +5 (V3 - V4)? (2.133) 


The differential output current of the M5—M6 differential amplifier will be: 


K 
Tour: = Ip6 — Ip: = V2KIpi (V3 — Va) + 5 (Ve— Var (2.134) 


Similarly, the differential output current of the M8—M9 differential amplifier 
will have the following expression: 


K 
Tour2 = V/2KIpa(V3 — Va) + ra = Vie (2.135) 


The M11-—M12 current mirror computes the /oyr output current of the entire 
multiplier structure from Fig. 2.33: 


Tour = Iour2 — lout: = V2K(V3 — V4) (WIp4 — V1) (2.136) 


Using the squaring dependence of the drain current on the gate-source voltage 
for a MOS transistor biased in saturation, it is possible to write: 


lour = V2K(V3 — Va) |S. + Vpp — Vr) — Ev + Vpp — v9] 


RV =VI02= VO) 


(2.137) 


A voltage multiplier based on the compensation of the squaring characteristic 
of the MOS transistor biased in saturation region using two square-root circuits is 
presented in Fig. 2.34 [19]. 

The differential input voltage can be expressed as follows: 


2 
Vie Vee Veu= Vat = eva - Vi) (2.138) 
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Fig. 2.34 Multiplier circuit (4) based on PR 2.4 


resulting: 


K 
baby V1 = 


V2)? — V2K(Vi — V2) Va 


The output current of the square-rooting circuit is: 


K 
Vi 


Tour2 = 1h — bh! = 5 ( 


Similarly: 


Vr ek= vie 


V2)? + V2K(Vi — V2) Vi 


K 
lov = -1' = 5 (Vi 


So: 


lour = lour2 — Tour: = V2K (V1 — V2) (Wh — Vi) 


(2.139) 


(2.140) 


(2.141) 


(2.142) 


The differential input voltage of M1—M2 differential amplifier will have the 


following expression: 


V3 — V4 = Ves2 — 


Vos: = y/2(vh - VF) 


(2.143) 
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Fig. 2.35 Multiplier circuit (5) based on PR 2.4 — block diagram 


resulting: 
Tour = K(V, — V2) (V3 — Va) (2.144) 


A possible implementation of a voltage multiplier has the block diagram 
presented in Fig. 2.35. The “DA” block represents a classical active-load differ- 
ential amplifier, having the common-sources point biased at a V potential fixed by 
the circuit “M”. This circuit computes the arithmetical mean of input potentials, 
having the goal of obtaining a very good linearity of the entire structure, with the 
contribution of “T” blocks (which are used for introducing a translation of input 
potentials). A squaring circuit, “SQ”, is used for generating the biasing current of 
the two translation blocks, Jo. 


The “DA” (Differential Amplifier) block 


The “DA” block is implemented as a classical active-load differential amplifier, 
having the concrete realization presented in Fig. 2.36 [20]. 

Considering a biasing in saturation of the MOS devices from Fig. 2.36, the output 
current of the differential amplifier can be expressed as follows: 


K 
; (Vso. — Vr)" (2.145) 


K 
Tour =hh-T = 5 (Vsea — Vr) 
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Fig. 2.36 Multiplier circuit V 
(5) based on PR 2.4 — 
implementation of DA block 
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4 
equivalent with: 
K 
Tour = > (Vse2 — Vse1) (Vse1 + Vsc2 — 2Vr) (2.146) 
Because: 
Vse1 = V — Vir (2.147) 
and: 
Vse2 = V — Vor (2.148) 
it results: 
K 
lour = a (Vir — Var) (2V — Vir — Vor — 2Vr) (2.149) 


In order to obtain a linear transfer characteristic I9y7(Vir — V2r), it is necessary 
that the second parenthesis from (2.149) to be constant with respect to the differen- 
tial input voltage, Vir — Var: 


2V — Vir — Vor — 2V7 = A = cect. (2.150) 
resulting the necessity of implementing a V voltage equal with: 


.. Var-e Vor 
a 2 


A 
V a al (2.151) 
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Fig. 2.37 Multiplier circuit { I 
(5) based on PR 2.4 — 
implementation of T block 
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The “T” (Translation) Block 
The translation of the V potential by V7 + A/2 (relation (2.151)) can be obtained 


using “T” block, having the implementation presented in Fig. 2.37 [20]. 
Because the same /g current is passing through all transistors from Fig. 2.37, it is 


possible to write that: 
21 
Vi=Vir + Vr + 4/0 (2.152) 


aI 
Vo = Vor + Vr + ea (2.153) 


So, both V; and V2 input potentials are DC shifted with the same amount, 


Veda) 2g K. 


and: 


The “M” (Arithmetic Mean) Block 


In order to obtain the arithmetic mean of input potentials expressed by relation 
(2.151), the circuit from Fig. 2.38 [20] can be used, having the advantage of using 
only MOS transistors, biased in saturation region. 

The expression of the V potential is: 


VYi+V 
vot (2.154) 
2 
Replacing (2.152) and (2.153) in (2.156), it can be obtained: 
V V 2I 
eR ee a (2.155) 


2 K 
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Fig. 2.38 Multiplier circuit (1) based on PR 2.4 — implementation of M block 


Yo 


Comparing relations (2.151) and (2.157), it results that A = 2,/2/9/K, so: 


Tour = 5 (Vir — Vor)2 “ (2.156) 
or: 
lour = V/2Klo(Vir — Var) (2.157) 
equivalently (using (2.152) and (2.153)) with: 
Tour = \/2Klo(V1 — V2) = Gn(Vi — V2) (2.158) 
resulting: 
Tour = V/2KIo(V1 — V2) = Gn(Vi — V2) (2.159) 


Gm = ¥2KIg being the equivalent transconductance of the differential 
amplifier. 

Because /g biasing currents of the translation blocks “T” from Fig. 2.37 are 
generated by a voltage squaring circuit having as input a differential voltage, 
V3 — V4, it results a multiplier circuit with a very good linearity. So, replacing in 
(2.159) the expression of /g current: 


o= 5 (Vs - Va)? (2.160) 


it results: 


K 
lour = ae V2) (V3 — Va) (2.161) 
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Fig. 2.39 Multiplier circuit 
(1) based on PR 2.5 Toun1 ¥ y IouT2 


2.2.1.5 Multiplier Circuits Based on the Fifth Mathematical 
Principle (PR 2.5) 


A method for linearizing the characteristic of a voltage multiplier using the 
fifth mathematical principle consists in the extension of the linearization tech- 
nique designed for the CMOS differential amplifier, based on the biasing of the 
differential structure at a current that is the sum between a constant current and a 
component proportional with the square of the differential input voltage. The 
relatively simple implementation of multiplier circuits based on this mathematical 
principle impose them for a large area of applications in VLSI designs. 
The expression of the differential output current of the classical CMOS differen- 
tial amplifier is: 


— 


SS 


Tour = KV; Kk (2.162) 


als 


V, representing the differential input voltage and Js, being the biasing current of 
the differential amplifier. 

The multiplier with linear characteristic based on the previous presented 
principle is presented in Fig. 2.39 [21]. 
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The output current of the previous voltage multiplier can be expressed as: 


Tour = louri — Lour2 = (Ip3 + Ips) — (pa + Ibo) 
= (Ip3 — Ips) — (p6 — Ips) (2.163) 


The differential output currents of the differential amplifiers M3—M4 and 
M5-M6 can be obtained using the general relation (2.162): 


Ip t+lo Vi 
K 4 


I Io V?2 
ete VA a oa (2.165) 


The linearization technique is based on the utilization of a current J/g propor- 
tional with the squaring of the differential input voltage V: 


Ip3 — Ipa = KV, 


(2.164) 


and: 


KV? 


ie (2.166) 


Replacing (2.164), (2.165) and (2.166) in (2.163), it results the following 
expression of the output current of the voltage multiplier: 


Tour = VKVi(VIp1 — Vip2) (2.167) 


Analyzing M1—M2 differential amplifier, the V2 differential input voltage can be 
expressed as follows: 


_ _ 2Ipi\ _ 2Ip2 
V2 = Ves1 — Ves2 = Cane Cane 
2 
=f (ior =i) (2.168) 


From (2.168) and (2.167), it results the expression of the /gyr output current as a 
function on the differential input voltages, V; and Va: 


K 


I — Viv. 2.169 
OUT 5 V2 ( ) 
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A similar method, useful for low-voltage operation, is presented in Fig. 40 [21]. 
In order to reduce the minimal value of the supply voltage, the stacked architecture 
is replaced with a folded structure. 

The Jour: — Jovr2 differential output current of the folded voltage multiplier is: 


Tour: — Tour2 = (Ip3 + Ips) — (Iba + In6) 


2.170 
= ([p3 — Ipa) — (Ine — Ips) 


The differential output currents of the differential amplifiers M3—M4 and 
M5-M6 can be obtained using the general relation (2.162): 


Iss Io —1 V2 
Ip3 —Ipa = Kv] ss - a ri (2.171) 
and: 
Iss +19 —1 v2 
ending = Kviy/ ss = = rh (2.172) 


The linearization technique is based on the utilization of a Jg current, propor- 
tional with the square of the differential input voltage V,: 


KV; 
ig=— (2.173) 
4 
Replacing (2.171), (2.172) and (2.173) in (2.170), it results the following 
expression of the output current of the voltage multiplier: 


lour = VRV( Iss = toi — VIss — Iz) (2.174) 


The M1I—M2 differential amplifier is biased at the constant current, Jss, so 
Ip, + 1p2 = Iss. The previous relation can be rewritten as: 


lour = VKV1 (VIp2 — VIp1) (2.175) 


Similarly with the previous voltage multiplier, it results the following expression 
of the /gyr output current as a function on V; and V2 differential input voltages: 


K 
lour = wad V> (2.176) 
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Fig. 2.41 Multiplier circuit (1) based on PR 2.5 — complete implementation of the folded version 


The complete implementation of the folded voltage multiplier from Fig. 2.40 is 
presented in Fig. 2.41 [21]. 

The M1 and M2 transistors from Fig. 2.40 have been replaced in Fig. 2.41 with 
MQS5 and MQ6, while the differential amplifiers, M3—M4 and M5—M6 from Fig. 2.40 
were renamed MQI-MQ2 and MQ3—MQ4, respectively. Noting with /sg the drain 
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currents of transistors M11—M20 and considering that the cascode current mirrors 
implemented using M11—M20 transistors are not affected by the channel-length 
modulation, the /sg current will have the following expression: 


Iso = Ipus: + Ipms2 (2.177) 


For simplifying the computations, the differential input voltage V; = Vi4 — Viz, 
can be expressed using a linear relation between the common-mode and the 
differential-mode input voltages, Vc; and v;: 


Via = Ver ae (2.178) 
and: 
val 
Vig =Vat+ > (2.179) 


Using this expression of V; voltage, the /sg current can be expressed as follows: 


K 
Iso == (Via — Vr) + 5 (Vis - Vr) 
K Vy 2 K V1 2 
=o - 2 vr) =(V 3 Vr) 2.180 
> ( aa Va) re vei ae ( ) 
resulting: 
2,K 34 
Is9 = K(Vei - Vr) +34 (2.181) 


Comparing Fig. 2.40 with Fig. 2.41, it results that Jsg current from Fig. 2.41 must 
be equal with a sum between a constant current, Js; and a /g current, proportional 
with the squaring of the input voltage: 


Iss = K(Ve1 — Vr)? (2.182) 
and: 
Ig =—Vv; (2.183) 


For a proper operation of the folded multiplier, the /ss5’ biasing current of 
the differential amplifier MQ5—MQ6 must be equal with Jss. This /ss’ current is 
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Fig. 2.42 Arithmetical mean circuit 


generated by the MS3—MS4 pair, each transistor being biased at the common-mode 
component of the input voltage V: 


Iss’ = Ipms3 + Ipmsa (2.184) 


resulting: 


~ 


Iss! = 2=(Ver — Vr)? = K(Ver — Vr)? = Iss (2.185) 


N 


The M9 and M10 transistors are used for transferring the differential input 
voltage, V,, on the input of cross-connected differential amplifiers MQI—-MQ2 
and MQ3-—MQ4: 


AV = (Vig + Vsco) — (Via + Vsci0) (2.186) 


The M9 and M10 transistors being identical and working at the same drain 
current, it results Vsg9 = VsGio. So: 


AV = Vig — Via = —Vi (2.187) 


Concluding that the circuits presented in Fig. 2.40 and Fig. 2.41 are functionally 
identical, the 7gyr output current of the complete implementation of the folded 
voltage multiplier circuit can be obtained replacing in (2.176) V; with — V;: 


K 
Tour = Tour: — lour2 = yal (2.188) 


An arithmetical mean circuit (Fig. 2.42) [22] must be used for extracting the 
common-mode component Vc, of the input voltage V;. 
The Vo output voltage for this circuit will be: 


= Viat Vip 


V 
e 2 


=Va (2.189) 
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Fig. 2.43 Multiplier circuit 


(2) based on PR 2.5 louriy 1 lour 
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L 


The voltage multiplier presented in Fig. 2.43 [23], using the fifth mathematical 
principle (PR 2.5) is derived from a differential amplifier with linear transfer 
characteristic. 

The differential output current, /gyr, for the circuit presented in Fig. 2.43 will 
present a strong nonlinear dependence on the V; — V2 differential input voltage, 
that can be expressed as: 


(tee 
OUT OUT1 OUT2 O ie Alo? 


(2.190) 


equivalent with: 


Vi=v. 
lour = = 2 4 /4KIo — K2(Vi — Vo)? (2.191) 


Io being the biasing current of the differential structure. So, superior-order 
distortions will characterize the behavior of this structure, imposing the design 
of a linearization technique for removing the superior-order terms from the transfer 
characteristic. The method for obtaining a linear transfer characteristic is to obtain 
the /g bias current of the entire differential structure as a sum of two terms: [)2, 
proportional with the squaring of the V,; — V2 differential input voltage and 
134, proportional with the squaring of another differential voltage, V3 — V4: 


K K 
Io = Ih) + Ia = — (Vi — V2)? + — (V3 — Va)? (2.192) 


4 4 
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Fig. 2.44 Multiplier circuit (1) based on PR 2.6 


resulting, in this case, a perfect proportionality of the output current on the 
differential input voltages: 


(Vi — V2) (Va — Va) (2.193) 


K 
Tour = > 


2.2.1.6 Multiplier Circuits Based on the Sixth Mathematical 
Principles (PR 2.6) 


The area of applications of multiplier structures based on PR 2.6 is restricted to the 
circuits that do not require the multiplication of differential input voltages. 

The following voltage multiplier circuit is based on the sixth mathematical 
principle. In order to obtain a linear characteristic of the circuit, a perfect 
symmetrical structure with respect to the two input potentials is presented in 
Fig. 2.44 [24, 25]. 

Considering an operation in saturation for all MOS devices, the output current 
can be expressed as: 


Tour = (h +h) - (3 +h) (2.194) 
where: 
K (V, + V: A 
n=35( = 2— vr] (2.195) 
K 
h= aVr (2.196) 


2 
(F = vr) (2.197) 
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Fig. 2.45 Multiplier circuit (2) based on PR 2.6 
K (V2 > 
= =(-—- 2.1 
4=5 ( 5) vr) (2.198) 


For the previous mathematical relations, it results a perfect linear dependence of 
the output current on the input voltages: 


K 
Tour = 7M V2 (2.199) 


Another possible implementation of a voltage multiplier circuit using the sixth 
mathematical principle (PR 2.6) is presented in Fig. 2.45. 
The output current of the voltage multiplier can be expressed as follows: 


Tour = UIp1 + Ip2) — U3 + Ipa) (2.200) 
where: 
K (Vi + V2 2 

ae = 2.201 

DI=>5 ( 5) vr) (2.201) 
K 
Ino = 5 Ve (2.202) 
K (V - 

Ins = 5 (4 = vr) (2.203) 


K [(V. : 
In =5 (3 - vr) (2.204) 
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Fig. 2.46 Multiplier circuit (1) based on PR 2.7 — block diagram 


From the previous mathematical relations it results a perfect linear dependence 
of the output current on the input voltages: 


K 
Tour = re V2 (2.205) 


2.2.1.7 Multiplier Circuits Based on the Seventh Mathematical 
Principles (PR 2.7) 


Practically derived from the implementation of voltage squaring circuits, the 
multiplier structures that use as functional basis PR 2.7 find many applications in 
analog signal processing. 

A similar approach of a voltage multiplier uses 2 v squaring circuit, connected as 
it is shown in Fig. 2.46. 

Considering that the squaring circuits have an output current proportional with 
KAV?/2, AV being the differential input voltage, the output current of the circuit 
presented in Fig. 2.46 will have the following expression: 


K K 
Tour = Tour2 — Tour: = aM oS male — V2)* = 2KViV> (2.206) 


In order to obtain the multiplying function using two squaring circuits, a similar 
method is proposed in Fig. 2.47. The squaring circuits from Fig. 2.46 have been 
replaced in Fig. 2.47 with two particular implementations of a differential amplifier 
(presented in Fig. 2.20). 

The implementation of the voltage multiplier is shown in Fig. 2.28 [13]. 
The /oyr output current will have the following expression: 


Pa [2%0 +K(Vi + ¥2)"| = [2%0 +K(V; —V2)?| =4KV,V2 (2.207) 


140 2 Voltage and Current Multiplier Circuits 


CM 


La gag 


Fig. 2.47 Multiplier circuit (2) based on PR 2.7 — block diagram 


Two complete realizations of the previous circuit, using specific 
implementations of Vo sources from Fig. 2.48, are shown in Fig. 2.49 [13] and 
Fig. 2.50 [13], respectively. 

A multiplier circuit can be designed starting from a squaring characteristic 
implemented using a classical differential amplifier (Fig. 2.51) [18]. 

The differential input voltage for the circuit presented in Fig. 2.51 can be 
expressed as follows: 


2 
Wee fo(vi = Vio) (2.208) 
K 
resulting: 
K 2 
T= Io +5 (Vi — Va)? + V2KTo(Vi — Va) (2.209) 


In order to obtain the multiplying function, four differential amplifiers from 
Fig. 2.51 can be connected as it is shown in Fig. 2.52. 
The output current of the multiplier circuit will have the following expression: 


Tour =. +h -h-I4 (2.210) 
resulting: 
K K 
lout = gen _ V2)" + > (Vi + V2)? 
K K 
—F(-Vi + V2)? = 5 (Vi — V2)? = 4KVIV2 2.211) 
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Fig. 2.49 Multiplier circuit (2) based on PR 2.7 — first implementation 


The circuit presented in Fig. 2.53 [12] represents a four-quadrant multiplier with 
balanced inputs. 


The difference between the gate-source voltages of M1 and M3 transistors can 
be expressed as follows: 


V — V2 = Vesi — Vos3 


(2.212) 
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Fig. 2.50 Multiplier circuit (2) based on PR 2.7 — second implementation 
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Fig. 2.51 Multiplier circuit (3) based on PR 2.7 — circuit core 


CM 


Fig. 2.52 Multiplier circuit (3) based on PR 2.7 — block diagram 


For a biasing in saturation of all MOS transistors from Fig. 2.53, it results: 


2 
Vi-V.= ye(vi - yo) (2.213) 


2.2 Analysis and Design of Multiplier Circuits 143 


Iour2] { Iouri 


Fig. 2.53 Multiplier circuit (4) based on PR 2.7 


So, the expression of /; current will be: 
K 2 
I, =Io Av —V2)° + /2KTo (Vi — V2) (2.214) 


Similarly, computing the difference between the gate-source voltages of M2—M3 
transistors, it results: 


K 
Dips (Vi Va) + 6 2Rip == Va) (2.215) 


The J; — Jy differential current will have the following expression: 
I, — Ih = 2V,\/ 2KIo — 2KV\V2 (2.216) 


Similarly, for the structure implemented using M4—M6 transistors, the differen- 
tial output current can be expressed as follows: 


Lah BVO = ORV (2.217) 


The differential output current for the entire multiplier structure presented in 
Fig. 2.53 will be: 


Tour = Iouri — Four2 = In +15 — th — Ig = 4KV V2 (2.218) 


2.2.1.8 Multiplier Circuits Based on Different Mathematical 
Principles (PR 2.Da) 


Alternate implementations of the previous presented multiplier circuits are based on 
different mathematical principles. The utilization of the bulk as an active terminal 
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Fig. 2.54 Multiplier circuit 
(1) based on PR 2.Da — circuit I V3 Ip Y 
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gives the possibility of reducing the complexity of a multiplier circuit. The core of 
the following presented multiplier is presented in Fig. 2.54 [11]. 

A model of the MOS transistor biased in saturation that includes the dependence 
of the drain current on the bulk-source voltage is expressed by the following relation: 


K 9g \2 
Ip = 5 (Vas Vr — AVes — BVps) (2.219) 


A and B being constants. The differential output current of the multiplier core 
from Fig. 2.54, I, — Ip, will be: 


K K 
I — In = 5 (Vi — Vr — AV3 — BV3)” — 5 (V2 — Vr — AV — BV)” (2.220) 
resulting: 
K 2 
I, — Ip = (Vi — Va) (Vi + Vo — 2Vr — 2AV3 — 2BV3) (2.221) 


In order to obtain the multiplying function, two circuits from Fig. 2.54 can be 
cross-connected, resulting the multiplier presented in Fig. 2.55 [11]. 

For this circuit, the differential output current can be expressed as the difference 
between the differential output currents of each core: 


Tour: — Tour. = (liz + 1r1) — i + Ir2) = Uno — Ir2) — Uni — Tri) (2.222) 


Replacing (2.221) in (2.222), it results: 


K 
Tour: — Tour2 = 3M — V2) (Vi + Vy — 2V7 — 2AV4 2BV;) 


K 
mee —V>)(Vi + V2 — 2Vr — 2AV3 — 2BV3) (2.223) 
equivalent with: 


Tour — lour2 = K(Vi — V2) [A(V3 — Va) + B(V3 — V3)] 
= K(Vi — V2)(V3 — V4)[A + B(V3 + Va)] (2.224) 
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Fig. 2.55 Multiplier circuit (1) based on PR 2.Da — complete implementation 


If the V;, V2, V3 and V4 input voltages contain common-mode terms (V1 and V34) 
and differential-mode terms (vj and v34) as follows: 


V=Va+2 (2.225) 
V2 = Vi2 - + (2.226) 
V3 = Vn + (2.227) 
Va = V4 — > (2.228) 
it results: 
Tour: — Lour2 = Kv12V34(A + 2BV34) (2.229) 


so, the differential output current of the voltage multiplier presented in Fig. 2.55 
will be proportional with the product of the differential-mode components of 
input voltages. 

An alternate approach of a voltage multiplier, based on bulk-driven MOS 
devices using another model for the dependence of the threshold voltage Vr on 
the biasing of the bulk (Vgs), is shown in Fig. 2.56 [26]. 

The differential output current of this multiplier can be expressed as follows: 


Tour: — Tour. = (lpi +13) — (p2 + Ip4) = (Epi — In2) + U3 — Ip4) (2.230) 


where it is considered that the drain current of a MOS transistor depends on the 
gate-source voltage following a quadratic law (2.231) and on the bulk-source 
voltage as a consequence of the bulk effect using the mathematical relation (2.232): 


_K 


5 eae) (2.231) 


Ip 
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Fig. 2.56 Multiplier circuit (2) based on PR 2.Da 


Ve 2 Veet »( V20% Ves 20; ) (2.232) 


Vr being the threshold voltage of the MOS transistor biased at a bulk-source 
voltage equal with Vgs, y is a model parameter and @®, represents the 
Fermi potential. Replacing (2.232) in (2.231) and using the fact that Vr; = Vro 
and V73 = Vr4 (because Vgs; = Vaso = V3 and Vgs3 = Vas4 = Va), it results the 
following expression of the output current: 


K K 
Tour: —Lour2 = rae —V2) (Vi +V2—2Vr1) TV —V1) (Vi + V2 —2V73) 
(2.233) 
so: 
Tour — Tour, = K(V1 — V2) (Vr3 — Vr1) (2.234) 


Using the (2.232) relation that models the bulk effect, the previous expression of 
the output current can be rewritten as follows: 


Tour: — Tourn. = K(Vi — V2)n(V20r — V4 — \/20f — V3) 


= V4 V3 
= K(V, —V>)y 20¢( 1 a yj ve (2.235) 


For V3 and V4 input signals much smaller than the Fermi potential, it is 
possible to use the first-order Taylor expansion V1 +x 21+4.x/2, for x<<1, 
the expression of the output current becoming proportional with the product 
between the differential input voltages: 


V3 V4 
ia <TR 90, ( fon 
out — Lour2 (Vi — Vo) IF (= a) 
yk 
= (Vi — V2)(V3 — Va) (2.236) 


2/20 
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Fig. 2.57 Multiplier circuit (3) based on PR 2.Da 


A symmetrical implementation of a voltage multiplier circuit is presented in 
Fig. 2.57 [27]. In order to improve the frequency response, all MOS transistors are 
biased in saturation region. 

The differential output current of the voltage multiplier can be expressed as 
follows: 


Tour = Jour: — Tour2 = (Io + Ip12) — (p13 + Inia) (2.237) 
resulting: 
K K 
Tour = 5 (Vop — Ve1 — Vr) 5 (Von — Vor Vr) 
K K 
+ 5 (Vop — Veo vey 5 (Yoo ~ Vor Vr) (2.238) 
or: 
K 
Tour = A (Vor — Ver) (2Vpp — Vei — Vo2 — 2Vr) 
K 
+5 (Vor ~ Vez) (2p ~ Vex — Vou ~ 2Vr) (2.239) 


As a result of the connections between circuit transistors, the gate-source 
voltages of M7 and M10 transistors are equal. Additionally, because the same 
current / is passing through M3, M6, M7 and M10 transistors, all their gate-source 
voltages will be also equal. The identity Vgs3 = Vgs6 can be written as: 


v2 v2 
V2 + > _— Vp} = V2 _ oy _ Vo2 (2.240) 
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It results: 
Vp, — Vor = V2 (2.241) 
and, similarly: 
Voi — Vp2 = v2 (2.242) 


Replacing (2.241) and (2.242) in (2.239), the expression of the output current 
becomes: 


K 
lour = 5 v2(Vei — Vp2 + Vor — Vor) (2.243) 


For evaluating the linear expression Vp; — Vp2 + Vg2 — Voi, it is necessary to 
consider the squaring dependence of the drain current on the gate-source voltage for 
M3 and MS transistors: 


K K y 2 
1 =~(Vos3 — Vr) = (V2 bo Vp Vr) (2.244) 
2 2 2 
and: 
K K 2 
I! => (Vess — Vr) = (V2 ea (oe Vr) (2.245) 
2, 2 2 
resulting: 
v2 21 
so Va Vera 2.24 
Vo+ 5 Vp, — Vr K (2.246) 
and: 
i) 2’ 
=— Voi — Vr =4/— 2.247 
Vo+ 5) Ql Vr K ( ) 


Summing (2.246) and (2.247), it results: 


y 
2V2 + v2 — Vey — Vor — 2Vr = [o(vi + vr’) (2.248) 


A similar analysis for M4 and M6 transistors will conclude to: 


2 
ge 15-= Vin Ven wr = \[2(vi+ vi) (2.249) 
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Because [p; = [p3 + [pe and I[p3 = Ing = I, it results Jp; = 27 and, similarly, 
Ip2 = 21’. So: 


evi 7 vi) = fe (Vin + VIp2) = yfay/EtVsa 4 Veen = 2V7) (2.250) 


The source-gate voltages of M1 and M2 transistors can be expressed as 
VsG1 = Vpp = Vi = v1 /2, and VsG2 = Vpp = Vi + v1 /2, So: 


2(vir vr) = V2(Vpp — Vi — Vr) (2.251) 


Replacing (2.251) in (2.248) and (2.249), it results: 


2V> + v2 — Vp; — Voi — 2Vr = 2V2 — v2 — Vpo Voo 2Vr 
= V2(Vpp — Vi — Vr) (2.252) 


The M1 and M2 transistors form a differential amplifier, its differential output 
current having the following expression: 


K V1 2. K Vv} 2 
to — Ioz = 5 ( 5K ) 
pi — Ip = 5 Vpp — Vi 5 Vr 5 Vpp — Vy + 5 Vr 


= —Kv(Vpp _ Vv, — Vr) (2.253) 


As function on V2 and v2 input voltages, py; and [p2 currents could be expressed 
as follows: 


K V2 2 =«K V9 2 
ee ee oe ( ) ( ) 2.254 
pi =1n3 +1p6 5 V2 5 Vp —Vr 5 V2 5 Vor —Vr (2.254) 
and: 
K 2 K , 2 
=i. = (V2 2 Vpn Vr) + = (V2+5 Voi—Vr) (2.255) 


resulting: 


(Voi Ve) (2V2 t+ vo — Vp, Voi 2Vr) 


K 
Ip, —Ip2 = 5 


K 
ee Von) (2V2 — v2 — Vp2 — Vo2 — 2Vr) (2.256) 
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Fig. 2.58 Multiplier circuit (4) based on PR 2.Da — half circuit 


Replacing (2.252) in (2.250), it results: 


K 
Ip; —Ip2 = give Vi —Vr) (Voi — Vp, + Vp2 — Vo2) (2.257) 


Comparing (2.253) with (2.257), it can write: 


Voi — Vp1 + Veo — Von = —V21 (2.258) 


Replacing (2.258) in (2.243), the output current of the multiplier will depend on 
the product between v, and v2 voltages: 


K 
I = viv 2.259 
OUT 1 12 ( ) 


A voltage multiplier using MOS transistors biased in linear region is presented 
in Fig. 2.58 [28]. 

The symmetrical structure shown in Fig. 2.58 has the following expression of the 
output current: 


Tour: = 14 — Ip = 


Sie 


[2(Vasia —Vr)Vpsia — Visial 


K 2 
“5 [2(Vasi — Vr)Vpsi» — Visip| (2.260) 

Drain-source voltages of Mla and Mlb transistors are equal because 
M3a—M3b and M4a—M4b pairs contains identical transistors, biased at equal 
drain currents (for each pair): 


Vosia = Vosi» = Vosi = Vas3a — Vsc4a = Vasa» — Vscan (2.261) 
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Fig. 2.59 Multiplier circuit (4) based on PR 2.Da — block diagram 


As M3a and M5a and, respectively, M4a and M6a transistors are identical and 
biased at the same drain current, their gate-source voltages are equal, Vgs3q = Vscsa 
and VsG4a = Vsc6a, 80: 


Vos1 = Vscosa — Vscoa = (Von — Vai) — (Von — Vaz) 
Vv 
= Ver — Vai = Von + = = Va (2.262) 


From (2.260), (2.261) ad (2.262), it results the following expression of the output 
current for the circuit presented in Fig. 2.58: 


Vv 
Tour: = K(Vasia — Vasiv) Vos1 = KviVos1 = Kv (Veo + . — Voi) (2.263) 


because Vesia = Voi + 1/2, Vesiy = Ver — vi /2. 

In order to obtain the multiplying function, two similar circuits from 
Fig. 2.58 must be used, the difference between them being the value of Vg potential: 
Veo = Vcr + v2/2 for the left structure from Fig. 2.59 [28] and Vg2 = Vez — v2/2 
for the right structure. 

The expression of the output current of the multiplier circuit presented in 
Fig. 2.59 will be: 


Vv Vv 
Tour: —louT2z = Kv"1 (Veo t= Voi) — Ky, (Veo a5 Voi) =Kyyv2_ (2.264) 


Another possible realization of the voltage multiplier circuit is designed with the 
main goal of reducing the total harmonic distortions coefficient (THD). 

Because of the quadratic characteristic of a MOS transistor biased in satura- 
tion, the linearity of the basic multiplier presented in Fig. 2.60 [29, 31] is rather 
poor. The core of this circuit is a modified Gilbert cell, extended to implement 
with good linearity the multiplication function. 
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Fig. 2.60 Multiplier circuit (5) based on PR 2.Da 


Considering a biasing in saturation of all transistors from Fig. 2.60, 
the expressions of the drain currents for M1—M4 transistors are: 


I [KV? K2Vi I KV? KV} 
hy==[{144/—- ie 1 1 | 2.265 
1,2 5) ( 7 Ar ’ 2,1 2 T 4(r'y? ( ) 


The output current expression is: 


KR KR? 
lor = 1) + (6-8) =vi( 7V [xr =v] (2.266) 


Similarly, the drain currents of M5 and M6 transistors will have the 
following expressions: 


Io KV2 K2Vv4 
r=2/14 2.267 
( Io 42, ee 


1, KV2 K2v4 
f=2 (: i a | (2.268) 
O 
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All transistors from Fig. 2.60 are supposed to be identical. Considering the 
limited expansion /1+x21+.x/2, from the previous relations, it results 
the approximate expression of the basic multiplier output current: 


K K? 


Tour = —V1V. 
OUT ae 8V/Ilo 


ViV3 (2.269) 


Thus, the total harmonic distortions coefficient introduced by the circuit 
(approximated with the third-order one) will be expressed as: 


Kv2 1 V2 - 
THD; ~ — = 2.270 
7 Bp 4 (5 a 7) 2210) 


In conclusion, THD3 is directly proportional with the ratio between V2 input 
signal amplitude and the effective gate-source voltage of the biasing transistor. 

In order to improve the circuit linearity, the modified multiplier presented in 
Fig. 2.61 [29] replaces the differential amplifier M5—M6 from Fig. 2.60 with a 
cross-connected one, M5—Mé8 from Fig. 2.61. The output current expression for the 
multiplier with improved linearity has the same form (2.266), but the expressions of 
T and /' currents become: 


T=Ip tly (2.271) 


=I+ Th (2.272) 


I KiV3 K?V3 
Iny2 =< ta —2 2 : (2.273) 
2 Io = 402, 
I K 2 K2 4 
yp = 102 (1 4, [K2M2 2 z (2.274) 
a) In. 4B 


Similarly with the basic circuit analysis, considering the more accurate expan- 
sion /1 +x © 1 +x/2—.x°/4, the output current of the multiplier from Fig. 2.61 
will have the following expression: 


where: 


K 
lour = V1 Lov. + cV3 + dV3) (2.275) 
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Fig. 2.61 Multiplier circuit (6) based on PR 2.Da 
where b, c and d are constants, expressed as follows: 
KU 2pl2 _ gh/271/2 
b — 1 Ol 2 02 (2.276) 
3/272. 3/2712 
c= oe (2.277) 
16 
K5/2773/2 _. 5/2 7-3/2 
d= 1 ol 2 Oo (2.278) 


128 


Because the main nonlinearity from the output current expression is caused by 
the third-order term of relation (2.242), the proposed linearization technique is 
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referring to the cancellation of the third-order distortions (c = 0), equivalent with 
the following design condition: 


1 KY 
es (Z) (2.279) 
Toi Ky 


and, in consequence: 


1/2 2 
pees vou) c (2) (2.280) 
1 


5/2 7-3/2 2 
oe ie 1 (K 
128 K> 


The total harmonic distortions for the multiplier circuit with improved linearity 
(Fig. 2.61), approximated with the fifth-order one, will be: 


K2 \? K2 \? Vy i 
THD; = | —_] V3 = : 2.282 
3 (ee) 7 (aor VE Vn — Ve ( ) 


Considering the particular case that K. = Ko; and K,/K2 = 1/2, it results: 


(2.281) 


4 
THD; = — V2 (2.283) 
a 6 Vere Van = Ve 


Thus, the linearity improvement from the circuit presented in Fig. 2.61 with 
respect to the basic multiplier presented in Fig. 2.60 is about two orders of magnitude: 


THD3 (“ de Visi = ") , ae 


= 64 
V2 


For the multiplier circuit presented in Fig. 2.62 [32], the expression of the output 
current is: 


Tour = +h - 1g — 4 (2.285) 
or: 
K 
3 Vs — Vy — Vr)? 


Vs = Vy =Vey —— (Va = Ve = Vr? (2.286) 


K 
lour = 5 (Va — Vi — Vr) + 
ei K 
2 2 
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Fig. 2.62 Multiplier circuit (7) based on PR 2.Da 


resulting: 
lour = . (V4 — V3)(V3 + V4 — 2Vx — 2Vr) 
+ . (V3 — Va)(V3 + V4 — 2Vy — 2Vr) (2.287) 
So: 
Iour = K(V3 — Va) (Vx — Vy) (2.288) 


Because of the current mirrors from the circuit, J, = 7p = 0, so between the 
currents from the circuit will exist the following linear relations: 


I, +15 =I9 (2.289) 
17 +1g =Io (2.290) 
and: 
Ig +16 =Io (2.291) 
resulting /5; = Ig and Ig = I. So: 
V, — Vy = Vs — Vy (2.292) 
and: 
V2 — Vy = Vs — Vx (2.293) 


equivalent with: 


Vx —Vy = Vi — Vs (2.294) 
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Fig. 2.63 Asymmetrical 
differential structure I, lL 


To 
and: 
Vena Ven (2.295) 
It results: 
Vi+tV. 
pas (2.296) 
2 
and: 
Viti Y=¥ 
ee on ee ee ee (2.297) 


2 2 


Replacing (2.297) in (2.288), the output current will be proportional with the 
square of the differential input voltage: 


K 
Tour = 5 (Vi — V2) (V3 — Va) (2.298) 


A possible realization of a voltage multiplier circuit is based on a particular 
implementation of a voltage squaring circuit. The method for designing such a 
voltage squaring circuit uses a differential amplifier (Fig. 2.63) [17, 33] having a 
controllable asymmetry between the geometries of its two composing transistors. 
This difference between the aspect ratios of MOS transistors will introduce in 
the output currents of the differential amplifier a term proportional with the square 
of the differential input voltage. 

Noting with V = V; — V2 the differential input voltage, it can be expressed 
as follows: 


2h yee —I;) 
V =Vos1 — Vos2 = 2.299 
GS1 GS2 2 aK ( ) 
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resulting: 


Igo -I1 Ido -I1 
V=1+2 i) ido 1) 
2, n n 


(2.300) 


The expression of the unknown current, /;, can be obtained solving the following 
second-order equation, derived from (2.300): 


ae! —1/Igo KV?\ 4l Io KV2\? 
P\(" =| di 2 Blaet =0 (2.301) 
n n n n 2 n n 2 


So: 


I -1 
O n(n ) Kv2 nv /2Klo(n + 1) — K2nvV2 (2.302) 


L= 
‘ntl 2n+1)? (n +1) 


and: 


nlo n(n—1), nv 
Ihh=lo-h= KV 2KIo(n+1)—K?nV2 (2.303) 
ED Ee ene een) 
The complete realization of a voltage squaring circuit uses a cross-coupling of 
two differential amplifier having controllable asymmetries between their 
geometries, MI—M2 and M3-M4 (Fig. 2.64) [17, 33]. 
Using (2.302) and (2.303), it results: 


nig n(n—1) Pate nv 


lour = Ip2 + Ips = 
out = !p2 + pa n+l 2%Xn+1) (n+1 


Y \/2KIo(n + 1) — K2nV? 


1. -1 
lo n(n kK 2 nv renee 1) — K2nv2 
n+1 2(n+1) (n+ 1) 
2nl —1 
elas nD ay (2.304) 
n+1 (n+1) 


An application of the previous presented voltage squarer circuit is represented by 
a voltage multiplier with linear characteristic (Fig. 2.65). 

The method of designing the multiplying function is to use two cross-connected 
M1-—M2 and M3-M4 differential amplifiers, each of them being biased at a drain 


2.2 Analysis and Design of Multiplier Circuits 159 


Vpp 


Tout Y Jour 


Lo -Vpp 


Fig. 2.65 Multiplier circuit (8) based on PR 2.Da 


current equal with the difference between a drain current of another differential 
amplifier, M5—M6 (/s and, respectively, /¢) and a current, 7, which must have a term 
proportional with the square of the first differential input voltage, in order 
to compensate the intrinsic nonlinearity of the differential amplifiers. Because 
MI-M4 transistors are identical, the dependencies of their drain currents on 
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V, differential input voltage, can be obtained particularizing relations (2.302) 
and (2.303) for n = 1: 


_Is-1 KV, [4 s 
I V3} 2.305 
D=—5 ri ( ) 


Is—1 KV; A(is—1) 
ipa 5 a (is (2.306) 


Is—I KV, /46—D) 
——— 4 2 2. 
D3 5 4 7 Vi (2.307) 
_ Ie —I KV, /4U6—TD) 4 
Ing = 5 a 4/ K Vi (2.308) 


The expression of the differential output current of the entire structure will be: 


Tour: — Lour2 = (pi +13) — (lp2 + Ip4) = (Epi — In2) — (pa — Ip3) (2.309) 


resulting: 


KV, /403—D 
P: K 


Tour: — lour2 = Vi (2.310) 


In order to cancel the nonlinear dependence of the differential output current on the 
differential input voltage, the / current must be proportional with the squaring of 
the differential input voltage: 


K 
[= = (2.311) 


For this particular current, /, the expression of the differential output 
current becomes: 


Tour: — our, = VKVi (Vie = Vis) (2.312) 


Considering the squaring dependencies of the drain currents of M5—M6 
differential amplifier on the gate-source voltages of their composing transistors, 
it results: 


Tour! — Tours = VKV, 


1 
[Vas = vo) = ae V2 (2.313) 
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Fig. 2.66 Multiplier circuit (9) based on PR 2.Da — circuit core 


So, the differential output current is proportional with the product between the 
input voltages. The implementation of the / current having the (2.311) expression is 
realized using M7—M10 transistors, representing a voltage squaring circuit, similar 
with the structure presented in Fig. 2.64. Comparing (2.304) with (2.311), it results 
the following condition that must be imposed to the constant n: 


ams (2.314) 
(n+1) 4 
So n = 2.15 and: 
K 
Iso = 1.36Io — rai (2.315) 


Because I = Isg — alg, the expression (2.311) of J current can be obtained for 
a= 1.36. 

Another possible implementation of a multiplier circuit is based on the 
differential amplifier presented in Fig. 2.66 [34]. 

The expression of the first output current is: 


K K 
I, = = (Voss — Vr)” += (Voss — Vr)? (2.316) 


2 


162 2 Voltage and Current Multiplier Circuits 


Fig. 2.67 Multiplier circuit 
(9) based on PR 2.Da — I, I, 
symbolic representation of 
the circuit core 
Vz t+ V{/20 DA Lo Vp - V,/2 
Ve 
equivalently with: 
K res 2 
=5 (Ve — Vass — Vr)" 4 5 (Vass — Vr) (2.317) 


Because M1 and M3 transistors are identical and biased at the same drain 
current, their gate-source voltages will be equal, so: 


K K 
hh = 3 (Ve — Ves - Vr) + 5 (Vase — Ve) (2.318) 


or: 


K Vi\? K eae 
Ges a3 
1=5 (ve VV =; 3) 5 @ Ve (2.319) 


Similarly, the second output current, Jgyr2, will have the following expression: 


K V;\?_ K VV 
h= 5) Vo-—Vep+V—-Vr+ 5) uu) Vp —-V—-—Vr+ 5) (2.320) 


The differential output current can be expressed as follows: 
Ib-l=KV, (Ve —Ve+V—- Vr) + KV, (Ve -V— Vr) =K(Vc = 2Vr)V, (2.321) 


The symbolic representation of the circuit is shown in Fig. 2.67. 

A voltage multiplier can be realized using two previous presented differential 
amplifiers having the Vc voltage sources replaced by two voltages that are depen- 
dent on a second input voltage, V2. The complete multiplier circuit is shown in 
Fig. 2.68. 

The differential output current of the voltage multiplier presented in Fig. 2.68 
can be expressed as follows: 


Tour: — louvr2 = (h +13) _ (hh + 14) = (i _ Ih) + (Is —I4) (2.322) 
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Fig. 2.69 Multiplier circuit (10) based on PR 2.Da 
resulting, using (2.321): 
V2 
Tour: — our2 = K\ | Ve + oo os 2Vr\ Vi 
4) 
+K}{ Ve 5 2Vr| (—V\) = KViV2 (2.323) 


A possible realization of a voltage multiplier circuit is presented in Fig. 2.69 [35]. 
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The differential output current of the structure is: 


Tour: — lout2 = Ip2 + Ina — Ip — I3 (2.324) 


equivalent with: 


K K 
Tour: — Lour2 = 5 (V2 — Va Vr) + 5) (Vi — Ve Vr)? 
K 
2. ( 


Vi —Va—Vr)° + (V2 Vp —Vr)° (2.325) 
So: 

Tour: — Tour2 = K(V1 — V2) (Va — Va) (2.326) 
The V4 — Vg differential voltage can be expressed as follows: 
Va — Va = (V4 — Vas7) — (V3 — Vasi2) = (V4 — V3) + (Vasi2 — Ves7) (2.327) 


Because [p7 = Ipg and [pj2 = I[p,3, it results Vgs7 = Vsgg and Vosi2 = Vsai3- 
So: 


Va — Va = (V4 — V3) + (Vse13 — Vses) = Va — V3 (2.328) 
Replacing (2.328) in (2.326), it results: 


Tour: — Tour2 = K(Vi — V2)(Va — V3) (2.329) 


2.2.2 Design of Current Multiplier Circuits 


Another class of multiplier circuits is represented by the current multipliers, 
the output current of these circuits being proportional with the product 
between two input currents. The current-mode operation of the multiplier circuits 
has the important advantage of increasing the frequency response of the 
designed structures. 


2.2.2.1 Multiplier Circuits Based on the Ninth Mathematical 
Principle (PR 2.9) 


A possibility of designing a current multiplier uses as circuit cores two current 
square-root circuits (Fig. 2.70) [36]. 
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Fig. 2.70 CMOS square-root 
circuit for the multiplier 


circuit (1) based on PR 2.9 idl \(* 


L__| Pax 
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\7 Od 


For a biasing in saturation of all the MOS transistors from Fig. 2.70, it is possible 


to write that: 
214 2Igp\ / 21 
(v K t (v t K =2 (v + it) (2.330) 


equivalent with: 


f= +4 OG, (2.331) 


Implementing the following linear relation between the previous current of the 
square-root circuit: 


Tour: = 1 —I4 — Ip (2.332) 


the output current of the circuit from Fig. 2.70 will be proportional with the square- 
root of the input current: 


Tour: = 2VIalp (2.333) 


The multiplier circuit can be obtained using two square-root circuits from 
Fig. 2.70 connected as it is shown in Fig. 2.71. The computed functions are 


Tour: = 2Vlourlo and Toyr2 = 2VWI\h. Because Iguyr; = Jour2, the function 
implemented by the circuit from Fig. 2.71 [36] will be: 


hi 
ee (2.334) 
To 
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Fig. 2.72 Multiplier circuit (2) based on PR 2.9 


The design of a multiplier/divider circuit can be done using two square-root 
circuits, as it is shown in Fig. 2.72 [37]. 

The square-root circuits have the implementation presented in Fig. 2. The output 
currents of these circuits have the following expressions: 


Tour: = 2VIihh (2.335) 
and: 
Tour2 = 2\/13l4 (2.336) 


Imposing by design Jgur1 = Jou72, it results: 


_ hh 


Ro (2.337) 
I; 
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Fig. 2.73 CMOS squaring circuit for the multiplier circuit (1) based on PR 2.10 


2.2.2.2 Multiplier circuits based on the tenth mathematical 
principle (PR 2.10) 


The following multiplier structure (Fig. 2.74) is derived from the squaring circuit 
presented in Fig. 2.73 [38]. 
The characteristic equation of the translinear loop including M1—M4 transistors is: 


Vse1 + Vsc2 = Vso3 + Vsca (2.338) 
resulting: 
2VIp1 = VIp3 + VIpa (2.339) 
equivalent with: 
2J/lo = JVlour + lin + Vlour — lin (2.340) 


The expression of the output current will be: 


P. 
lopp aig +2. 2.341 
our =Io+ lo ( ) 


Using the squaring circuit presented in Fig. 2.73, it is possible to design a current 
multiplier structure (Fig. 2.74) [38]. 
The output current of the multiplier circuit can be expressed as follows: 


thy 
Alo 


_ hb 


I 
ot i 


Tour = lour2 — our: = (2.342) 


Alo 


c Lane 
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Fig. 2.75 Multiplier circuit (2) based on PR 2.10 
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Fig. 2.74 Multiplier circuit (1) based on PR 2.10 


The multiplier/divider circuit presented in Fig. 2.75 [39] uses two translinear 
loops implemented with M1—M4 and M3-—M6 transistors, respectively. 
The characteristic equation of the first translinear loop is: 


Vos3 + Vsca = Vesi + Vse2 (2.343) 


Considering a biasing in saturation of all MOS transistors from Fig. 2.75, 
it results: 


i /lo = <Jlom + hb) +e — +) (2.344) 
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Fig. 2.76 Multiplier circuit (2) based on PR 2.10 
The /oyr; current will be expressed as follows: 
(I +n)? 


Tour: =1o + (2.345) 


Alo 


Similarly, analyzing the characteristic equation for the second translinear loop, 
it results: 


2/lo = Vloun + (h — hh) + Vloun — (hh — 1) (2.346) 


So, the expression of Jgyr2 current will be: 


( — hb) 


Ho (2.347) 


Tour2 =lo + 


The output current of the multiplier/divider circuit presented in Fig. 2.75 will 
have the following expression: 


Kl 
Tour = Iouri — Lour2 = (2.348) 


The most important advantage of the multiplier is the independence of the circuit 
performances on technological errors. 

A current multiplier circuit (Fig. 2.76) [40] can be designed using four current 
squaring circuits. 

Because: 


Vpp = Vasa) + Vasa -—t; — Ih) (2.349) 


it results: 


K 
Vin+Vi—-(ht+h)= [Eon —2Vr) (2.350) 
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Thus, /4 current can be expressed as follows: 


tis KR Vp = 257 LkoLy 
ae 2, K(Vop mn (1 +h) 


= 2.351 
ae 8 IR Vien — 200) ae 
Similarly: 
h+h . K(Vpp —2Vry h+h) 
pan ee, 5 (2.352) 
2 8 2K(Vpp — 2Vr) 
Iy—Ib . K(Vop — 2Vry" heb 
ie ea) 5 (2.353) 
2 8 2K (Vpp — 2Vr) 
fhh—h . K(Vpp — 2Vr) h=by 
pe! A) : (2.354) 
2 8 2K(Vpp — 2Vr) 


The output current of the multiplier circuit presented in Fig. 2.76 will have the 
following expression: 


1 os ee ee aul (2.355) 
OUT — 1A B Cc D> . 
RVing —2Ve 


Comparing with the previous circuit, the operation of this multiplier structure is 
affected by technological errors (both K and V7 technological parameters appear 
in the expression of the output current). 

The current multiplier circuit presented in Fig. 2.77 [41] contains two current 
squaring circuits. 

The expressions of the output current for these circuits are: 


heh 
bon OIG & (i+by a (2.356) 
and: 
hy 
| ee ee (i=by a aa (2.357) 


The output current of the multiplier circuit presented in Fig. 2.77 will have the 
following expression: 


ivi 
Tour = Tour: — Lout2 = — (2.358) 
Qo 
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Fig. 2.77 Multiplier circuit (4) based on PR 2.10 


2.2.2.3 Multiplier Circuits Based on the Eleventh Mathematical 
Principle (PR 2.11) 


The following multiplier structures are designed for low-power applications, the 
reducing of their current consumptions being obtained by a biasing in weak inversion 
of all MOS active devices. 

A current multiplier/divider using  bulk-driven — subthreshold-operated 
MOS transistors is presented in Fig. 2.78 [42, 43]. The double drive of the MOS 
devices (on gate and on bulk) allows the reduction of the computational circuit 
complexity. Unfortunately, the possibility of implementation in silicon is limited to 
CMOS technologies with independent wells. Imposing a weak inversion of all MOS 
transistors from Fig. 2.78, it is possible to write: 


Vou 1, 
ns ae exp( oO - a) (2.359) 
if 
Veo (Hh 19, 
(ce ae exp( as ue ) a2) (2.360) 
th 


So: 


Tour (“ = vn) F —1 | 
= exp| ——————_] ex Vxyi —V. 2.361 
Tour2 . nV th 7 nmVin (Vx1 ")) ( ) 
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Fig. 2.78 Multiplier circuit (1) based on PR 2.11 


Because Vos3 = Ves and Vosa = Vsco, where Vises = Vsco = Vr + 4/ 210 /K 
it results Vos3 = Vosa, so: 


Ty n—-1 
—_—= —— (Vz33 — V; 2.362 
i exp | (Vas3 =) ( ) 


Similarly, because Vgs7 = Vass, it results: 
Tyo n—1 
— —— (Vps7 — V) 2.363 
ioe | nV (Ves7 =) ( ) 
Knowing that Vx; — Vy; = Vas4 — Vas3, Veo — Vy2 = Vass — Vas7 and using 
(2.361) and (2.362), it can write that: 


1 


Tour: — Iv (2)"" 
sil (2.364) 
Tour2 = Ix1 \lx2 


A generalization of (2.364) relation for different values of J/g current sources 
(Uz, Iw; and Iz2, Iw2, respectively) allows to obtain a more complex relation 
between the circuit currents: 


ee: 
Tour _ln In (2 2) 
Tour2, Tx Iw 


2.365 
Tyo Tw ( ) 


Another implementation of a current-mode multiplier/divider is referred to 
a bulk-driven active-load differential amplifier from Fig. 2.79 [42]. Considering a 
weak inversion operation of all transistors from Fig. 2.79, the ratio of 1; and Jy 
currents will be: 


I Veta 
GUN exe (“a Yen) (2.366) 


Tour2 nV th 


Iouti 
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Fig. 2.79 Multiplier circuit (2) based on PR 2.11 
For the active-load differential amplifier, it can write: 
Tp, Vos — Ves2 n—1 
=1 > exo( exp (Vasi — Vesz) (2.367) 


Ip2 WV th WV th 
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From the two previous relations, it results: 


I ie 
OUT) — exp = (Vex vs) (2.368) 


Tour2 Win 


Similarly, the ratios of [y,, [x2 and Iy;, [yz are, respectively: 


va Vsoe — Vsas Vos3 — Vesa 

oe = ii Ss 2.369 

Txo exp( nV in ) exp( Win ) 

and: 
Ty Vos3 — Vesa n—1 
aie pec LE eS = 2: 
Tp exp( Wa ) exo * V, (Vas3 Vass) (2.370) 
So: 
V, Ty, 1 
VK in( ul 2) (2.371) 
n—-1 Tyo Ixy 


From (2.368) and (2.371), using that Vx; — Vx2 = Vasa — Vpgs3, the relation 
between the currents from Fig. 2.79 will be: 


Tour: _ Lyi Lx2 


mi (2.372) 
Tout2— Ty2 Tx 


The current multiplier circuit presented in Fig. 2.80 [44-46] uses MOS 
transistors biased in weak inversion region. The translinear loop containing 
M1-M4 transistors has the following characteristic equation: 


Vos1 + Ves2 = Ves3 + Vesa (2.373) 


The biasing currents of these transistors are: J; for M1, J) for M2, Jo for M3 
and Iour for M4. The previous relation can be written as: 


i i 
Vink Vail 
il "| w/t ii "\ ity 

To Tour 

=7Veda "| eatin 2.374 
oa »| arya me naw an 
resulting: 
LL 
ig (2.375) 
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Fig. 2.80 Multiplier circuit A o Vpp 
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A four-quadrant multiplier derived from the circuit presented in Fig. 2.80 is 
shown in Fig. 2.81 [44]. 
Similarly with the previous circuit: 


Io +h)Uo +1 hl 
Yot+hWot) 7414142 (2.376) 


I = 
D7 Io Io 


resulting the following expression of the output current: 


hb 


2. 
is (2.377) 


Tour =1p7 — Io — hh — th 


The circuit presented in Fig. 2.82 [47, 48] represents a current multiplier 
implemented using MOS transistors biased in weak inversion region. Using the 
exponential dependence of the drain current on the gate-source and bulk-source 
voltages for a subthreshold-operated MOS device, the ratio between Jy and Igyr 
currents can be expressed as follows: 


igete Me +(n— ae 
h _ Win = (“= - vsee) (2.378) 
Tour I ae +(n— a nth : 
Do &Xp V 
AV th 
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Fig. 2.81 Multiplier circuit (4) based on PR 2.11 
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Fig. 2.82 Multiplier circuit (5) based on PR 2.11 


Using the exponential dependence of the drain current on the gate-source voltage 
for a MOS transistor biased in weak inversion region, it can be obtained: 


7 
Veo = View ava la (74) ==1)Ves (2.379) 
D 


and: 


I 
Vso. = Vsca = nVn In (=) — (n— 1)Vsa1 (2.380) 
DO 
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Fig. 2.83 Multiplier circuit (6) based on PR 2.11 


Because Vsg3 = Vsa1, from the previous relations, it results: 


VE 
| ee (2.381) 
Io 


A four-quadrant multiplier and two-quadrant divider is presented in Fig. 2.83 [47]. 
The M2, M4, M5 and M6 transistors form the multiplier presented in Fig. 2.82. 
The output currents Jgy7; and [gyr2 can be expressed as follows: 


I pol, I hh) d I 
fours = Ip1 + Ips = lo +—™* = Io 4 (lo +h) Yo +) (2.382) 
D2 To 
and: 
Tour2 = 1p3 + Ip7 = Ina + Ive = Vo +h) + Uo +h) (2.383) 
resulting: 
UL 
Tour: — lour2 = im (2.384) 
O 


The circuit presented in Fig. 2.84 [49] implements the current multiplying 
function. 

The characteristic equation of the translinear loop realized using the gate-source 
voltages of M1A—MSA transistors can be written as follows: 


Vesia + Ves2a = Ves3a + Vesaa (2.385) 


For a weak inversion operation for all MOS devices, it results the following 
expression of the first output current: 


i 
lour = - (lee eh) (2.386) 
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Fig. 2.84 Multiplier circuit (7) based on PR 2.11 


Fig. 2.85 Multiplier circuit 
(8) based on PR 2.11 Ly Ylour = Y lo 


IL+Io¥ I, + lout 


and, similarly, for the translinear loop implemented using the gate-source voltages 
of M1B—MSB transistors: 


I 
Tour2 = 7 (rer — 11) (2.387) 


The expression of the differential output current of the entire structure will be: 


KL 
Tour = Tour: — lour2 = 2— (2.388) 
0 


A possible realization of a current multiplier is presented in Fig. 2.85 [50]. 
The translinear loop implemented using M1—M4 transistors has the following 
characteristic equation: 


Vosi + Ves3 = Ves2 + Vesa (2.389) 


For a biasing in weak inversion of the circuit transistors, the previous 
relation becomes: 


il 
| (2.390) 
lo 
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Fig. 2.86 Multiplier circuit (1) based on PR 2.Db 


2.2.2.4 Multiplier circuits based on different mathematical 
principle (PR 2.Db) 


The circuit presented in Fig. 2.86 [51] represents a current multiplier, having a 
principle of operation based on four translinear loops. The first loop contains 
M1-M4 transistors, M1—M2 pair being biased at the reference current, Jo, 
M3 transistor — at J4 — J; — J) drain current, while M3 transistor is working at 
I, current. 

The characteristic equation of the translinear loop can be written as follows: 


Vos + Ves2 = Vas3 + Vasa (2.391) 


resulting, for a biasing in saturation of all MOS transistors: 


2/lo =Vit+Vi—-h—-b (2.392) 


Squaring the previous relation, it can be obtained: 


Alo = 2g —Ty — In — 2 IA (Ig — I — hh) (2.393) 


So, the 7, current will have the following expression: 


bh tl Pr B 
Ii = ae 1 2 142 1 2 
2°2° 8g 16Ig | 160 


(2.394) 
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Fig. 2.87 Multiplier circuit (2) based on PR 2.Db 


Similarly, considering the translinear loops implemented using the gate-source 
voltages of M1, M2, M5, M6 and M1, M2, M7, M8 and, respectively, M1, M2, M9, 
M10 transistors, it results the following expressions of the other three output 
currents: 


hb th i 


2.395 
DO? Big (bla Tog ae 


hob th - re 
2 2 8lo 16lo  16lo 


(2.396) 


Lh hh BB 
ip=t 2.397 
ee EB tela. Mela ae 


The output current can be expressed as follows: 


hh 


Tour = Ua + Ip) — Uc + Ip) = aT, 
0 


(2.398) 


The independence of the circuit performances on technological parameters and, 
as a result, their immunity with respect to technological errors, represents an 
important characteristic of the previously presented multiplier circuit. 

The circuit presented in Fig. 2.87 [52] implements the current multiplying 
function. Transistors M5 and M6 form a voltage divider with an input current, /;, 
that will modify the divided potential V2. The current balance in this point can be 
quantitatively evaluated by the following relation: 


K 2.7 2 
Vir<Vi= Vi 2 Se (2.399) 


ml 
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resulting: 


vf 


(G3 
2 ORV ig Va) 


(2.400) 


The output current of the circuit will linearly depend on the following drain 
currents: 


Tour =!p1 + Ip2 — Ip7 — Ig (2.401) 


the previous currents having the following expressions: 


K 2 
In => (Vpp — Vr) (2.402) 
2 
K 2 «K +h 
Ip) = =(Vi + Vop — Vr)? = os en 2.403 
D2 2 ( 1 DD T) 5) xk = Vr) DD | ( ) 
I any V nee fh Van ; (2.404) 
D7 — 5) 2 DD T ac 2 2K(Vpp = Vr) DD T : 
and: 

= (OI A? = 2 + Vpp —V: : (2.405) 
D& — 5 3 DD T —= 5 2K (Vpp _ Vr) DD T : 


So, the output current will be proportional with the product between the input 
currents: 


Tl 


ee (2.406) 
AK (Vpp — Vr)" 


Tour = 


The disadvantage of this circuit is represented by the dependence of the output 
current on the supply voltage and on the threshold voltage. 


2.3. Conclusion 


Chapter describes the principle of operation of CMOS multiplier circuits and, starting 
from their functional principle of operation, it presents many implementations in 
CMOS technology of these computational structures. There were analyzed multiplier 
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circuits having both current-input and voltage-input variables. Depending on the 
power consumption imposed to the designs, two important classes of multiplier 
structures have been presented. For improving the frequency response, circuits 
using exclusively MOS transistors biased in saturation region have been used, 
while low-power multipliers have been designed based on subthreshold-operated 
MOS active devices. The linearity of multiplier circuits has been improved by 
applying specific design techniques. 
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Chapter 3 
Squaring Circuits 


3.1 Mathematical Analysis for Synthesis of Squaring Circuits 


The synthesis of squaring circuits [1-55] is based on the utilization of some 
elementary principle, each of them representing the starting point for designing a 
class of squarers. For voltage squarers, the notations used are: V; and V2 represent 
the input potentials, while, usually, a constant voltage, Vo is introduced for 
modeling a voltage shifting. For current squarers, /g is a reference current and Jj, 
denotes the input current. The notation /gy7 is used for the output current of both 
voltage and current squaring circuits. 


3.1.1 Mathematical Analysis of Voltage Squaring Circuits 


3.1.1.1 First Mathematical Principle (PR 3.1) 


The first mathematical principle used for implementing squaring circuits is based 
on the following relation: 


/21 /21 
a (vr+ Hom) _ (vr+ our) 


- if) (gece) om 8 
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3.1.1.2 Second Mathematical Principle (PR 3.2) 


The mathematical relation that models this principle is: 


[A(V1 — Va)? + B(V1 — V2) +C] + [A(Vi = V2)? - B(V — Va) + C 
— 2C = 2A(V, — V2)* (3.2) 


3.1.1.3 Third Mathematical Principle (PR 3.3) 


The third mathematical principle is illustrated by the following relation: 


Vit. 
2( 5 z vo) (Vi Voy =(Ve=Vol- 


V2 -—V, (3V 4+ V: Vi —V2 (3V2+V 1 
me: ( 1+V2 2Vo) 4 1 2( 2+Vi Vo) =—3(¥i-Va)* (3.3) 


2 2 2 2 2 


3.1.1.4 Different Mathematical Principles for Voltage Squaring 
Circuits (PR 3.Da) 


A class of voltage squaring circuits is based on different mathematical principles. 


3.1.2 Mathematical Analysis of Current Squaring Circuits 


3.1.2.1 Fifth Mathematical Principle (PR 3.5) 


The mathematical relation that models this principle is: 


2J/lo = Valo + blour + chy + Valo + blour — clin 
=> Alo = 2alg + 2bloyr + 2y/ (alo + blour)” — c7l}y 
= 4(2 — a) P+ 4b? 2Byp — 8(2 — a)blolour 
= 4a°I, + 4b7 [oy + 8ablolour — 4c7Tiy 


l-a Cr 
=> Iour = ——In + — * 


ei 3.4 
b °° 4b Io ee) 
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3.1.2.2 Sixth Mathematical Principle (PR 3.6) 


The utilization of MOS transistors biased in weak inversion region allows to 
implement the following mathematical relation: 


P. 
2In(Jjv) = InVo) + InVour) = Tour = 7m (3.5) 
O 


3.1.2.3 Seventh Mathematical Principle (PR 3.7) 


The mathematical relation that models this principle is: 


2 
9 3 Ip el 
jlo + Bn for = ( To + fun +121) 


4 2 4 2 
To. Tin i 
>I Tw = 24 }ol I I = 3.6 
o tli io (taer +2 +) oul = 41, (3.6) 


3.1.2.4 Eighth Mathematical Principle (PR 3.8) 


This principle is illustrated by the following mathematical relation: 


(lo — lw)’ + lo + iw)” = 2B, +2, (3.7) 


3.1.2.5 Ninth Mathematical Principle (PR 3.9) 


This mathematical principle uses a current square-rooting circuit for implementing 
the squaring function. 


3.1.2.6 Different Mathematical Principles for Current Squaring 
Circuits (PR 3.Db) 


A class of squaring circuits is based on different mathematical principles. 
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3.2 Analysis and Design of Squaring Circuits 


Based on the previous presented mathematical analysis, it is possible to design 
different types of squaring circuits, concentrated in two important classes: voltage 
squaring and current squaring circuits. 


3.2.1 Design of Voltage Squaring Circuits 


The voltage squaring circuits are grouped in four classes, corresponding to the first 
four mathematical principles (PR 3.1 — PR 3.Da). 


3.2.1.1 Squaring Circuits Based on the First Mathematical 
Principle (PR 3.1) 


A method for obtaining a voltage squaring circuit using the first mathematical 
principle (PR 3.1) is based on the utilization of an unbalanced MOS differential 
amplifier (M1—M7 in Fig. 3.1) [1]. 

All MOS transistors from Fig. 3.1 are identical, excepting M6 that has an aspect 
ratio nth times greater than other transistors. This controllable asymmetry will be 
equivalent with a nonzero differential input voltage in the equilibrium state. 

The drain currents of M1 and M5 transistors are equal as a result of the M2—M3 
and M4—M5 currents mirrors. Because Ip; + /p7 = Ips +/p6, it can be obtained 
Ip6 =Ip7. The current mirror M4—M6 with different transistors imposes 
Ip6 = nIp4a = nIps, so Ip7 = nIp;, equivalent with different gate-source voltages 
for M1 and M7 transistors (that compose the differential stage): 


/2Ip7 2nIp\ 
V = —. = 4 
GST K +Vr K +Vr (3.8) 


¢ -o Vpp 
M2 >| M3 
lout 


ee M7 4IL_ov. 


+ 


MS || [,M4 [}, Mo 
Fig. 3.1 Squaring circuit (1) 


based on PR 3.1 So“ WF YZ 
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where: 


(Vesi — Vr)’ (3.9) 


K 
Ibn =F 


It results the following dependence of Vgs7 on Ves: 


Voes1 = Vn(Vesi1 — Vr) + Vr (3.10) 


The V; — V2 differential input voltage quantitatively evaluates the asymmetry of 
the differential stage: 


V1 — V2 = Vesi — Vos7 = Vesi (1 — Vn) + Vr (Vn — 1) (3.11) 


So, the gate-source voltage of M1 transistor can be expressed as a function of the 
differential input voltage, as follows: 


MeV 
MOS 7 orale 


Using the (3.9) squaring dependence, the output current of the circuit presented 
in Fig. 3.1 will have the following expression: 


+Vr (3.12) 


I | ee (3.13) 
ne any. 1 2 . 


Based on the same mathematical principle, a stacked stage, M3—M4 (Fig. 3.2) 
[2] can implement the squaring function: 


2loutT 2lout 1 1 
V, = Voss — Vos3 = 4f —— -— 1 /— = V2] —._ -« —= 3.14 
1 GS4 asa 4) K, K V 2loutr ( TK =z) (3.14) 


resulting: 


Vv? ‘ 
lour = : 5 = AV; (3.15) 


2(4e- 4k) 


A being a constant that models the squaring dependence of the output current, 
Tour, on the input voltage, V;. 
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Fig. 3.2. Squaring circuit (2) 
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Fig. 3.3. Squaring circuit (1) based on PR 3.2 — principle circuit 


3.2.1.2 Squaring Circuits Based on the Second Mathematical 
Principle (PR 3.2) 


A voltage squaring circuit can be implemented using the second mathematical 
principle (PR 3.2), starting from the differential amplifier with the transfer charac- 
teristic linearized using a method based on the constant sum of gate-source voltages 
(Fig. 3.3) [3]. 
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Considering a biasing in saturation of MOS transistors, Jgy7; and Jgyr2 output 
currents of the circuit from Fig. 3.3 can be expressed as follows: 


Sr 


Iourt = = (Ves — Vr)” (3.16) 


Iour2 = ~ (Vas. — Vr)” (3.17) 


N| A 


The V, — V> differential input voltage has the following expressions: 


Vi — V2 = Vo — Ves. = Vasi — Vo (3.18) 
resulting: 
Vest = Vo + (Vi — Va) (3.19) 
and: 
Vos2 = Vo — (V1 — V2) (3.20) 


Replacing (3.19) and (3.20) in (3.16) and (3.17). Thus: 


K 
Jour: = 5 (Vo — Vr) + (Vi — V2)? (3.21) 


and: 


K 
Tours = 5 (Vo — Vr) — (Vi ~ Va)I? (3.22) 
So, the sum of the output currents for the circuit presented in Fig. 3.3 will be: 
Tour: + Tour = K(Vo — Vr)? + K(Vi — V2)? (3.23) 
In order to avoid a dependence of the output current on the threshold voltage of 
the MOS devices, Vo voltage sources from Fig. 3.3 are implemented using gate- 
source voltages of MOS transistors biased in saturation region. Considering that the 


current passing through these current-controlled voltage sources is a constant 
current, [g, the Vo voltage will have the following expression: 


AI 
Vo Ve4 ‘eo (3.24) 
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Fig. 3.4 Squaring circuit (1) based on PR 3.2 — first implementation 
Replacing (3.24) in (3.23), it results: 


lourt + our. = 2lo + K(V1 — V2)" (3.25) 


The output current of the voltage squaring circuit, [9y7, can be expressed using a 
linear relation between the currents from the circuit: 


Tour = Tour: + lovr2 — 2lo = K(V1 — V2)" (3.26) 


It exists many possibilities of implementing this principle (Fig. 3.4—3.7) [4, 5]. 
The Vo voltage sources are realized in Fig. 3.4 using M3 and MS transistors, in 
Fig. 3.5 and in Fig. 3.6 — using M3 and M4 transistors, while in Fig. 3.7 — using M3 
and M4 transistors. The expressions of the output current are given by (3.26) for all 
four squaring circuits. 

Starting from the general circuit presented in Fig. 3.3, it is possible to design a 
current squaring circuit, implementing proper linear relations between the currents 
from the circuit and using multiple current mirrors, as it is shown in Fig. 3.8 [3]: 


Tour: + lour2 = 814 + 8lin + 210 (3.27) 


The sum of the output currents of the differential amplifier (the “Linear DA” block 
from Fig. 3.8 is realized using the differential amplifier presented in Fig. 3.3) is: 


Touri + Tours = 2lo + K(Va — Va)” (3.28) 
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Fig. 3.5 Squaring circuit (1) based on PR 3.2 — second implementation 
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Fig. 3.6 Squaring circuit (1) based on PR 3.2 — third implementation 


The V4 — Vz differential voltage, that is fixed by J, and J/g currents, can be 
expressed as a function on the gate-source voltages as follows: 


Va — Ve = 2Ve5(Ia) — 2Ve5(In) (3.29) 
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Fig. 3.8 Squaring circuit (2) based on PR 3.2 — block diagram 
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Replacing (3.29) in (3.28) and using the square-root dependence of the drain 
current on its gate-source voltage for a MOS transistor biased in saturation, it can be 


obtained: 
2 
214 2Tp 
Tour: + lour2 = 210 + K\ 2 7 2 ra (3.30) 


equivalent with: 


Tour: + Tour2 = 210 + 814 + 81g — 16V Tal (3.31) 


From (3.27) and (3.31), it results: 


le-int ig in 
= iN) _ Ie IN iN 


3.32 
Alp 4.2 ' Als oe) 


The expression of the output current of the current squaring circuit will be: 


Ly Ip _ lin 
I =] — 3.33 
our =lat+ a ae (3.33) 


where /7y is the input current and /z represents the reference current. For simplicity, 
Ig current can be considered to be equal with the other reference current, Jo, that 
biases the differential amplifier, resulting: 


ope (3.34) 


The complete implementation of the current squaring circuit, having the princi- 
ple shown in Fig. 3.8 is presented in Fig. 3.9 [3]. The “Linear DA” block is realized 
using the differential amplifier from Fig. 3.5. 

The squaring circuit presented in Fig. 3.10 [6] is also based on the same 
mathematical principles. 

Noting with Vgs(/) the gate-source voltage of a MOS transistor having the 
drain current equal with /, the differential input voltage can be expressed as 
follows: 


Vi —Va = 2Wes(to) — WVesttoun) = 2/2(Vlo- Vio) 35) 


Vi — V2 = 2VesUour2) — 2Vas(lo) = =2f2(y Tour2 — Vio) (3.36) 
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Fig. 3.10 Squaring circuit (3) based on PR 3.2 
resulting: 
Vi—V2 /K 
Vloun = Vlo — sume ae (3.37) 
2 2 
and: 
Vi—V2 /K 
1 * (3.38) 


Vlour. = Vlo + 5 5 


equivalent with: 


KI K 
lours = 10 — 4 al Va) tea): (3.39) 
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Fig. 3.11 Squaring circuit 
(4) based on PR 3.2 — 
principle circuit Io + Iour2 


= 
Ip 


Io + IouTi 


lout: ¥ Io y Iour2 
lout 
and: 
Tour2 = Io + (ev, V2) +5 (Vi — V2)” (3.40) 


The output current for the structure presented in Fig. 3.10 will be: 


K 2 
four = fount + lour2 — 2lo = 7 (Vi — V2) (3.41) 
Another possible realization of a voltage squaring circuit using the second 
mathematical principle (PR 3.2) is illustrated in Fig. 3.11, while the complete 
implementation of the circuit is shown in Fig. 3.12. The circuit represents a 
complementary approach of the structure presented in Fig. 3.3. The M1 and M2 
transistors from Fig. 3.11 are replaced in Fig. 3.12 [7] by M13 and M14 transistors, 
Vo voltage sources being implemented using the source-gate voltages of M3 and 
M10 transistors. The other devices from Fig. 3.12 are used for mirroring the 
currents in the circuit. As M3, M5, M10, M12 and M15 transistors are identical 
and biased at the same drain current, Jy, their gate-source voltages are equal, so: 


II 
Vo =Vrt a (3.42) 


For the circuit presented in Fig. 3.11, it is possible to write: 


Vi — V2 = Vse2 — Vo (3.43) 
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Fig. 3.12 Squaring circuit (4) based on PR 3.2 — complete implementation 


and: 
Vi —V2 = Vo — Vsai (3.44) 
resulting: 
Vsc1 = Vo — (Vi — V2) (3.45) 
and: 
Vsc2 = Vo + (Vi — V2) (3.46) 


The output current can be expressed as follows: 


K K 
Tour = Tour + lour. — 2lo = + (Vsci — Vr)” 4 5 (Vsc2 Vr) —2Io (3.47) 


2 


So: 


lour => ((Vo Vr) — (V1 v)P +5 (Vo Vr) + (Vi — V2)|? — 2lo 
= K(Vo — Vr)? + K(V — V2)" — 2lo (3.48) 


Replacing (3.42) in (3.48), it results: 


lour = K(V — V2)" (3.49) 
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Fig. 3.13 Squaring circuit (5) based on PR 3.2 


A current squaring circuit based on the same mathematical principle, using a 
translinear loop, is presented in Fig. 3.13 [8]. 

The translinear loop containing M2, M3, M4 and M7 transistors has the following 
characteristic equation: 


Vi = Va = WVeaslIo) —2V esl ) = 24/2 (Vio - Nie ) (3.50) 


resulting: 


K KI 
Jour =lo + 3 (V1 V2)" — 4/ male V>) (3.51) 


Similarly, analyzing the translinear loop containing M1, M5, M6 and M8 
transistors, it results: 


KI 
Tour2 =lo +3 § a V2) +4/ a Use V2) (3.52) 


The output current of the circuit presented in Fig. 3.13 will have the following 
expression: 


K 
Tour = Iouri + Lour2 — 210 = 4 (Vi — V2)? (3.53) 


200 3 Squaring Circuits 


210 lout 
_—* — 
IouT1¥ ylo Ip Y lout2 
al 2o¥ 
Vio, IMS Mei | | a MBq. 9V, 


lout = 7 Iout2t]o 
LI min 


b b 


Io¥ Y Io 


| |,M M2, l [M3 M4 || 


tf 2Io 


Fig. 3.14 Squaring circuit (6) based on PR 3.2 


A realization of a voltage squaring circuit using the computation of the input 
potentials arithmetical mean is presented in Fig. 3.14. 

As M1-M4 transistors implement an arithmetical mean circuit, the expression of 
V potential will be: 


—VitVe 


a 2 


(3.54) 


For M5—M6 differential amplifier, the differential input voltage can be expressed 
as follows: 


2 
Vie Va Vis- Van =i (Jama) (3.55) 


Replacing (3.54) in (3.55), it results: 


KI K 
Iourt =1o +4] 5M Vata ver (3.56) 
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Fig. 3.15 Squaring circuit (7) based on PR 3.2 


Similarly, for M7—M8 differential amplifier, it can be obtained: 


KI, K 
Tour: = 10 — \/ ale Va) tM V2)? (3.57) 


The output current of the squaring circuit presented in Fig. 3.14 will be: 


K 2 
Tour = Iouri + Lour2 — 210 = Z (Vi — V2) (3.58) 


A voltage squaring circuit containing two differential amplifiers is presented in 
Fig. 3.15 [9]. 

For M1—M2? differential amplifier, the differential input voltage can be expressed 
as follows: 


2 
Vi-Va = of 2 (Vion a) (3.59) 
resulting: 


K 
Tours = To + V/2Klo(Vi — V2) +35 (Vi — V2)? (3.60) 


Similarly, for M3—M4 differential amplifier, the expression of /2 current will be: 


K 
Tour, = lo — \/2KIo(V1 — V2) +5 (Vi - V2)? (3.61) 
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Fig. 3.16 Squaring circuit (8) based on PR 3.2 


The output current of the squaring circuit presented in Fig. 3.15 is: 
Tour = Tour: + lour2 — 2lo = K(V1 — V2)" (3.62) 
The circuit presented in Fig. 3.16 [5] is used for obtaining the squaring of a 
differential input voltage, Viv. 


The difference between the gate-source voltages of M1 and M3 transistors can 
be expressed as follows: 


Ves: — Ves3 = (Ve + Vin) — Ve (3.63) 


For a biasing in saturation of all MOS transistors from Fig. 3.16, it results: 


2 
Vin = V2(v Tour: — V/ io) (3.64) 
So, the expression of /gy7; current will be: 
Kp 
Tour: =Io + 3 Vin + V/2KIo Vin (3.65) 


Similarly, computing the difference between the gate-source voltages of M2—M3 
transistors, it results: 


K 
Tour2 = lo + Vin — V 2Klo Vin (3.66) 
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Fig. 3.17 Squaring circuit (9) based on PR 3.2 


The output current for the circuit presented in Fig. 3.16 is: 


Tour =Iour1 + lour2 — 2lo = KViy (3.67) 


The circuit presented in Fig. 3.17 [10] implements the squaring function using 
PR 3.2. 

The current sources and the circuit’s connections impose the following relation 
between the currents from the circuit: 


Ip3 + Ip6 = Ipa + Ip7 = Ip3 + Ipa = 210 (3.68) 


resulting Ip6 = [p4 and Ip7 = Ip3. The translinear loops containing M1, M5, M6 
and M2, M7, M8 transistors have the following characteristic equations: 


Vos: — Vc = Vass — Vase (3.69) 
and: 
Ves. — Vc = Vass — Vesr (3.70) 
resulting: 
Ve + yf 20 — ve = J2(vin ips) G71) 
and: 


21 2 
V+ Vo = 2(Vio Vos) (3.72) 
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The Jour and /gyr2 output currents can be expressed as follows: 


2 
lourt = ne (Vis - Vips) + (Ve= vn] (3.73) 
and: 
K 2 
lour = 5 2 ise Vos) + (Ve~Vr ] (3.74) 
or: 


Tour: = (Vibes = VIps) ; + V2K (V/Ios = Vins) (Vc—Vr) +5(Ve = Vr) (3.75) 


and: 


ToutT2 = (Vis Vios) + V2K (Vio — Vos) (Ve —Vr) + 5(Ve- Ve)? (3.76) 


The differential input voltage of the circuit is equal with the difference between 
two source-gate voltages: 


2 
V, — V2 = Vscg3 — Vsca = ee Ip3 — Vip) (3.77) 


From (3.75), (3.76) and (3.77), the expressions of the output currents become: 


K K 
foun = 5 (Vi — V2)? + K(V — V2) (Ve — Vr) a We —Vr) (3.78) 


and: 


K K 
four = 5 (Vi — V2)" — K(V — V2) (Ve — Vr) + 7 We —Vr) (3.79) 


As Vc voltage is equal with the gate-source voltage of M9 transistor, which is 
biased at the constant current, Jc, the previous relations become: 


(Vis Wey $4 Rie — Va) ie (3.80) 


K 
Tour: = > 


3.2 Analysis and Design of Squaring Circuits 205 


Fig. 3.18 Squaring circuit ‘ o Vpp 
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. -Vpp 
and: 
K 2 
Tour2 = z (Vi — V2)° — V/2KIc(Vi — V2) + Ic (3.81) 
The sum of the output currents will be: 
Jour + tours = K(Vi — V2)" + 2lc (3.82) 


So, the output current of the circuit presented in Fig. 3.17 will be proportional 
with the square of the differential input voltage: 


lour = Tours + louvre — 2c = K(V1 — V2)" (3.83) 


A simple realization of a voltage squaring circuit exploits the second mathemat- 
ical principle, being based on a differential amplifier having the sources of 
transistors connected to a potential fixed by a constant current. The realization of 
the circuit is presented in Fig. 3.18 [11]. The “M” block represents a circuit that 
computes the arithmetical mean of V; and V2 input potentials. A possible imple- 
mentation of this block is presented in Fig. 3.19 [11]. The FGMOS transistor is 
functionally equivalent with the “M” block and M3 transistor 

The output currents of the differential amplifier can be expressed as follows: 


(Vi —V—Vr) (3.84) 


K 
Tour, = ai 
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Fig. 3.19 Squaring circuit : o Vpp 
(11) based on PR 3.2 | 
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and: 


K 
loure = 5 (V2 —V — Vr)? (3.85) 


while V potential is imposed by V, and V2 potentials and by M3 transistor, biased at 
a constant drain current, Jo: 


_ Vi,+V2 2lo 
5 Vr K (3.86) 


s(4% 


2 
Ilo = 
0=5 5 V vr) V 


The expressions of the differential amplifier output currents becomes: 


2 
_K[Vi-V2 2Io 
Tour = 5) ( 5) + K (3.87) 
and: 
K Vy, -V 21 : 
1 V2 (a) 

I — : 
OUT. = 5 ( 5 K (3.88) 


The sum of the output currents will contain a term proportional with the square 
of the differential input voltage: 


K 2 
Tour: + Lour2 = 210 + Z (Vi — V2) (3.89) 
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Fig. 3.20 Squaring circuit (12) based on PR 3.2 


The output current of the entire circuit from Fig. 3.19 will be proportional with 
(Vi — V2)": 


K 
Tour = Iouri + Lour2 — 210 = aM V2) (3.90) 


The voltage squarer presented in Fig. 3.20 [12, 13] is based on the second 
mathematical principle and uses a symmetrical structure, M1—M2. 

The output current expression has a linear dependence on the drain currents of 
M1, M2 and M3 transistors: 


lour =H +h-kl (3.91) 


Considering a biasing in saturation of all MOS devices from Fig. 3.20, the 
previous currents will have the following expressions: 


K 

h= ruse aay (3.92) 
K 

h= 3 (Var —V=vry (3.93) 
2K 

1 =—(-V-Vr)? (3.94) 


2 
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Fig. 3.21 Squaring circuit (13) based on PR 3.2 


Because M4 and MS transistors are identical and biased at the same drain 
current, their gate-source voltages will be equal, so V; — Viz = Vo, resulting: 


Vio = Vi — V2 (3.95) 
Similarly: 
Vo. = V2 - Vy (3.96) 


From (3.91) — (3.96), the output current can be expressed as: 


four =F [(Vi ~ V2) — (V+ Vn) +5 [V2 — Vi) = V+ VDP 


— Ev + vr)? = 5 (Wi — va)l(Vi — V2) ~ 2(V + Vo) 
+52 —V1)[(V2 -— V1) — 2(V + Vr)] = K(V. — V2)? (3.97) 


An alternate implementation [14] of the voltage squaring circuit uses F@MOS 
transistors for extending the range of the minimal supply voltage (Fig. 3.21). The 
ground potential is replaced, in this case, with — Vpp. All FGMOS transistors are 
identical and they have different weights of their inputs, kg and k. 

The drain currents of M4 and M5 transistors are equal, so: 


K (koVpp + kV; ® KB fiaVotivs 
Vio —Vr 5 


2 
= Vir=V 3.98 
a k+ko Rigg ") G28) 
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resulting: 


K(Vy — V2) kVpp + koVo 
Vo = 3.99 
BS Fe Be k+ko en 


Similarly: 


KV, = V2) kVpp + KkoVo 


Y: = 
ae k+ko k+ko 


(3.100) 


equivalent with a voltage shifting with (kVpp + koVo)/(k + ko) of the differential 
V, — V2 input voltage. In order to cancel out this shifting, the Vo biasing voltage, 
must be chosen to have the following expression: 


k 
Vo= —;, pp (3.101) 
o) 
resulting, in this hypothesis: 
k(V1 — V2) 
Vip = ———— 3.102 
12 bee ( ) 
and: 
k(V1 — V2) 
= wl 
Vo oe (3.103) 


K 2 
Tour =, +h Ie= Wie V—Vr) 


K 2K 
+5 (Vai V=Ve) 5 (=V=Vr)y" (3.104) 
equivalent with: 
K [k(Vi — V2) 4 
lour = oy, 
poem) | k+ko Pie 
KK) MVi—Vs) os OK 2 
v= Sa Vi 3.105 
+ 5) | kiko T| + 5) ( T) ( ) 
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Fig. 3.22 Squaring circuit (14) based on PR 3.2 
So: 
K k(V; — V2) [K(V1 — V2) 
I = 2 2 
3. bak k+ko nee Bees 
K k(Vi — V2) [_ k(Vi — Va) nV — 2. 
2 Fae k+ko a 
resulting: 
Kk? 2 
Tour = ——_3 (V1 — V2) (3.107) 
(k + ko)? 


The circuit presented in Fig. 3.22 [15] also represents a voltage squaring circuit 
based on PR 3.2. 

The circuit connections and the current mirrors from the circuit impose zero 
values for J and /” currents. Thus, because M3 and M7 transistors are identical and 
they are biased at the same drain current, their gate-source voltages will be equal, so 
V = —Vc — Vpp and, similarly, V' = —Vce — Vpp. The output differential current 
of the voltage squaring circuit can be expressed as follows: 


Tour: — Lour2 = Ip1 + In6 — In3 — Ia (3.108) 
resulting: 
K K 
Tour: — Tour2 = 5 (M1 V—Vr) 4 om Vi=V =Vry 
2K K 

cr eee = (Vi + Ve +Vpp — Vr) 

K 2K 
a Wii Vet Vera) ; (Vet Vane Ver (3.109) 
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Fig. 3.23 Squaring circuit (15) based on PR 3.2 


resulting: 


K 
Tour: — lour2 = 5 Vi(Vi + 2Vc + 2Vpp — 2Vr) 
K 
—FVi(-Vi + 2Ve + WVpp ~ 2Vr) = KV} (3.110) 


So, the output differential current will be proportional with the square of the 
input voltage. 

The circuit presented in Fig. 3.23 [16] computes an output current proportional 
with the square of the input voltage. 

The output current can be expressed as follows: 


K 
Tour = I[p3 + Ipa — Ip1 — Ip2 = 25 (Vp —Vo- Vr) 


K 
(Vpp — Vo + V1 — Vr)? (3.111) 


K 
(Von — Vo - Vi Vr)? > 


2 


resulting: 


K 
four = 51 (Vop — 2Vo — 2Vr — V1) 
K 
= = Vi(Vpp —2Vo — 2Vr + Vi) = —KV? (3.112) 
A voltage squaring circuit can be obtained using the circuit presented in 
Fig. 3.24 [17]. 


As M1 and M2 transistors are biased at Jg drain currents, V4 and Vz potentials 
can be expressed as follows: 


Va =V2—Vr (3.113) 
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Fig. 3.24 Squaring circuit (16) based on PR 3.2 


and: 


21 
Ve=Vi-Vr- ize (3.114) 


The expressions of Jgy7; and Ioyr2 currents will be: 


K 
Tour: = Fue — V4 — Vr)? (3.115) 
and: 
K 
Tour2 = a (V4 — Vg —Vr) (3.116) 


Replacing (3.113) and (3.114) in (3.115) and (3.116), it results: 


2 
K 21 
Tour = 5 (\ Vo4 : (3.117) 


K 
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and: 


2 
K 21 
loun = 5 (« -Vi+ 2) (3.118) 


The input potentials are chosen to have both common-mode and differential- 
mode components: 


Vi =Ve—-Va (3.119) 

V2 =Vet+Va (3.120) 

V3 =Vet+Vi (3.121) 
and: 

V4 = Ve —Vi2 (3.122) 


resulting that the output current of the circuit presented in Fig. 3.24 will have the 
following expression: 


2 
K II 
Tour = Tour: + Tour2 — 20 = 5 (v: Vos Pe) 


2 
K 21 
+ (\ Vio 4 ) 2Io = K(Via — Vin)” (3.123) 


s) 


A voltage squaring circuit using FGMOS transistors is presented in Fig. 3.25 [18]. 
Considering that FGMOS transistors from Fig. 3.25 have different inputs, as it is 
shown in the figure, the expressions of their drain currents will be: 


K (Vi +V, 

lourt = 5 ( : a V vr) (3.124) 
K (V2 + Veor2 

Tour2 = 5 ( 5 V vr) (3.125) 


and: 


lo (3.126) 


K (V, + V2 + 2Vpor3 
=a 4 ke: 
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Fig. 3.25 Squaring circuit (17) based on PR 3.2 


Replacing in (3.124) and (3.125) the expression of V potential from (3.126), it results: 


2 
K [Vi — V2 + 2Vpon1 — 2Veo13 2Io0 
I = t 12 
ouTl = 5 ( 4 KR (3.127) 
and: 
K{[V. V 2V, 2V. 21 : 
lou =5 ( aaa we 2) (3.128) 


Designing a symmetrical structure (Vp9,1 = Vpozz), the output current will have 
the following expression: 


Tour = four: + Lour2 — Im 


2 
_—K)(Vi-V2)\ | (Veori—Vero _ . /2lo 
~ 2 4 2 ‘VK 
2 
_K Vi —V2 Veott — Vror3 2lo0 
=) ( 7 ) + ( 5) + K Iu (3.129) 


resulting: 


2 
K Ven V II 
lom =F Vi V2)" «( os 5 ce ) hy (3.130) 
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Fig. 3.26 Squaring circuit 


Vv 
(1) based on PR 3.3 ‘ie at DD 


| ti 
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Vi K py 2K K Vo 
L 7 uf 


For obtaining an output current proportional with the square of the differential 
input voltage, J current must have the following expression: 


2 
Veoxi — Vror3 2I0 
Iy = | : 
M «( 5 XK (3.131) 
In this case, it results: 
K 
lour = 7g(Vi - V2)" (3.132) 


3.2.1.3. Squaring Circuits Based on the Third Mathematical 
Principle (PR 3.3) 


An alternate implementation of a voltage squaring circuit using a FGMOS transis- 
tor is presented in Fig. 3.26 [47]. 

The output current expression has a linear dependence on the drain currents of 
M1, M2 and M3 transistors: 


Tour = +h -k (3.133) 
Considering a biasing in saturation of all MOS devices from Fig. 3.26, Iour 


current will have the following dependence on the differential input voltage 
Vi = V2: 


K 
Tour = > (Vi — Vr)? + 


K 2K : 
Fe: Vey (aS vr) (3.134) 
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Fig. 3.27 Squaring circuit (2) based on PR 3.3 


resulting: 
K 
Tour = 4 —V,) (3.135) 


Another possible implementation of a voltage squarer circuit using FGMOS 
transistors is based on the perfect symmetrical structure presented in Fig. 3.27 [19, 20]. 

The output current expression has a linear dependence on the drain currents of 
M1, M2 and M3 transistors: 


Tour =Nt+h-k (3.136) 


For a biasing in saturation of all MOS devices from Fig. 3.27, the previous 
currents will have the following expressions: 


K 

hav Vr) (3.137) 
K 

b=, Va v= Vr)’ (3.138) 
2K : 

B=5 (4 = Yay vr) (3.139) 


From the previous relations, it results a quadratic dependence of the [gyr output 
current on the differential input voltage, V; — V2: 


(Wwaevwr (3.140) 


K 
Tour = Z 
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Fig. 3.28 Squaring circuit (3) based on PR 3.3 


The realization of the voltage squaring circuit presented in Fig. 3.28 [21] uses the 
arithmetical mean of the input potentials, computed by M1—M4 transistors. 

Because [p; + Ip2 = Ip2 + Ip3 = I[p3 + Ipa = Io, it results that Ip; = Ip3 and 
Ip2 = Ip4. So, as M1—M4 transistors are identical, it is possible to conclude that 
Vse1 = Vsg3 and Vsgz = Vsga4. So: 


V —V = Vsa1 — Vsc2 = Vsa3 — Vsca = V2 — V (3.141) 
resulting: 
Y,4+V. 
V= 1 (3.142) 


The output current of the voltage squaring circuit will be linearly dependent on 
the drain currents of M5—M7 transistors: 


Tour =15 +16 —lh (3.143) 
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Fig. 3.29 Squaring circuit (4) based on PR 3.3 


The expression of the output current will be: 


K K 2K (Vit V: ? 
lour = 5 (Vi - Vr)" 4 Te: Vr) ( = vr) (3.144) 
In conclusion: 
K 
Tour = q™ =) (3.145) 


The squaring circuit presented in Fig. 3.29 [22] is also based on the computation of 
the arithmetical mean of input potentials using four MOS transistors (M1—M4). So: 


v= tyatn (3.146) 


The gate-source voltages of M5 and M6 transistors are equal, as they are 
identical and biased at the same drain current, so: 


_VitVop 


Vu 5 (3.147) 
and, similarly: 
V2.+ V, 
Goo (3.148) 
2 
resulting: 
Vi + V2 + 2V, 
ya tT er evo (3.149) 


4 
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The output differential current will have the following expression: 


2K 
Tour = Ip9 — Ips — I1p7 = —(Vpop — V Vr) 


2 
K K 
5 eR) = We eae (3.150) 
So: 
OK iV = Vim Va 7 
Pi — 
our = ( ri vr) 
2 2 
K Vpop — Vi K Vpp — V2 
= ( ; vr) = ( ; vr) (3.151) 


equivalent with: 


K V; — V2 (4Vpp — 3V, — V2 
I = 2V: 
OUT 5) 4 ( 4 ") 
K Vi — V2 (4Vpp — 3V2 — Vi 
2 .152 
2 4 ( 4 vr) ts) 


It results that the output current of the circuit is proportional with the square of 
the differential input voltage: 


K 
Tour = ~ 76M Vey (3.153) 


3.2.1.4 Squaring Circuits Based on Different Mathematical 
Principles (PR 3. Da) 


For the squaring circuit presented in Fig. 3.30 [23], the differential input voltage of 
the circuit can be expressed as follows: 


2, 
Vi — V2 = Ves — Vas2 = evn — Vh) (3.154) 


It results: 


K 
hth =Whh+5(Vi- V2)? (3.155) 


220 3 Squaring Circuits 


+ , ; + ; + + T © Vpp 
Th ay ¢ : 
GH Ae ty 
oe 2 os | 
ViothM! ML ov, by bf ph fle F : : 
i M4 | : 
I, M8 lour 
wit | “| —— 
Veias._|[,M5 M64] [M7 [i,m M10, fae 
4 Vv 4 4 4 Vw Ww 


Fig. 3.30 Squaring circuit (1) based on PR 3.Da 


The translinear loop containing M3, M4, M8 and M9 transistors has the follow- 
ing characteristic equation: 


Vos3 + Vesa = Voss + Veso (3.156) 


equivalent with: 


Vi + Vh=Vh +h + Ip (3.157) 
It was considered that (W/L), = (W/L), = 4(W/L), = 4(W/L),. So: 
Ip = 2VNih (3.158) 


The output current of the circuit can be expressed as follows: 
K 2 
Tour =I alg te (VA — V2) (3.159) 


The squaring circuit presented in Fig. 3.31 is realized using a parallel connection 
of two differential amplifiers, M1I-—M3 and M2-M4, their differential output 
currents being expressed as follows: 


K K 
rf Bs Vx Vr) ae Vx Vr)? 


K 
2, 


(Vi= V5) (Vit Ve = 29 = 2177) (3.160) 
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Fig. 3.31 Squaring circuit (2) based on PR 3.Da 
and: 

K K 

h-h=ZW.—Ve Vr) eens Vr)" 
K 
=y Va VM + V2 —2Vy — 2Vr) (3.161) 


resulting that the output current of the differential amplifier presented in Fig. 3.31 
will have the following expression: 


K 
Tour = (hi — Is) + (hb — 4) = ; (V; — V2)(2Vy — 2Vx) 
= K(V, — V2)(Vy — Vx) (3.162) 


Between the currents from the circuit it exists the following linear relations: 


I, +15 =Io (3.163) 

Ih+I6 =Io (3.164) 
and: 

Is +16 =Io (3.165) 


resulting J; = I¢ and Jy = Is. So: 


V, — Vy = Vs — Vy (3.166) 
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Fig. 3.32 Asymmetrical 
differential structure I Y Y I, 
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and: 

Vy — Vy = Vs — Vx (3.167) 
equivalent with: 

Vy —Vy = Vi — Vs (3.168) 

and: 
Vy — Vy = Vs — V2 (3.169) 

So: 
Y,4+V; 
a: (3.170) 
; 
and: 
VYi4+ VY. VY, -—V. 

Vx -Vy=V es oo = (3.171) 


2 2 


Replacing (3.171) in (3.162), the output current will be proportional with the 
square of the differential input voltage: 


K 2 
Tour = ue — V2) (3.172) 


A method for designing a voltage squaring circuit is based on a differential 
amplifier (Fig. 3.32) [24, 25] having a controllable asymmetry between the 
geometries of two composing transistors. This difference between the aspect ratios 
of MOS transistors will introduce in the output currents of the differential amplifier 
a term proportional with the squaring of the differential input voltage. 
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Noting with V = V; — V2 the differential input voltage, it can be expressed as 
follows: 


2I yee =f) 
V =Voes — Vos2 = 3.173 
GSI GS2 i aK ( ) 


resulting: 


Io -lh ido —) 


n 


K 
i V=rt+ 2 (3.174) 


The expression of the 7; unknown current can be obtained solving the following 
second-order equation, derived from (3.174): 


=i\ a —~1/Io KV2\ 4I Io KV2\? 
al( ee Se 
n n n n 2 n n 2 


(3.175) 
So: 
I -1 
(att ) KV? ume > V2Klo(n+1)—K?nV?2_ (3.176) 
n+l n+) (n+ 1) 
and: 
nlo n(n—-1) 
h=I9p-l= 2KIo(n+1)—K?2nV2 (3.177 
SoS Ant ip ara o( = ( ) 


The complete realization of a voltage squaring circuit uses a cross-coupling of 
two differential amplifiers having controllable asymmetries between their 
geometries, MI—M2 and M3-M4 (Fig. 3.33) [24, 25]. 

Using (3.176) and (3.177), it results: 


nlo nin—1) 
n+l 2(n+1)* 
no n(n 


Tour’ = Ip2 + Ipa = 


mace KIo(n + 1) — K?nV? 4 Y) KV? 


“orn n+1 (n+ 1) 
2nlo  n(n—1) 
aa 2KIg(n + 1) — K2nV2 = KV? 3.178 
ao i Gane (3.178) 
So: 
ep ge (3.179) 
our = OUT = om 1? : 


224 3 Squaring Circuits 


Vii I 
our 4 2nlo/(n+1) 


lour : 
M3 M4 
= : bik i Ne 
7 


O 


WY 


Fig. 3.33 Squaring circuit (3) based on PR 3.Da 
3.2.2 Design of Current Squaring Circuits 


The current squaring circuits are grouped in five classes, corresponding to the last 
five mathematical principles (PR 3.5 — PR 3.Db). 


3.2.2.1 Squaring Circuits Based on the Fifth Mathematical 
Principle (PR 3.5) 


A realization of a current squaring circuit using the fifth mathematical principle is 

presented in Fig. 3.34 [26]. The equation on the translinear loop containing M1—M4 
transistors can be written as: 

Vasi + Ves2 = Vas3 + Vesa (3.180) 

Because M1 and M2 transistors are biased at Jg drain current, M3 — at I + [jy 


current, while M4 is working at J — Jj, drain current, for a biasing in saturation of 
all MOS transistors from the circuit, the previous relation becomes: 


/2Io _ 2 + In) 2 — Ii) 
a(vr+ 72) = (ve 1) + (+ 1) (3.181) 


So, 2V/lo = VI + ly + VI — Inn, resulting: 


Alo = 21 +24/2 — By (3.182) 
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Fig. 3.34 Squaring circuit (1) based on PR 3.5 
equivalent with: 
4,+P —Alol =P - fi, (3.183) 
The / current can be expressed as follows: 
T=Io+ ly (3.184) 
Tet Age 


The output current linearly depends on the currents from the circuit as follows: 


P. 
Tour = 41 — 4g = 1% (3.185) 
Io 


An alternative implementation of a current squaring circuit using the same 
principle is presented in Fig. 3.35. 

The translinear loop containing M1—M4 transistors has the following character- 
istic equation: 


Vos1 + Vesa = Ves2 + Ves3 (3.186) 


resulting: 


2Vlo = Vlo1 + Vin + Loi (3.187) 
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Fig. 3.35 Squaring circuit 
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equivalent with the following dependence of J9; current on the /;y input current and 
on the reference current, Jo: 


Tot =o — tit 4 fi 
a =lo-3 + F6F (3.188) 


The entire implementation in CMOS technology of the previous current squaring 
circuit is presented in Fig. 3.36. 
Designing a linear relation between the currents from the previous circuit: 


Tour = 16l0, — 160 + 8lin (3.189) 


it results that the output current will be proportional with the square of the input current: 


2 


I 
lour = i (3.190) 
O 


The circuit presented in Fig. 3.37 [27, 28] implements the current squaring 
function. The core of the circuit is represented by the translinear loop realized 
using M1—M4 transistors. The characteristic equation of the loop is: 


Vos1 + Ves2 = Ves3 + Vesa (3.191) 
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Fig. 3.36 Squaring circuit (3) based on PR 3.5 
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Fig. 3.37 Squaring circuit (4) based on PR 3.5 


resulting: 


[2Io\ _ _. [2lbs _ . /2Ups — tin) 
a(vrs 72) =Vr4 K Vr K (3.192) 


equivalent with: 


2Vlo = V/Ips + Ips — lin (3.193) 
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Fig. 3.38 Squaring circuit (5) based on PR 3.5 


Squaring the previous relation, it results: 
Alo = 2Ips — Tin + 2\/ Ips (Ips — In) (3.194) 


After computations, it can be obtained: 


In =i ls ti (3.195) 
%  16lp 


The output current can be expressed as follows: 


Tin _ liv 
2 i6lp 


Tour = Ins — To (3.196) 


A current squaring circuit dependent on technological parameters is presented in 
Fig. 3.38 [29]. 
For the left part of the circuit, it can write that: 


Vo = Vas + Ves2 (3.197) 


or: 


Vo = (vs 7) (vs oe) (3.198) 
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resulting: 
VI+ VI - Iw = five — 2Vr) (3.199) 
So: 
21 — Ty +2,/11 — Ivy) =A (3.200) 
where: 
A= 5 (Vc =a (3.201) 
It results: 
pay tin, lw (3.202) 
4 4A 2 


The /Joy7; current will have the following expression: 
Ade 
I =2-In =-+% 3.203 
OUTI IN=5 + A ( ) 


The expression of /gyr2 current can be obtained from (3.177) for Ij, = 0, so: 
Tour. = A/2 (3.204) 
In conclusion, the differential output current can be expressed as follows: 


2 


I 
Tour: — lour2 = A (3.205) 


The disadvantage of this implementation of the current squarer consists in the 
dependence of the output current on technological parameters. In order to avoid this 
inconvenient, the Vc voltage can be generated using two gate-source voltages of 
MOS transistors, biased at a reference current Jo. In this particular case, Vc voltage 
will have the following expression: 


Vco= (ve 72) (3.206) 


resulting the particular expression of A: 


A=Alo (3.207) 


230 3 Squaring Circuits 


loY Iour + in + | lour 
+ Io 


Iour + IY Io 


MS (| [, Ml M4 | |__| Mo 


Fig. 3.39 Squaring circuit (6) based on PR 3.5 


So: 
Tour = 2 (3.208) 
O 


The current squarer presented in Fig. 3.39 [30] uses a translinear loop for 
implementing the relation between the currents from the circuit. The characteristic 
equation of the loop is: 


Vsa2 + Vesa = Vesi + Vso3 (3.209) 


As M2 and M4 transistors are biased at Jo drain current, M1 is working at 
Tour’ + [iy current, while M3 — at Igyr' current, the previous relation becomes: 


2Vlo = Vlour’ + Vlour' + Lin (3.210) 
resulting: 
Alo = 2lour! + ly + 2y/lour'(lour' + lw) (3.211) 
So: 
Iy . OF, 
Tour’ =Io - > + 3212 
our =!o ~~, + 16lo ( ) 


It is possible to implement the following linear relation between currents from 
the circuit, resulting: 


Tin _ tn 
2” 16lo 


Tour = Tour’ — lo + (3.213) 
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Fig. 3.40 Squaring circuit 
(7) based on PR 3.5 ie y Ip3 
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The circuit presented in Fig. 3.40 [31] represents a class AB amplifier. 
The relation between the gate-source voltages from the translinear loop is: 


Vesi + Vse2 = Ves3 + Vsca (3.214) 
For a biasing in saturation of all MOS transistors, because M1 and M72 transistors 


are working at Jj current, M3 transistor — at [p3 current, while M4 — at Ip3 + Ipy, it 
can be obtained: 


2Vlo = VIp3 + V/Ip3 + Lin (3.215) 


Squaring the previous relation, it results: 


Alo = 2Ip3 + Tin + 2-WIp3(Ip3 + In) (3.216) 


So: 


I P, 
pede 7 i6lo 


(3.217) 
The principle of operation of the circuit from Fig. 3.40 can be easily extended for 
realizing the squaring function (Fig. 3.41) [31]. 
For this circuit, the expression of ps current can be obtained replacing [jy with 
— [jy in the expression (3.217) of [p3 current: 


Ins =Io yim, Iv (3.218) 
a 06is 
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Fig. 3.41 Squaring circuit (8) based on PR 3.5 
The output current of the squaring circuit is linearly dependent on the currents 
from the circuit: 


li 
8lo 


Tour =1p3 + Ips — 20 = (3.219) 


The squaring circuit presented in Fig. 3.42 [32] uses a translinear loop 
implemented with M1—M4 transistors. 
The characteristic equation of the translinear loop is: 


Vso3 + Vsea = Vsai + Vse2 (3.220) 


Considering a biasing in saturation of all identical MOS transistors from 
Fig. 3.42, it results: 


2Vlo = Via + Vip = V1a + V/lin +1 (3.221) 
Squaring the previous relation, the expression of /4 current will be: 


P. 
I, =Io -—+—* 3.222 
A=lo~> + Ter, ( ) 
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Fig. 3.42 Squaring circuit (9) based on PR 3.5 


The output current of the circuit presented in Fig. 3.42 can be expressed as follows: 
Tour = Ini3 + Ip14 — Inia = (Ia +o) + Ua + Io + lin) — Alo (3.223) 


resulting: 
Iour = (3.224) 
O 


The squaring circuit presented in Fig. 3.43 [33] uses a translinear loop 
implemented with M1—M4 transistors. 
The characteristic equation of the translinear loop is: 


Vas3 + Vsca = Vesi + Vse2 (3.225) 


For a biasing in saturation of all identical MOS transistors from Fig. 3.43, it 
results: 


2Vlo = Vlour + Lin + Vlour — Li (3.226) 
The output current of the circuit presented in Fig. 3.43 can be expressed as follows: 


2 


I 
Tour =Io + —& 22 
out =lo + Ao (3.227) 
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Fig. 3.43 Squaring circuit o Vpp 
(10) based on PR 3.5 


Fig. 3.44 Squaring circuit (11) based on PR 3.5 


The squaring circuit presented in Fig. 3.44 [34] contains a translinear loop realized 
using M1, M2, M3 and MS transistors, having the following characteristic equation: 


Vsai + Vsc2 = Vsa3 + Vses (3.228) 


Considering a biasing in saturation of all MOS transistors from Fig. 3.44, it can be 
obtained: 


2J/lo = VI + /1- Ii (3.229) 
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Fig. 3.45 Squaring circuit (12) based on PR 3.5 


resulting: 


mi >| ol it 7 
ee ee pil 2:1 R ie 
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(3.230) 


The output current of the circuit presented in Fig. 3.44 will have the following 


expression: 


P. 
lour = [I + UI — fw) — 210] = Blo 


(3.231) 


Another squaring circuit based on the same mathematical principle is presented 


in Fig. 3.45 [35]. 


The characteristic equation of the translinear loop including M1—M4 transistors is: 


Vsa1 + Vse2 = Vsa3 + Vsea 


resulting: 


2VIp1 = V1p3 + Vida 


equivalent with: 


2J/lo = Vlour + lin + Vlour — bin 


The expression of the output current will be: 


Tn 
lour = 19 + & 
OUT O Alo 


(3.232) 


(3.233) 


(3.234) 


(3.235) 
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Fig. 3.46 Squaring circuit (13) based on PR 3.5 


A current squaring circuit based on the fifth mathematical principle is presented 
in Fig. 3.46 [36]. 
The circuit implements the following relation between the gate-source voltages 
of MOS transistors: 
Vosi + Vsc2 = Vas3 + Vsc4 (3.236) 


Because all MOS transistors are biased in the saturation region, it is possible to 
write that: 


2Vlo = VIp1 + VIo1 + Lin (3.237) 


Thus: 
Ip) = Io —- — + —— (3.238) 


The expression of the output current can be written as: 


Tour = 2p, + lin — 210 (3.239) 
resulting: 
Tiy 
Tour = 3.240 
our = 87, ( ) 


So, the output current is proportional with the square of the input current. 
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Fig. 3.47 Squaring circuit 
(1) based on PR 3.6 
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3.2.2.2. Squaring Circuits Based on the Sixth Mathematical 


Principle (PR 3.6) 


A realization of a current squaring circuit based on a translinear loop with MOS 
transistors biased in weak inversion is presented in Fig. 3.47 [37]. 


For this circuit, it can write that: 


2VGs(lin) = Ves(lour) + Ves(lo) 


where: 


VasUin) =Vr+nVin n( 


Ves(lour) = Vr + Vin n( 


and: 


VesUlo) = Vr + 1nVin n( 


resulting: 


Tin 
"Ivo 


Tour 
¥ Ivo 


To 
“Ipo 


2 In(Ip) = InUour) + In(Io) 


(3.241) 


(3.242) 


(3.243) 


(3.244) 


(3.245) 
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Fig. 3.48 Squaring circuit 
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So, the output current is proportional with the squaring of the input current, Jj: 


2 


I 
Tour = a (3.246) 
7) 


A possible realization of a current squaring circuit (Fig. 3.48) [38, 39, 40, 43] 
uses also MOS transistors biased in weak inversion region. M1 and M2 transistors 
are working at the /jy input current, M3 — at the Jgyr output current, while M4 
transistor is biased at a reference current, Jo. 

Because Vgsi + Ves2 = Ves3 + Vesa and using logarithmical dependencies of 


gate-source voltages on drain currents (similar with relations (3.216) — (3.218)), it 
results: 


I 
Tour = 8 (3.247) 


3.2.2.3. Squaring Circuits Based on the Seventh Mathematical 
Principle (PR 3.7) 


A circuit that computes the squaring function starting from the arithmetical mean of 
input potentials, being based on the seventh mathematical principle is presented in 
Fig. 3.49 [21]. 

Transistors M5—M8 represent the arithmetical mean circuit, resulting: 


_V+V2 


V3 5 


(3.248) 


where V, and V2 potentials are equal with the gate-source voltages of M1 and M4 


transistors, respectively: 
21 
Vi = Vos =Vr +s (3.249) 
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Fig. 3.49 Squaring circuit (1) based on PR 3.7 
and: 
21 

Va = Vass = Vr + yf (3.250) 

resulting: 
1 [2Io /2Ip 
= 251 
V3 =Vr 5 ( K K (3.251) 


Choosing the values of K parameters shown in Fig. 3.49, /3 current will have the 


followin 


g expression: 


I 


_ 4K 
ma) 


(V3 — Vr)? =Ion +h +2Jloh 


(3.252) 
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Fig. 3.50 Squaring circuit (2) based on PR 3.7 


But J3 = 2/9 + Io + In. So: 


= (lo +I)” _ Io tin, iv 


3.953 
Alo 4° 2" Alo as 


The output current of the circuit is linearly dependent on currents /2, Jg and Jj, 
as follows: 


Io lin (ee 
poe 254 
our = = a (3.254) 


so it will be proportional with the squaring of the input current. 
The circuit presented in Fig. 3.50 [41, 42] implements the squaring function, 
being based on the computation of the arithmetical mean of input potentials. 
Because V potential represents the arithmetic mean of Vo and V, potentials 
(fixed by /g and /, currents, respectively), the expression of /> current can be written 
as follows: 


4K 
b= Vor V = Vier (3.255) 


resulting: 


V5 2V 
ir) 4 (Yow se > = vr) (3.256) 


So: 


h=I9+h+2VIoh (3.257) 
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Fig. 3.51 Squaring circuit (3) based on PR 3.7 


Using this square-root function, the desired squaring function can be easily 
obtained by subtracting /jy and 2/9 currents from /, current expression. The full 
implementation in CMOS technology of the squaring function is presented in 
Fig. 3.51 [41, 42]. 

Using NMOS current mirrors, / current is forced to be equal with: 


Ih=1,+]n + 2Io (3.258) 


From the two previous relations it results: 


= (lo + liv)” _lo Iw , Ty 


3.259 
Alo 4°93" 4f5 Ge) 


Because the output current has the following linear dependence on the circuit 
currents (implemented using simple current mirrors): 


Io Tin 
ny ee em 2 
orl (3.260) 


it results an output current proportional with the square of the input current: 


bine (3.261) 


The utilization of a FGMOS transistor usually simplifies the schematic of a 
current squaring circuit using MOS transistors biased in saturation region 
(Fig. 3.52) [43]. 

The expression of the drain current of the FGMOS transistor can be written as: 


_ 4K 
2 


1 1 5 
Ip (; Ves1 + 5 Vos2 vr) (3.262) 
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Fig. 3.52 Squaring circuit (4) based on PR 3.7 


where Vgs; and Vgs2 represent the gate-source voltages of M1 and M2 transistors, 
having the following expressions: 


21 
Vos. = Vr + 4/— (3.263) 


21, 
Vos2 = Vr + 4/ oa (3.264) 


From the previous three relations, it results the dependence of the FGMOS 
transistor drain current on J/g and Jo; currents: 


i) 


Ip = 19 +10, +2V Iolo (3.265) 
Because of the PMOS multiple current mirrors, it can write that: 
Ip = 219 +Jo1 + Tin (3.266) 


So: 


(lo + Lin)” Io In. Ty 


I — = T T 
Alo 4 o” Als 


(3.267) 


Thus, the output current expression will have the following expression: 


Io Iw Ty 
I = fy oe oe = SIN. 2 
i daa a a aaa (3.268) 
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Fig. 3.53 Squaring circuit 
based on PR 3.8 
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3.2.2.4 Squaring Circuits Based on the Eighth Mathematical 
Principle (PR 3.8) 
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A realization of a current squarer using the eight mathematical principle, whose 
performances are dependent on technological parameters is presented in Fig. 3.53 [44]. 
The input current can be expressed as a function of the drain currents of M1 and 


MS transistors: 


K 
Tw = Ips — Ip. = 5) (Vop —V Vr)? 


K K 
= mil -VrP = 5 (Vop —2Vr)(Vop —2V) 


From the previous relation, V potential can be expressed as follows: 


2IiNn 
V=-—|V 
;| TER ee a 
resulting: 
K x Vig = 2p lw ° 
Ip) = —=(V—Vr)? = 
pi = 5 mW =5 | 2 EVio— = 
and: 
K 2 K |\Vpp — 2Vr Tin 
Ips = =(Vpp —-V —Vr)* = 
ps = 3 Vop 1 => | 2 Vn = 


The output current of the squarer is equal with: 


2 
Tin 


K 
Tour = Ip2 + Ip3 = Ip + Ips = 4 (Vpp — 2Vr)° 4 K(Vop — V7)? 


(3.269) 


(3.270) 


(3.271) 


(3.272) 


(3.273) 
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Fig. 3.54 Squaring circuit based on PR 3.9 


Using the notation A = Vpp — 2V7, it results the following expression of the 
output current: 


KA 
lour => +455 (3.274) 


The operation of the circuit is affected by the technological errors introduced by 
the variations of Vr. 


3.2.2.5 Squaring Circuits Based on the Ninth Mathematical 
Principle (PR 3.9) 


Another current squaring circuit based on a square-rooting circuit is presented in 
Fig. 3.54 [45]. 
The characteristic equation of the translinear loop including M1—M4 transistors is: 


Vsai + Vsa2 = Vsa3 + Vsca (3.275) 


resulting: 


1 
Vint + Vip = 5 (V/los + Vis) (3.276) 
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Fig. 3.55 Squaring circuit based on PR 3.Db 


equivalent with: 


Vlour + Vlo = Vlour + 1o + Lin (3.277) 
Tin = 2\/Ioloutr (3.278) 


The expression of the output current will be: 


P. 
I =. 3.279 
our = 47, ( ) 


3.2.2.6 Squaring Circuits Based on Different Mathematical 
Principles (PR 3. Db) 


The current squaring circuit presented in Fig. 3.55 [46] contains similar blocks, the 
left part of the circuit being characterized by the following relation: 


In-= ty = Ip = 4/819 (Vi = Va) (3.280) 


while the right part of the structure having a squaring dependence of the output 
current on the differential input voltage: 


Tour = hh! +b! — 2lo = K(V1 — V2)? (3.281) 
So: 


2 
Tin 


4 3.282 
Blo ( ) 


Tour = 
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3.3. Conclusions 


Chapter is dedicated to the analysis of CMOS squaring circuits, a very important 
class of analog signal processing structures with many applications in VLSI 
designs. Both current-input and voltage-input variable computational structures 
were described starting from the mathematical principles they are based on and 
continuing with their complete implementation in CMOS technology. The biasing 
in saturation region of most MOS active devices represents the functional basis for 
improving the frequency response of the presented squaring circuits. 
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Chapter 4 
Square-Root Circuits 


4.1 Mathematical Analysis for Synthesis of Square-Root 
Circuits 


An important class of VLSI computational structures is represented by the square- 
root circuits. Usually implemented using a translinear loop, they exploit the squar- 
ing characteristic of MOS transistors biased in saturation region. The square-root 
circuits find a lot of applications in analog signal processing, such as square-root 
domain filters, Euclidean distance circuits, vector summation structures or real time 
image processing circuits. The presented design techniques are based on five 
different elementary mathematical principles, each of them being illustrated by 
concrete implementations in CMOS technology of their functional relations. 


4.1.1 First Mathematical Principle (PR 4.1) 


The first mathematical principle used for implementing square-rooting circuits 
[1-17] is based on the following relation: 


2 
lour = (Vi + Vb) — hh — hh = 2Whb (4.1) 


4.1.2 Second Mathematical Principle (PR 4.2) 


The mathematical relation that models this principle is 


2 
Vi +h + dour = Vii + Vh = lour ==Vhh (4.2) 


a 
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4.1.3 Third Mathematical Principle (PR 4.3) 


The third mathematical principle is used for obtaining a differential output current 
proportional with the difference between the square-root of the input currents: 


Tour — Lour2 = a(Wh — Vh) (4.3) 


4.1.4 Fourth Mathematical Principle (PR 4.4) 


The fourth mathematical principle used for implementing square-rooting circuits is 
based on the following relation: 


I I 
0/1, =alip-baly— a ee / eer cee ae SIoyp =4Valih (4.4) 


4.1.5 Different Mathematical Principle (PR 4.D) 


A class of square-rooting circuits is based on different mathematical principles. 


4.2 Analysis and Design of Square-Root Circuits 


4.2.1 Square-Root Circuits Based on the First Mathematical 
Principle (PR 4.1) 


The circuit presented in Fig. 4.1 [1] implements the square-rooting function using 
the arithmetical mean of input potentials. 
The / current can be expressed as follows: 


pe “Vv — Vp)? (4.5) 


As M1-—M4 transistors compute the arithmetical mean of V; and V2 potentials, it 


results: 
Vietv. 
1=2K( ae 2— vp) (4.6) 


These potentials are imposed by the input currents /; and J): 


II 
Vi = Voss = Vr+4/ (4.7) 
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Fig. 4.1 Square-root circuit (1) based on PR 4.1 


/20 
Vo = Voss = Vr + — (4.8) 


Replacing (4.7) and (4.8) in (4.6), the expression of J current will be 
l=1],4+h+2Vhh (4.9) 


The output current of the circuit will be proportional with the square-root of the 
product between their input currents: 


lor HT =p = BG (4.10) 


Another possible implementation of the square-root circuit is based on a similar 
structure. The square-root circuit using MOS transistors working in saturation and a 
FGMOS transistor for reducing the circuit complexity is presented in Fig. 4.2 [2, 3]. 

The expression of F@MOST drain current from Fig. 4.2 is 


and 


AK [Ves(hh) + Veeh z 
-4 as( J+ as (12) Vr (4.11) 


Ip 
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Fig. 4.2 Square-root circuit (2) based on PR 4.1 


resulting: 
Ip=h+h+2Vhh (4.12) 


So, the expression of the output current will be 


Tour = Ip — Th — Ih = 2Whh (4.13) 


4.2.2 Square-Root Circuits Based on the Second Mathematical 
Principle (PR 4.2) 


The square-root circuit presented in Fig. 4.3 [4] implements the required function 
using a translinear loop realized using M1—M4 transistors. 
The characteristic equation of the translinear loop is 


Vsa3 + Vsca = Vsai + Vse2 (4.14) 


Considering a biasing in saturation of all identical MOS transistors from Fig. 4.3, 
it results: 


Vb+Vi=Vh+Vvb (4.15) 
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Fig. 4.3. Square-root circuit ’ -o Vpp 


(1) based on PR 4.2 
-k 


¢—_—~=--_—_ 


eT M4 [¢ m2 
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Imposing by external current mirrors the following relation between the currents 
from the circuit: 


jeg eae 
je a = nce (4.16) 


relation (4.15) becomes: 


Vii +h + our = Vii + Vb (4.17) 
So 
Tour = Vil (4.18) 
The circuit presented in Fig. 4.4 [5] implements the square-rooting function 
using a translinear loop containing M1—M4 transistors. 
The characteristic equation of the translinear loop is 


Vos1 + Ves2 = Ves3 + Vesa (4.19) 


So 


V4h + V4b = 2V/h +h + lour (4.20) 


The output current will be proportional with the square-root of the product 
between the input currents: 


Tour = 2VIhIh (4.21) 
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Fig. 4.4 Square-root circuit Vpp 
(2) based on PR 4.2 
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Fig. 4.5 The Jour(/:) characteristic for the square-root circuit from Fig. 4.4 for Jy = 1 mA 


The operation of the circuit presented in Fig. 4.4 is simulated for /, = 1 mA anda 
variation range of J; current between 0 and 1 mA. The Joyr(I;) characteristic is 
presented in Fig. 4.5. 

A comparison between the simulated and the theoretical estimated results is 
shown in Table 4.1. 

For extremely low values of input currents, some of the circuit transistors could 
operate in weak inversion region. In this case, the circuit doesn’t implement the 
required square-root dependence (4.21). However, the circuit has a relatively 
extended range of the input currents, between hundreds nanoamperes and few 
miliamperes, the error of achieving the square-root function being relatively 
small. The frequency of operation of the square-root circuit presented in Fig. 4.4 
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Table 4.1 Comparison between the simulated 
and the theoretical estimated results for the 
square-root circuit presented in Fig. 4.4 


T; (mA) Tour sim (mA) Tour theor (mA) 


0 0 0 

0.1 0.629 0.632 
0.2 0.886 0.894 
0.3 1.082 1.095 
0.4 1.246 1.265 
0.5 1.390 1.414 
0.6 1.519 1.549 
0.7 1.637 1.673 
0.8 1.746 1.788 
0.9 1.848 1.897 
1 1.944 2 


strongly depends on its biasing currents. For a proper operation of the structure 
(all MOS active devices biased in saturation region), it is expected to obtain an 
excellent frequency response. 

The square-root circuit presented in Fig. 4.6 [6] contains a translinear loop using 
M4, M7, M10 and M11 transistors, having the following characteristic equation: 


Vesa + Ves7 = Vesio + Vasu (4.22) 
It results 
Vi=Viit+vh (4.23) 
So 


T=h+h+2vhh (4.24) 
The output current will have the following expression: 
Tour = 1-1, — hh = 2Vhh (4.25) 


Another current square-rooting circuit is presented in Fig. 4.7 [7]. 
The characteristic equation of the translinear loop including M1—M4 transistors is 


Vso + Vse2 = Vsa3 + Vsea (4.26) 


It can be obtained: 


VIoi + Viba = 5 ( V/tos + vios) (4.27) 


Nin 
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Fig. 4.8 Square-root circuit (1) based on PR 4.3 


equivalent with: 


Vit+Vh = J/h +b +lour (4.28) 


The expression of the output current will be 


Tour = 2VI\h (4.29) 


4.2.3 Square-Root Circuits Based on the Third Mathematical 
Principle (PR 4.3) 


A circuit that implements the current squaring function is presented in Fig. 4.8 [8]. 
The differential output current of the circuit can be expressed as follows: 


Tour: — Lour2 = (Li — Ip1) — (2 — Iz) (4.30) 


The Vc constant potential is equal with the difference between two gate-source 
voltages. Supposing a biasing in saturation of all identical MOS transistors, it 


results: 
2In4 21, 
Ve = Vos: — Vsg3 = 4/ —— - 1/— 4.31 
C GS1 S63 = Je Vig (4.31) 
So 


K 
Jima + [Eve (4.32) 
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Fig. 4.9 Square-root circuit (2) based on PR 4.3 
It can be obtained: 
K 2 
Ip =A eve ae Ve (4.33) 
and, similarly: 
K 2 
Ip Stara Ve + V/ 2Khh Ve (4.34) 


From (4.30), (4.33) and (4.34), it results a square-root dependence of the 
differential output current on input currents: 


Tour — Tour, = V2KVc (Wh — Vi) (4.35) 

Another implementation of a differential squaring circuit is presented in Fig. 4.9 [8]. 

The M1, M3, M5 and M6 transistors form a translinear loop, the characteristic 
equation being: 


Vsa3 + Vsco = Vsai + Vses (4.36) 


equivalent with: 


2s ee (2 
2/28 = aan a (4.37) 
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Fig. 4.10 Square-root circuit (3) based on PR 4.3 


resulting: 

Is =Io +h +2oh (4.38) 
and, similarly: 

Ig =I9 +1 + 2fToh (4.39) 


The differential output current of the circuit can be expressed as follows: 


Tour: — Tour2 = (Is +h) — (Ig +h) = 2VIo(Wh — Vb) (4.40) 


An alternate realization of a differential squaring circuit is shown in Fig. 4.10 [8]. 
The Vg. — Vg, differential voltage can be expressed as function on the gate- 
source voltages, as follows: 


Veo — Var = 2Ves(Is) — 2Vas(l1) (4.41) 
resulting: 
2 
Vez — Voi = wl2( Vi - vh) (4.42) 
So 


K 
Jls = Vi + Avm — Vai) (4.43) 
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equivalent with: 


KI K 
Is =I, + a (Vor — Vgi) + g (Ve2 — Vai)" (4.44) 
and, similarly: 
KI K 
Ig=h+\4/ “5 (Ven — Vai) + g (Ve —Vpi) (4.45) 


The differential output current of the circuit will have the following expression: 


K 
Tour: — Tour2 = (ls +12) — Ig +h) = ftv —Va)(Vi-Vvh) (4.46) 


4.2.4 Square-Root Circuits Based on the Fourth Mathematical 
Principle (PR 4.4) 


A square-root circuit using a translinear loop containing four MOS transistors 
biased in saturation region is presented in Fig. 4.11 [9, 10]. The circuit operation 
is derived from the fourth mathematical principle with a = 1. The characteristic 
equation of the loop is 


2Vas(l1) = Ves(Ip) + VesUp + Tour) (4.47) 


resulting: 


2Vh, = Vip + Vp + Iour (4.48) 


After some computations, it results: 


Ip = 1, — 1008. four (4.49) 
ee Ge , 
Because 
1 
j Lene Pe oe A (4.50) 
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Fig. 4.11 Square-root circuit (1) based on PR 4.4 


it can be obtained: 


Tour = 4WV Ih 


iT _ 
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(4.51) 


Another application of the fourth mathematical principle (a = 1/2) is presented 


in Fig. 4.12 [11]. 


The characteristic equation of the translinear loop from Fig. 4.12 is 


2Ves(h) = Ves(Ip) + Ves + Tour) 


resulting: 
2Vh = Vip + V/Ip + Iour 
So 
Tour, lour 
Ip = 1, - — 4+ = 
DS og ee 
Because 


In + Ip + Jour) = 2h +h 


(4.52) 


(4.53) 


(4.54) 


(4.55) 
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Fig. 4.12 Square-root circuit o Vpp 
(2) based on PR 4.4 
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It results, after some computations, that the output current of the circuit from 
Fig. 4.12 can be expressed as follows: 


Tour = 2\/ 2hIh (4.56) 


4.2.5 Square-Root Circuits Based on Different Mathematical 
Principles (PR 4.D) 


A method for obtaining the square-rooting function using the squaring circuit 
shown in Fig. 3.3 from Chap. 3 is presented in Fig. 4.13 [12]. The V; and V2 
potentials are obtained using four gate-drain connected MOS transistors, biased at 
I, and J, input currents. 

The sum of the output currents of the squaring circuit is 


Tours + Ioura = lo + K(V1 — Vo)" (4.57) 


The V, — V2 differential input voltage can be expressed as a function of the gate- 
source voltages, as follows: 


Vi — V2 = 2Ves(h) — 2Ves(I2) (4.58) 
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Fig. 4.13 Square-root circuit based on PR 4.D — principle circuit 


Replacing (4.58) in (4.57) and using the square-root dependence of the drain 
current on the gate-source voltage for a MOS transistor biased in saturation, it 


results: 
2 
21, 215 
Tour: + Iour2 = 210 + K | 2 x7 2 ra (4.59) 


equivalent with: 


The output current can be expressed using a linear relation between the currents 
from the circuit: 


Tour = 81, + 8ly + 2lo — (lour1 + Iour2) (4.61) 


resulting a square-root dependence of the /gyr output current on J; and /) input 
currents: 


lour= 16\/ha (4.62) 
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Fig. 4.14 Square-root circuit based on PR 4.D — complete implementation 


A possible implementation of the previous presented principle is shown in 


Fig. 4.14 [12]. 


4.3 Conclusions 


Chapter presents a large number of square-root circuits designed for analog signal 
processing. In order to improve the circuits’ frequency operation, usually MOS 
transistors biased in saturation have been used, the current-mode operation of most 
presented computational structures being responsible for an additional improve- 
ment of the frequency behavior. 
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Chapter 5 
Exponential Circuits 


5.1 Mathematical Analysis for Synthesis of Exponential 
Circuits 


Exponential circuits represent important building blocks for VLSI signal processing 
structures, telecommunication applications, medical equipments, hearing aid or 
disk drives. The exponential function can be obtained in bipolar technology from 
the exponential characteristic of the bipolar transistor. The nonzero value of the 
base current and the temperature dependence of the bipolar transistor parameters 
introduce relatively large errors in the computation of the exponential function. 
In CMOS technology, the exponential law is available only for the weak inversion 
operation of the MOS transistor. The great disadvantage of the circuits using 
MOS transistors in weak inversion is represented by their poor circuit frequency 
response, caused by the much smaller drain currents available for charging and 
discharging the parasite capacitances of the MOS transistors. Thus, circuits realized 
in CMOS technology that require a good frequency response can be designed using 
exclusively MOS transistors biased in saturation region. Because it exists a relative 
limited number of mathematical principles that are used for implementing the 
exponential circuits, the first part of the chapter is dedicated to the analysis of 
the mathematical relations representing the functional core of the designed circuits. 
In the second part of the chapter, starting from these elementary principles, there 
are analyzed and designed concrete exponential circuits, grouped following the 
mathematical principles they are based on. 

The mathematical analysis that represents the basis for designing exponential 
circuits [1—14] is structured in nine mathematical principles. 


5.1.1 First Mathematical Principle (PR 5.1) 


The classical approximation of the exponential function f(x) = exp(x) is given by 
their limited Taylor series expansion: 
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2 3 x4 


x 

For a nth order approximation, all the first n + 1 polynomial terms from the 
Taylor series expansions of f(x) and g(x) must be equal, the approximation error 
being mainly caused by the difference between the (n + 1)th order terms from these 
expansions. 


5.1.2 Second Mathematical Principle (PR 5.2) 


An approximation of the f(x) = exp(2ax) function, a and k being constants, is 
given by the following function: 


ee 


g(x) 2 (5.2) 


1—ax+ 


The third-order limited Taylor series expansion of f(x) function has the following 
expression: 


4 3 
f(x) % 14 2ax + 202? + = sets (5.3) 


In order to evaluate the third-order limited Taylor series expansion of g(x) 
function, its superior-order derivates must be determined. The first-order derivate 
of g(x) function is 


2a — 3a? Kx? 
g(x) = (an?? (5.4) 
E — aX + Ka) 


while the second-order derivate can be expressed as follows: 


—10Ka?x + 3K°a@x? + 4a’ 
" 
g(x)= 3 (5.5) 
(ax)? 
[1 — ax + KS) 


The third-order derivate of g(x) function is 


_ —10Ka? — 32Ka*tx + 34K2a°x? — 3 Ka'x4 + 12a3 


g(x) (5.6) 


4 
[i ax a) 


Using the general Taylor series expansion, the function g(x) can be third-order 
approximated by the following polynomial function: 


g(x) = 1+2ax+ Qa7x? + 2a7x3 +... (5.7) 
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Comparing the limited Taylor series expansions of f(x) and g(x) functions 
expressed by (5.3) and (5.7), the errors of the f(x) & g(x) approximation are mainly 
given by the third-order term from these expansions: 


3 
2a3 — 4g 3 2a3x3 


ca exp(2ax) ~ 3 exp(2ax) 


(5.8) 


5.1.3 Third Mathematical Principle (PR 5.3) 
In order to obtain a second-order approximation of the following exponential 


function: 


f(x) = exp(2mx) (5.9) 


m being a constant, the g(x) function can be used, having the important advantage 
of allowing a simple implementation in CMOS technology, using multipliers and 


squaring circuits: 
1+x\" 
a) = (FS) (5.10) 


1-—x 


The third-order limited Taylor series expansion of f(x) function has the follow- 
ing expression: 


3 
24m 3 
i 


f(x) © 1+ 2mx + 2m?x gras Ps (5.11) 


In order to evaluate the third-order limited Taylor series expansion of g(x) 
function, its superior-order derivates must be determined. The first-order derivate 
of g(x) function is 


m—1 


_ 2m(1 +x) 


g (x) “Gd—-9" 


(5.12) 


while the second-order derivate can be expressed as follows: 


4m(m+x)(1+x)"? 


5.13 
(1 =a)" ( ) 


g'(x) = 


The third-order derivate of g(x) function is 


m—3 


Am(2m? + 6mx + 3x7 + 1) (1 +x) 
(1 _ ae 


a= (5.14) 
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Using the general Taylor series expansion, the g(x) function can be third-order 
approximated by the following polynomial function: 


Pol pm (5.15) 


2. 
g(x) & 1+ 2mx + 2m?x? + > (2m? + 1)x 
Comparing the limited Taylor series expansions of f(x) and g(x) functions 
expressed by (5.11) and (5.15), the errors of the f(x) & g(x) approximation are 
mainly given by the third-order term from these expansions: 


(x) 2" (2m? +1)—- , 2mx3 


exp(2mx) a3 exp(2mx) ee, 


5.1.4 Fourth Mathematical Principle (PR 5.4) 


The f(x) = exp(x) exponential function can be second-order approximated using 
the following general function: 


1+ax 
g(x) —_ 1 ais bx 


(5.17) 


a and b being constants having values that can be determined from the condition 
that g(x) function must represent the second-order approximation of f(x) function. 
The superior-order derivates of g(x) function can be expressed as follows: 


o-——. (5.18) 
(1 + bx) 
2b(b — 
g(x) = (+b? “ = (5.19) 
and 
. 6b2(a — b 
g(x) = (4+ bo® = = (5.20) 


The conditions that must be fulfilled for obtaining a second-order approximation 
of f(x) using g(x) are 


g(0) =1 (5.21) 
g@l»=1 (5.22) 


8’ (Xho = 1 (5.23) 
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resulting: 
a—b=1 (5.24) 
and 
2b(b—a) = 1 (5.25) 
equivalent with: 
a= z (5.26) 
2 
and 
b= — (5.27) 
2 


The value of the third-order derivate of g(x) for x = 0 will be 


3 
2° @Olio= 5 (5.28) 


So, the expressions of g(x) function and of their Taylor series expansion will be 


1+3 
a(x) = 7 (5.29) 
2 
and 
x 2 
gx) Sltxtytgt (5.30) 


Comparing the limited Taylor series expansions of f(x) and g(x) functions, the 
errors of the f(x) & g(x) approximation are mainly given by the third-order term 
from these expansions: 


(5.31) 


5.1.5 Fifth Mathematical Principle (PR 5.5) 


A third-order approximation of the f(x) = exp(x) exponential function can be 
achieved using the following general function: 


g(x) = =< + ex (5.32) 
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a, b and c being constants having values that can be determined from the 
condition that g(x) function must represent the third-order approximation of f(x) 
function. 

The superior-order derivates of g(x) function can be expressed as follows: 


Cree (5.33) 

(1 + bx)” 
g(x) = ea s (5.34) 

- 6b2(a —b 
g (x)= — (5.35) 

and 
ss 2463 (b — 

g (x)= eee “ — (5.36) 


The conditions that must be fulfilled for obtaining a third-order approximation of 
f(x) using g(x) are 


g(0) =1 (5.37) 
¥(x)| <9 = 1 (5.38) 
e"(x)|,9 = 1 (5.39) 
"(x)|-0 = 1 (5.40) 

resulting: 
a—b+c=1 (5.41) 
2b(b—a)=1 (5.42) 

and 
6b°>(a— b) = 1 (5.43) 
It results: 

a= ] (5.44) 
—— (5.45) 
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and 


1 
aaa; (5.46) 


The value of the fourth-order derivate of g(x) for x = 0 will be 


4 


"lao = 3 (5.47) 


So, the expressions of g(x) function and of their Taylor series expansion will be 


14+2 x 
= ——_--7 4 
st =T 3-3 (5.48) 
and 
rr x x4 


Comparing the limited Taylor series expansions of f(x) and g(x) functions, the 
errors of the f(x) & g(x) approximation are mainly given by the fourth-order term 
from these expansions: 

xt xt 4 


8) (x) ew 18 24 x 


~ exp(x) 72 exp(x) 


(5.50) 


5.1.6 Sixth Mathematical Principle (PR 5.6) 


A third-order approximation of the f(x) = exp(x) exponential function can be 
obtained using the following general function: 


eer eae (5.51) 


8) =5 3-379 


The superior-order derivates of g(x) function can be expressed as follows: 


G8Q)=F Gye 2 (5.52) 
27 

80) = GIy (5.53) 
81 

(x) (5.54) 
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324 
(3-x)° 


2"(x) = (5.55) 


So, the expression of the Taylor series expansion of f(x) function will be 


3) x4 


C2 (5.56) 
x)= XG — —_ —, eee . 
2G 8 

Comparing the limited Taylor series expansions of f(x) and g(x) functions, the 
errors of the f(x) & g(x) approximation are mainly given by the fourth-order term 
from these expansions: 


at xt A 


eX (,) w IB 24 
é) @) © exp(x) 72 exp(x) ea) 


5.1.7 Seventh Mathematical Principle (PR 5.7) 


A fourth-order approximation of the f(x) = exp(x) exponential function can be 
achieved using the following function: 


_ l+ax+bx 


~ l+ex4+ dx p28) 


g(x) 


the values of a , b, c and d constants being determined from the condition that g(x) 
function must represent the fourth-order approximation of the f(x) = exp(x) expo- 
nential function. The conditions that must be fulfilled for obtaining a fourth-order 
approximation of f(x) using g(x) are 


g(0) =1 (5.59) 
'(x)| 9 = 1 (5.60) 
8" (x)|,9 = 1 (5.61) 
g" (xl -o = 1 (5.62) 

8" (leo = 1 (5.63) 


In order to obtain the explicit Taylor series expansion for g(x), its superior-order 
derivates must be computed. The first-order derivate is 


_ a—c+2x(b— d) +. x"(be — ad) 
- (ltex+ dey 


g (x) (5.64) 
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The (5.60) condition imposes the following relation between a and c constants: 
a-—c=1 (5.65) 
Replacing (5.65) in (5.64), it results an equivalent expression for g’ (x): 


1+ 2x(b — d) +32(be — ed -d 
eee (5.66) 
(1+ cx + dx?) 


g(x) 
The second-order derivate will have the following expression: 


") 2(b — d) — 2c — 6dx + x?(6d? — 6bd) + x3(2d” — 2bcd + 2cd*) (5.67) 
x)= zi 
s (l+ex+ a) 


The (5.61) condition imposes the following relation between b, c and d 
constants: 


2(b—d)—2c=1 (5.68) 
Replacing (5.68) in (5.67), it results an equivalent expression for g(x): 


_ 1 — 6dx — 3dx?(2c + 1) + 33 (2d? — 2c?d — ed) (5.69) 
(l+ex+d) , 


g" (x) 


The third-order derivate of g(x) can be expressed as follows: 


6d — 3c — 12xd + 36d?x? + x3(24cd* + 12d”) + x4(—6d? + 6c7d? + 3cd?) 


g") = 


(1+ cx + dx?)4 
(5.70) 


The (5.62) condition imposes the following relation between c and d constants: 
—6d—3c=1 (5.71) 
resulting: 


12xd + ox" + Bx? + yx4 


"(x (5.72) 
a) (1 + cx + dx?)* 
The following notations have been used: 
a = 36d” (5.73) 


B = 2Acd? + 12d” (5.74) 


276 


and 


The fourth-order derivate of g(x) will have the following expression: 


ft (x) 
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y = —6d? + 6c7d” + 3ca* 


= 12d + 2ax + 3Bx* + 4yx4 
(1 + cx + dx?)* 
A(c + 2dx)(1 — 12xd + ox? + Bx? + yx*) 


(1+ cx+ dx)? 


From (5.63) and (5.76) it results: 


— 12d-—4c=1 


Using (5.71) and (5.77), the values for c and d constants will be 


and 


From (5.65) it results: 


and, using (5.68), the value of b is 


1 
c=-x 
2 
1 
i= 
12 
1 
a) 
a. 
~ 


(5.75) 


(5.76) 


(5.77) 


(5.78) 


(5.79) 


(5.80) 


(5.81) 


The particular expression of g(x) that is able to fourth-order approximate the f(x) 
exponential function will be 


142424 
B(x) = 5 2 
2° 12 


(5.82) 
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5.1.8 Eighth Mathematical Principle (PR 5.8) 


Another fourth-order approximation of the f(x) = exp(2x) exponential function is 
represented by the following function: 


1+x+% 
g(x) =——3 (5.83) 
l-x+% 


The superior-order derivates of g(x) function can be expressed as follows: 


9 2? 

g(x) = 45 (5.84) 

(1-x+4%) 

4—4442 
g(x) = ——_4 (5.85) 

(x49) 

8 — 16x + 8x? — 48 

oe" (x) = <a d (5.86) 

(1 —x+ 5) 

16 160x 160x? 64.3 16x° 

gl" (x) = 3 ts 3 2 7 27 (5.87) 

(1 —xX+ ¥) 

The value of the fifth-order derivate of g(x) for x = 0 is 
80 
"()heo = (5.88) 
resulting the following fourth-order Taylor series expansion for g(x): 
7 (28)? a)” = fa, 28? 
g(x) = 14+2x+ rT + 3. tal + 9 + (5.89) 
while the fourth-order Taylor series expansion of f(x) is 
po Amma C2 ee O27 bane C2 4) 

fla) =1 4204! yy y 4S y 4S yy (5.90) 


2! 3! 4! 5! 


Comparing the limited Taylor series expansions of f(x) and g(x) functions, the 
errors of the f(x) & g(x) approximation are mainly given by the fifth-order term 
from these expansions: 


4x° ae 7 9x 
exp(2x) 45 exp(2x) 


(5.91) 
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5.1.9 Ninth Mathematical Principle (PR 5.9) 


A fourth-order approximation of the f(x) = exp(x) exponential function can be 
obtained using the following general function: 


1+ 
a(x) = cm texte (5.92) 


a, b,c and d being constants with values that can be determined from the condition 
that g(x) function must represent the fourth-order approximation of f(x) function. 
The superior-order derivates of g(x) function can be expressed as follows: 


a—b 


d(0) = te (5.93) 
g"(x) = Test (5.94) 
g"(x) = oe? = om) 
i") = oe (5.96) 

and 
"(x)= Seen (5.97) 


The conditions that must be fulfilled for obtaining a fourth-order approximation 
of f(x) using g(x) are 


g(0) =1 (5.98) 
glo = 1 (5.99) 
eol~=1 (5.100) 


ese) | ea (5.101) 
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and 
8"'()a0 = 1 
resulting: 
a—b+c=1 
2b(b—a)+2d=1 
6b*(a — b) = 1 
and 
24b3(b— a) = 1 


From (5.105) and (5.106), it results: 


29 
= 12 
i 

4 


5 
c=- 
3 
and 
1 
d=--= 
6 


The value of the fifth-order derivate of g(x) for x = 0 is 


5 
mn Paes 
&§ (x)|,<0 A 
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(5.102) 


(5.103) 


(5.104) 


(5.105) 


(5.106) 


(5.107) 


(5.108) 


(5.109) 


(5.110) 


(5.111) 


Thus, the expressions of g(x) function and of their Taylor series expansion will be 


(5.112) 
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and 


2 3 4A 5 


igo + (5.113) 
ai a 


Comparing the limited Taylor series expansions of f(x) and g(x) functions, the 
errors of the f(x) © g(x) approximation are mainly given by the fifth-order term 
from these expansions: 


a x 


ae oa 5 

g(x) 96 120 7 
() = a 114 
() exp(x) 480 exp(x) ooo 


5.2 Analysis and Design of Exponential Circuits 


5.2.1 Exponential Circuits Based on the First Mathematical 
Principle (PR 5.1) 


Using the second-order Taylor series expansion for approximating the exponential 
function having as variable x = [jy /Iour, where Jy is the input current and Ig is the 
reference current, it results: 


1 Ie Dag 
toow( jt) 10) (2) aoe 
O O 


A possible realization of an exponential circuit, based on this mathematical 
principle, is presented in Fig. 5.1 [1]. 

Considering a biasing in saturation for all MOS transistors from the circuit, the 
drain current of the FGMOS transistor will have the following expression: 


(5.115) 


2 
4K {1 21 oe 
h=> 5 (2ve+ Ps ye) vy (5.116) 


equivalent with: 


h=+lo+2Vhlo (5.117) 
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Fig. 5.1 Exponential circuit (1) based on PR 5.1 


Because Jy = J, + 2/9 + [hy it results that: 


dott) lo. Ln ce 


= =—4 5.118 
; Alo Ag ATA ne) 
The output current of the circuit presented in Fig. 5.1 is 
Io es 
Tour = 2h, + =I1o + Tin 4 5.119 
OUT ita =lo+lin +57 ( ) 


Comparing (5.115) with (5.119), the approximate value of Jgyr current will be 
SD Tin 

Iour = Io exp Ih (5.120) 
O 


An exponential circuit based on the approximation of the exponential function 


using the second-order limited Taylor series is presented in Fig. 5.2 [2]. 


Because M1—M4 transistors implement an arithmetical mean circuit, V3 poten- 


tial will be equal with the arithmetical mean of V; and V2 potentials: 


Vi4+ V2 1 2Io0 21h 
= =Vrt+=|4/—24+4/ 121 
V3 2 Vets ( K K ot 
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Fig. 5.2. Exponential circuit (2) based on PR 5.1 


The expression of /3 current is 


Is = 2K(V3 — Vr =Io +h +2VJ lob 


But J5 = 2l9 + Jo + Iyy. It results: 


and 


four =h+7=74 


I lie i 
cae (#) IN ft exp IN 
2 o 2 Io 2 Io 
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(5.122) 


(5.123) 


(5.124) 


The circuit presented in Fig. 5.3 [3] implements the exponential function using 


the first mathematical principle (PR 5.1). 
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Fig. 5.3. Exponential circuit (3) based on PR 5.1 


The M1—M5S transistors from Fig. 5.3 represent a multiplier circuit. All transistors 
are biased in weak inversion region, the dependence of their drain currents on gate- 
source voltages being expressed by the following relation: 


“etre (5.125) 


Ip =Ipo exp] nV 
th 


Ipo and n being model parameters, while V;, represents the thermal voltage. For 
M1-M4 transistors, this relation can be particularized as follows: 


Vsa1 
eee 5.126 
1 DO exp (“21) ( ) 
ce | 
ly = Ino exp Me ur vse (5.127) 
th 
Viat= DV 
hate exp| Bee vr ) a (5.128) 
th 
and 
V. 
l= Ion exp ( (5.129) 
th 


Because Vsg, = Vsg2, from (5.126) and (5.127), it can be written that: 


Ih (n = 1)Vspo 
= 5.130 
ig ee | nV | ae 
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Similarly, because Vsg3 = Vsga, from (5.128) and (5.129), it results: 


(5.131) 


The circuit connections impose Vsg3 = Vsg2 so, using (5.130) and (5.131), the 
relation between /,-/, currents will be 


Li (5.132) 


So, /; current can be expressed as follows: 


Ll 
ba (5.133) 
i 
Because J; = J/g and Ih = I4 = In + Io, it results: 
lo-dny P 
i (lo + tin)” _ lo +2 +" (5.134) 
To To 


The output current of the circuit presented in Fig. 5.3 will have the following 


expression: 
Tin 1 (Liw\? 
1 — — | — 5.135 
aac | — 


Using the notation x = [jy /Ip and (5.1) relation that models the first mathemati- 
cal principle, it results that /gyr current represents the second-order approximation 
of the exponential function: 


I 
lour & Io exp (2) (5.136) 


For applications requiring a better accuracy that can be obtained using the 
second-order approximation of the exponential function, a method is to use the 
third-order approximation of the exponential function, expressed as 


exp(x) 14x 


+ 


(5.137) 


for x = [jy /o. It results: 


Tin In 1 (tw\? 1 (iw? 
I ~TIol|14 + t a ml 
° (7) o| Io 2 & 6 (7) ae 


5.2 Analysis and Design of Exponential Circuits 285 


iae* i lh 


Voth M! M24] _¥{ |, M3 M4 aL y, 
of orf RT 


Fig. 5.4 Exponential circuit (4) based on PR 5.1 — circuit core 


The core of the exponential circuit with third-order approximation is represented 
by a current squaring circuit (having a possible implementation presented in Fig. 5.4). 

Because M1—M4 transistors implement an arithmetical mean circuit, the V poten- 
tial will represent the algebraic mean of Vo and V potentials (fixed by Jg and J; 
currents, respectively). So, / current expression can be written as 


h= * (Woo =V=Vry (5.139) 
or 
Ib =2K (Yow = von™ a vr) (5.140) 
resulting: 
b=Io +h +2VJloh (5.141) 


Using this square-root function, the required squaring function can be obtained 
subtracting Jj, and 2/9 currents from /) current expression. The full implementation 
in CMOS technology of the squaring circuit is presented in Fig. 5.5 [4]. 

Using NMOS current mirrors, /2 current is forced to be equal with: 


Ih=1,+ In + 2lo (5.142) 


From the two previous relations it results: 


he (lo +n)’ _ lo, Iw , liv 
Alo 4 


(5.143) 
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Fig. 5.5 Exponential circuit (4) based on PR 5.1 — complete implementation 


In order to obtain the third-order approximation (5.138) of the exponential 
function, equivalent with the computation of the De /02, term, two identical circuits 
from Fig. 5.5 must be used. For the second circuit, /g current has to be replaced by 
Tin current and J7y current — by J /Io, respectively. Because jy current is smaller 
than J current, it is important to use a reasonable value of the Jj, /Io ratio, in such a 
way that B /Io current to determine a biasing in saturation of all MOS transistors 
from Fig. 5.5. For extremely low values of Jjy current, some transistors could 
operate in weak inversion region, this fact fundamentally changing the function 
implemented by the circuit. In conclusion, the minimal value of Jjy current is 
imposed by the condition of operating at the limit of saturation region of all MOS 
transistors from Fig. 5.5. The ae /Io term can be easily obtained by subtracting Ig /4 
and [yy /2 from J; current expression: 


P. 
IN 4I, —Io — 21 (5.144) 
To 


The block diagram of the exponential circuit with third-order approximation is 
presented in Fig. 5.6 [4]. 
The /;’ current can be expressed as follows: 


ny = 2 4 Siw tin (5.145) 
4 Wo 4f, : 


The output current of the circuit presented in Fig. 5.6 will be 


I es Bay (5.146) 
i aol ee a aa : 
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Fig. 5.6 Exponential circuit (5) based on PR 5.1 — block diagram 
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Fig. 5.7 Exponential circuit (5) based on PR 5.1 — complete implementation 


The full implementation of the exponential circuit with third-order approximation 
is presented in Fig. 5.7 [4], resulting: 


RB B 
lour = In +Io +2 4+ (5.147) 
UT IN 2o 622 
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Fig. 5.8 Squaring circuits (1) (a) circuit for computing the second-order term (b) circuit for 
computing the third-order term 


So, /oyr current represents the third-order approximation of the exponential 
function: 


I 
Tour & Io exp (#) (5.148) 


In order to obtain a proper operation of the previous circuit, all its MOS 
transistors must be biased in saturation region. The maximal range of the Jj, current 
(mainly related to the value of the Jj reference current) will be imposed by the 
essential condition that MOS transistors to be biased in the saturation region. The 
advantage of a very good circuit accuracy, that can be obtained as a result of its 
third-order approximation of the exponential function is counterbalanced by a 
relatively restricted range of the /jy input current. 

A possible realization of a circuit that implements the third-order approximation 
of the exponential function uses two squaring circuits presented in Fig. 5.8 [4] for 
computing the second-order and the third-order terms from the Taylor series 
expansion of the exponential function. 

For the first squaring circuit presented in Fig. 5.8a [4], the translinear loop has 
the following characteristic equation: 


2VesUlo) = VesUour1) + VesVouri — Liv) (5.149) 


Considering a biasing in saturation of all MOS transistors from Fig. 5.8a, it 
results: 


2V/lo = Vlour + Vlouri — lin (5.150) 
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After computations, Jgyr; current will have the following expression: 


In. Ti 
I =] — +4 5.151 
our! =lo + 5 + l6lo ( ) 


Similarly, the output current of the current squaring circuit presented in Fig. 5.8b 
can be expressed as follows: 


liv, Tin 
I =! — + 5.152 
OUT2 wt ort 16/2 ( ) 


As the ratio of [jy and Jour currents could have relatively small values, the 
designer must pay attention to check if all MOS transistors from Fig. 5.8b are biased 
in saturation region (the //,, /Io current can decrease under the limit that generates 
the transition in weak inversion of some MOS transistors). This small limiting of 
the inferior limit of J;y current is compensated by the extremely small approxima- 
tion error of the circuit (fourth-order one). 

Using the third-order limited Taylor expansion, the approximate expression of 


the exponential function will be 
Tin Iw 1 (lin\” 1 (tiv)? 
I —}]<Io}1 5.153 
0 e0(7) ° ara +4(8) | oe 


Expressing the second-order and the third-order terms from (5.153) and (5.154) 
and replacing in (5.155), it results a linear dependence of the exponential function 
approximation as a function of the circuit currents: 


I 40 8 
Io exp (=) ~ITour =Io + 3 (lo _ Tours) + 5lin + 3 four (5.154) 


The complete implementation of the exponential circuit with third-order approx- 
imation, based on (5.154) relation, is presented in Fig. 5.9 [4]. 

Another possible implementation [5] of an exponential circuit with third-order 
approximation uses the following squaring structure as circuit core: 

Because Vgs; + Vsg2 = Ves3 + Vse5, it results: 


2J/lo = VIp3 + V/Ibs (5.155) 


where [ps5 = [p3 + In. So 


P. 
Ip3 =I9 —-— + —* (5.156) 
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Fig. 5.9 Exponential circuit (6) based on PR 5.1 
and 
lw, Tw 
Ips = 1 — + —— 5.157 
ps =lo+ 5) of 16lo ( ) 


The quadratic term required for implementing the limited Taylor series expansion 
of the exponential function will have the following linear expression: 


P. 
i = 8([p3 + Ips) — 1610 (5.158) 
oO 


In order to obtain the third-order term from the limited Taylor series expansion 
of the exponential function, the same squaring circuit presented in Fig. 5.10 can be 
used, having different biasing currents (Fig. 5.11) [5]. 

In this case, the /p3’ and Ips’ currents will have the following expressions: 


vi i By 
Ip3 lea PCT (5.159) 
and 
RB B 
Ins’ =I +315 + T6 (5.160) 


resulting the following expression of the third-order term: 


PB 
2 = 8(Ip3' + Ips’) — 161i (5.161) 
O 
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Fig. 5.10 Exponential circuit 
(7) based on PR 5.1 — circuit Io ; Ip3 ' 
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Fig. 5.11 Exponential circuit 
(7) based on PR 5.1 — circuit ln - Ip’ y 
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Considering (5.160) and (5.163), the third-order approximation of the exponen- 
tial function will be 


I 4 5 
Io exo (7) ~ Tour = 4(Ip3 t Ips) t 3 Ups" t Ips’) 3 li Tlo (5.162) 


so a linear expression of the circuit currents, which can be implemented using 
multiple PMOS and NMOS current mirrors. It results the following implementation 
of the third-order approximated exponential circuit (Fig. 5.12) [5]. 

For applications that require a better accuracy that can be obtained using the 
second or third-order approximation of the exponential function presented above, 
it is possible to use the n-th order approximation of the exponential function using 
the Taylor series, where n is given by the maximal value of the accepted approxi- 
mation error. The result will be a tradeoff between the approximation error and 
the circuit complexity. 
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Fig. 5.13 Squaring circuit (2) 


In order to implement the exponential function with nth order approximation, 
n identical squaring circuits must be used, having as possible implementation the 
structure presented in Fig. 5.13 [1]. 

The input and output currents for these n circuits and their connection are 
presented in Fig. 5.14 [6]. 

The “X” block implements a linear function for Joy7, using bo, byy, bi, b2, ..., 
b,_1 constants: 


n—1 


lour = bolo + bivliv + 9~ bilo (5.163) 
k=1 
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Fig. 5.14 Exponential circuit (8) based on PR 5.1 — block diagram 


where b, are constants coefficients which must be determined. Using the notation 
x = Iv /Io, the n output currents of these circuits can be expressed as follows: 


I I 

ie = ri (1+ 2x + x°) = pal) (5.164) 

72) _lo Ee ce 5.165 
our =g + x +x°) = [an(x) (5.165) 

72). — 10 (2 $28 4x4 _!o 5.166 
our = we +x*) = 7a) (5.166) 
pe) _ lo yt-2 2 n—-l n _lo 5.167 
OUT = + 2x +x") = an1(2) (9.167) 


In order to obtain the nth order approximation of the exponential function using 
the previous expressions of the output currents, it is necessary to obtain the 
expression of x7, x°, ..., x” as linear functions of aj(x), a2(x), ..., dn—1(X), 


equivalent with the necessity of obtaining a linear dependence of Jgy7 current as 


3 1 2) (n-1 : 
a function of Fd ee ies currents: 
After some algebraic computations, it results the following expressions of x7, 
5 ee 
x = a(x) — (2x +1) (5.168) 
x? = ay(x) — 2a; (x) + (8x+ 2) (5.169) 


x* = a3(x) — 2ay(x) + 3a1(x) — (4x +3) (5.170) 
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x° = a4(x) — 2a3(x) + 3ay(x) — 4a, (x) + (5x + 4) (5.171) 
= a1 (x) _ 2ap-2(x) + 3ax_3 (x) + 4ap_4(x) 
eet (-1) [et D(k- 3) + Bx t2)] (5.172) 
v= y (—1)* kan_e(x) + (—1)""[(x + 1)(n — 3) + (3x + 2)] (n> 2) (5.173) 
k=1 


In conclusion, the expression of the mth order approximation of the exponential 
function can be written as a linear function of J 5 ) 1<k <n. Because 


1 
Ig) = Pae(x) (5.174) 
it results: 
(2) (1) 
_ #1, — (2x41) &|lGor — Ubde] + Be +2) 
exp(x) =1+x rT ds a 
3 2 1 
# [1 — 209), + 3404] = Cr+ 3) 
Al +... (5.175) 
Sila ae SAT ig DD. <3. a 
i aa OSA Sh Oe AON: BL aL wel 
2 3 
Algor (1_ 2.3 \ Moor (1_ 2 eae 
Io \3! 41'S! “Ip \al Sl : 


Replacing x = J; /Io and identifying the constants b; as follows: 


bo =0 (5.177) 
by =1 - = ; = (5.178) 
b, =4(5 ata = -) (5.179) 
n=4(q-gta- (5.180) 


m=4(5 2 ) (5.181) 
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Fig. 5.15 Exponential circuit based on PR 5.2 — block diagram 


it results: 
I 
Io exp (*) & Io + bivliy + BUS ip + bal + ble Ho (5.182) 
O 


Thus, the mth order approximation of the exponential function using a limited 
Taylor series expansion can be obtained if in Fig. 5.14 the bo, bin, b; — by; constant 
coefficients are set to have values corresponding to (5.177)—(5.181) relations. 


5.2.2 Exponential Circuits Based on the Second Mathematical 
Principle (PR 5.2) 


The block diagram of the exponential circuit based on the second mathematical 
principle is presented in Fig. 5.15. 

The composing blocks are: SQ — a current squaring circuit, having the imple- 
mentation presented in Fig. 5.16 [5, 10], CM—a current mirror with two outputs and 
a transfer factor equal with 1 and MULT/DIV — a multiplier/divider circuit 
presented in Fig. 5.17 [9]. The operation of this circuit is detailed analyzed in 
Chap. 2 (Fig. 2.71). 

The characteristic equation of the translinear loop for the squaring circuit 
presented in Fig. 5.16 is 


2Ves(lo) = Ves) + Ves(l + Lin) (5.183) 


Considering that all MOS transistors from Fig. 5.16 are biased in saturation, it 
results: 


2Jf/lo =VI+ Jil + lw (5.184) 


So 


(5.185) 
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Fig. 5.16 Squaring circuit 
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Fig. 5.17 MULT/DIV circuit implementation 


The output current of the squaring circuit will contain a constant term and a term 
proportional with the squaring of the input current: 


2 


I 
Is = 21 + Iiy = 21g + (5.186) 
8Io 


The output current of the current multiplier circuit presented in Fig. 5.17 is 
Ic 
Tour = lo — (5.187) 
Ico 
The connections from Fig. 5.15 impose that: 


To, = Iso + Ipias — 210 + Lin (5.188) 


and 


Ic2 = Iso + Ipias — 210 — Tin (5.189) 
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Fig. 5.18 Exponential circuit based on PR 5.3 


Considering (5.186)—(5.189), it results: 


tin. liv 
Sk 8lol 
Tour =lo = 2 (5.190) 
| een hae 


Igias — 8lolgias 


With the notations a = 1/Igias, k = Ipias/410 and x = Ijy, the output current 
expression will be 


2 
Ltax+ ke 

lour = lo (5.191) 
1 — ax tks 


So, using the second mathematical principle expressed by relation (5.2), it 
results that J9yr current represents the second-order approximation of the exponen- 
tial function: 


Tour & Io exp(2ax) (5.192) 


5.2.3, Exponential Circuits Based on the Third Mathematical 
Principle (PR 5.3) 


The circuit presented in Fig. 5.18 [10] implements the exponential function using 
the third mathematical principle (PR 5.3). 
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Fig. 5.19 VGA circuit based on PR 5.3 


The MI-M5 transistors from Fig. 5.18 represent a multiplier circuit. All 
transistors are biased in weak inversion region, the dependence of their drain 
currents on gate-source voltages being expressed by the following relation: 

V. —1)V: 
Ip =Ipo exp eee (5.193) 
Win 

Ipo and n being model parameters, while V,, represents the thermal voltage. The 

relation between /,—/4 currents is 


hk = hls (5.194) 
or, equivalent: 
Uo — Tin four: = Too + In) (5.195) 
resulting: 
I 
ee a 
Tour: = Lo (5.196) 
ao IN, 
Io 


Using as variable x = Ijy /Ip and the approximation of the exponential function 
given by the fourth mathematical principle for m = 1, it results: 


2I 
Iourt & Io exp (72) (5.197) 


Based on the same principle, it is possible to design a VGA circuit (Fig. 5.19) [10]. 
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The M1la—MSa transistors biased in weak inversion implement another multiplier 
circuit, having a similar operation with the circuit realized using M1—MS transistors, 
so 


Nala = Thala (5.198) 
resulting: 
Tours Lor — iw) = Yours — Lour2)lo2 (5.199) 
Thus 
Tour2 = 2a (5.200) 
7) 


The M1—M5 multiplier implements the following approximate relation: 
21 
Tour: = Io1 exp (*) (5.201) 
ol 
From (5.200) and (5.201), it results: 
| 21 
Tout2(Iin) = liy 2 exp (=) = Glin (5.202) 
lo2 Toi 


The value of the current gain can be exponentially controlled using the control 
current, Ic: 


I 21 
G, =" exp (*) (5.203) 
To2 Toi 


5.2.4 Exponential Circuits Based on the Fourth Mathematical 
Principle (PR 5.4) 


The block diagram of the exponential circuit based on the fourth mathematical 
principle is presented in Fig. 5.20. The MULT/DIV circuit has the implementation 
presented in Fig. 5.17. 

The expression of /gyr current is 


I 
lour = Io a (5.204) 
C2 
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Fig. 5.20 Exponential circuit 
based on PR 5.4 — block 


diagram 
Io Iour 
—— MULT / DIV -——_ 
2lo Ie 
Tin 
resulting: 


L 
2lo +n _, 1+4(P) 


1 =] = 2 
out = !o eee O ne 1 (1s) (5.205) 


To 
Using the notation x = [jy /Io and (5.29) relation that models the fourth mathe- 


matical principle, it results that Joyr current represents the second-order approxi- 
mation of the exponential function: 


I 
lour & Io exp (#) (5.206) 


5.2.5 Exponential Circuits Based on the Fifth Mathematical 
Principle (PR 5.5) 


The block diagram of the exponential circuit based on the fifth mathematical 
principle is presented in Fig. 5.21. The MULT/DIV circuit has the implementation 
presented in Fig. 5.17. 

The expression of Joy’ current is 


Tour’ =1o iL (5.207) 


resulting: 


(5.208) 
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Fig. 5.21 Exponential circuit based on PR 5.5 — block diagram 


The output current of the circuit having the block diagram presented in Fig. 5.21 
will have the following expression: 


1+3(#) iv 
Tour = lout’ — lin = 2lo o = (5.209) 
1-3(p) 2Mo 
3 Uo 


Using the notation x = Ijy/Io and (5.48) relation that models the fifth mathe- 
matical principle, it results that Joyr current represents the third-order approxima- 
tion of the exponential function: 


I 
lour & Io exp (#) (5.210) 


5.2.6 Exponential Circuits Based on the Sixth Mathematical 
Principle (PR 5.6) 


The block diagram of the exponential circuit based on the sixth mathematical 
principle is presented in Fig. 5.22. The MULT/DIV circuit has the implementation 
presented in Fig. 5.17. 

The expression of Joy’ current is 


I 
Tour’ =Io + (5.211) 
Ic2 


So 


(5.212) 
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Fig. 5.22 Exponential circuit based on PR 5.6 — block diagram 


The output current of the circuit having the block diagram presented in Fig. 5.22 
will have the following expression: 


9 ( Lin 
1 (2) 1a 
Tour = Tour’ +1o ee Io = (2) +1 (5.213) 
fo) 


Using the notation x = Ijy/Io and (5.51) relation that models the sixth mathe- 
matical principle, it results that Joyr current represents the third-order approxima- 
tion of the exponential function: 


I 
lour & Io exp (#) (5.214) 
O 


5.2.7 Exponential Circuits Based on the Seventh Mathematical 
Principle (PR 5.7) 


The block diagram of the exponential circuit based on the seventh mathematical 
principle is presented in Fig. 5.23. The SQ and MULTYDIV circuits have the 
implementations presented in Figs. 5.16 and 5.17. 

The output current of the circuit presented in Fig. 5.23 has the following relation: 


I 
lour = lo (5.215) 
Teo 
Because 


4 2 
ler = 3150 + liv — 310 (5.216) 
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Fig. 5.23, Exponential circuit based on PR 5.7 — block diagram 
and 
4 2 
Too = Iso — Tin — slo (5.217) 
3 3 
It results, using the (5.186) expression of [sg: 
P 
2lo +1in + Z 
Tour =Ilo eS (5.218) 
2lo — lin + er 
or, equivalent: 
1 (1, 1 (1 
+(e) +3 (8) 
Tour = Ilo (5.219) 
=e () aa (#) 
2 \Jo 12 \Jo 


resulting, using (5.82) relation, that /gyr current represents the fourth-order approx- 
imation of the exponential function: 


I 
lour & Io exp (#) (5.220) 


5.2.8 Exponential Circuits Based on the Eighth Mathematical 
Principle (PR 5.8) 


The block diagram of the exponential circuit based on the eighth mathematical 
principle is presented in Fig. 5.24. The SQ and MULT/DIV circuits have the 
implementations presented in Figs. 5.16 and 5.17. 

The output current expression is 


I 
lour = lo 2 (5.221) 
C2 
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Fig. 5.24 Exponential circuit based on PR 5.8 — block diagram 


Because 
8 13 
Iq == so + I~ — Io (5.222) 
3 3 
and 
8 13 
Too. = =1so — lin — =lo (5.223) 
3 3 
it results: 


To + Tin + 35° 
lour = Io ~ (5.224) 
To — lin + 355 
or, equivalent 
+0 
Puts a (5.225) 
(106 
pp aly 


resulting, using (5.83) relation, that /gyr current represents the fourth-order approx- 
imation of the exponential function: 


I 
lear Ip exp (#) (5.226) 


5.2.9 Exponential Circuits Based on the Ninth Mathematical 
Principle (PR 5.9) 


The block diagram of the exponential circuit based on the ninth mathematical 
principle is presented in Fig. 5.25. The MULT/DIV circuit has the implementations 
presented in Fig. 5.17. 
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Fig. 5.25 Exponential circuit based on PR 5.9 — block diagram 


The expression of Joy’ current is 


29 (1 
! Ic Io + 1+% (is) 
four 105 40 i 0 (5.227) 
C2 Ip — 7 (#) 
oO 


The output current of the current squaring circuit can be expressed as follows: 


2 


I 
Iso = 29 + (5.228) 
8Io 


So, the expression of the output current of the exponential circuit presented in 
Fig. 5.25 will be 


4 8 5 
Tour = lout’ 3 /s0 + 3/0 3 tN (5.229) 


equivalent with: 


5 (Lin 1 (liy\? 
2, 
5 (is) ~a(i) 6230 
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resulting, using (5.112) relation, that J9yr current represents the fourth-order 
approximation of the exponential function: 


I 
lour & Io exp (#) (5.231) 


5.3 Conclusions 


Chapter presents a multitude of CMOS implementations of exponential circuits for 
VLSI designs. Even in CMOS technology is available the exponential characteristic 
of MOS transistors biased in weak inversion, the requirements for a good frequency 
response impose the almost exclusively utilization of MOS transistors working in 
saturation region for designing performance exponential circuits. Superior-order 
approximation functions based on limited Taylor series expansions have been used 
in order to accurately approximate the exponential function. 
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Chapter 6 
Euclidean Distance Circuits 


6.1 Mathematical Analysis for Synthesis of Euclidean 
Distance Circuits 


The Euclidean distance function is very important in instrumentation circuits, 
communication, neural networks, display systems or classification algorithms, 
useful for vector quantization or nearest neighbor classification. In order to obtain 
a good frequency response, the Euclidean distance circuits are implemented using 
exclusively MOS transistors working in saturation. Depending on their input 
variable, the Euclidean distance circuits can be classified in computational 
structures having current-input or voltage-input vectors. 


6.1.1 Euclidean Distance of Voltage Input Vectors 


The Euclidean distance between two n-dimensional vectors: 


Va= (Vai, Va2; sees Van) (6.1) 
and 
Vp = (Voi, Vor, «+, Von) (6.2) 
is defined [1—10] as: 
Vour = ||Va — Voll = 4] 9 (Va — Vox) (6.3) 
k=1 


being a direct measure of similarity between the V, and V; vectors. 

The structure of an Euclidian distance circuit with n inputs, designed for voltage 
input vectors is represented in Fig. 6.1 [1, 2], consisting in m current squarer circuits 
and a square-rooting circuit. 
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Fig. 6.1 Euclidian distance circuit with n inputs for voltage vectors 


6.1.2 Euclidean Distance of Current Input Vectors 


An equivalent function based on current-mode operation can be written as: 


n 


Sak — Ine)” (6.4) 


k=1 


Tour = \La — 1p|| = 


where: 
Tq = (lat, Taa, «--) Tan) (6.5) 
and: 
Vp = (Voi, Vor, «--» Von) (6.6) 


represent the input current-mode n-dimensional vectors. 

The structure of an Euclidian distance circuit with n inputs designed for current 
vectors is represented in Fig. 6.2 [1, 2], consisting in n current squarer circuits and a 
square-root circuit. 
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Fig. 6.2. Euclidian distance circuit with n inputs for current vectors 


6.2 Analysis and Design of Euclidean Distance Circuits 


6.2.1 Euclidean Distance Circuits for Voltage Input Vectors 


A possible realization of an Euclidean distance circuit is presented in Fig. 6.3. 
The expression of /gyr current is: 


n 


n n 
Tour = Tours — Four, = >— lix— Sty = S5 (lex — hiv) (6.7) 
k=l k=l tI 


Considering that the differential output current of each voltage squaring circuit 
is equal with KAV7/4, AV being its differential input voltage, the expression of 
Tour current for the entire structure presented in Fig. 6.3 will be: 


K n 
lour =z (Vix — Vir)”, (6.8) 
k=1 


Tour being also the drain current of the FGMOS transistor, it results: 


IK (Vet V, 2 
lout =5 ( a Our vr) (6.9) 


So: 


2lout 
2K 


Vour = 2Vr — Vp +2 (6.10) 
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Fig. 6.3 Euclidean distance circuit — first implementation 


Imposing that Vg = 2V;z [6, 7], the output voltage will be expressed as follows: 


i 
Vie 24/-Se (6.11) 


Replacing (6.8) in (6.11), it can be obtained: 


n 


Vour = 4] >. (Vix — Viv)”. (6.12) 
k=1 


6.2.2. Euclidean Distance Circuits for Current Input Vectors 


A possible realization of an Euclidean distance circuit is presented in Fig. 6.4 [8] 
and it contains n current squaring circuits and a current square-rooting circuit in 
order to implement the required function. 

The first squaring circuit is realized using the translinear loop implemented with 
MI-M4 transistors, having the following characteristic equation: 


Vesi + Vse2 = Vos3 + Vsea- (6.13) 
The relation between the currents from the circuit are: 

Tiny + Lin’ = Tours — Lint’. (6.14) 
So: 


Tour — Lint 


5 (6.15) 


/ 
Inv = 
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Fig. 6.4 Euclidean distance circuit — second implementation 


Considering a biasing in saturation of all MOS transistors from Fig. 6.4, it 
results: 


iG = fount i | = (6.16) 


The Jour current will be expressed as follows: 


P. 
Tour: = 2Io + Bio (6.17) 


Similarly, analyzing the translinear loop implemented using M1, M2, M5 and 
M6 transistors, it results: 


LP. 
Ioum = 2g + 2m. (6.18) 
8lo 
The expression of /y current is: 
n 1 n 
k= SUI = 2nlg +— YF, 6.19 
xX 2 OUT k oe » IN k (6.19) 


while /y current has the following expression: 


ix t 3 
ly =—=2I —— Tires 2 
y= =o + gat Latins (6.20) 


314 6 Euclidean Distance Circuits 


Fig. 6.5 Current squaring 
circuit (1) Is y lout 1 
all |, 
Tin 
@o—_—=—_- 
four + ln y 
|, 
Fig. 6.6 Symbolic 
representation of the current 
squaring circuit (1) Ip In 
Io Tn 
Tour Tour’ 
Tour Tour + Tin 


In order to implement the square-rooting function, the translinear loop 
containing M1, M2, M7 and M8 transistors is used, resulting: 


2 


I 
Ty = 2g + Blo” (6.21) 


From (6.20) and (6.21), the output current can be expressed as follows: 


1 n 
lour = | . Solin e (6.22) 
k=1 


Another possible implementation of a current squaring circuit for an Euclidean 
distance circuit is based on the utilization of two groups of cascaded MOS transistors, 
the devices from the first group being biased at the same drain current, while each 
MOS transistor from the second group works at different drain currents (Fig. 6.5) [4]. 

The symbolic representation of the current squarer is presented in Fig. 6.6 [4]. 
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Fig. 6.7 Euclidean distance circuit — third implementation (block diagram) 


Considering a biasing in saturation of all MOS transistors from Fig. 6.5, it can be 
written that: 


2Vlo = Vlour + Vlour + In. (6.23) 


After some algebraic computations, it results the expression of the output 
current, Igyr: 


Tour =1o0 — ~ + Tiny (6.24) 
a (lg 
and 
In. Siw 


Tour = our + Liv =1o + ar (6.25) 


16lg° 

Because the Euclidean distance circuit must have 7 inputs, it is obviously the 
necessity of using n identical circuits from Fig. 6.5, having the same /g reference 
current, but different input currents, Jjy,, [iy2, .--, Liyn. The output currents of 
these squaring circuits will be noted with Ioyr1, Iour2, ---s Tourn and Ioury', -- +s 
Tour n', respectively and they will be summed in order to obtain the output currents, 
Toura and Tour» (Fig. 6.7 [4]). 

The expression of /gyrq current can be written as: 


loura = Toure: (6.26) 
k=1 


equivalent with: 


1 n 1 n 
loura = nlo ~ 5 > lve + 7g Dives (6.27) 
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Fig. 6.8 Current square-root Vpp 
circuit (1) 


while Jour» current expression is: 


1 n 1 n 
Toure = nlo += S— Iine + Do Iine- (6.28) 
2a 16lo & 


The total output current of the squarer circuit is the sum of Jgyrq and Iour» 
currents: 


1 n 
Tours = louta + Iouty = 2nlo + ae Sve (6.29) 
0 1 


The implementation of the square-rooting circuit is presented in Fig. 6.8 [4]. 
Similarly with the current squarer, it can be written that: 


2Vlo = Vip + WIv + lout. (6.30) 
It results: 
Tour, Your 
Ip = Io - ——- + 6.31 
Dea op. Vara ea) 
and 
2Ip + Tour — 210 = Tin (6.32) 


So, the /gyr output current will be proportional with the square-root of the input 
current, Jj: 


Tour = V8loln. (6.33) 
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Fig. 6.10 Current squaring circuit (2) 
In order to obtain the Euclidean distance of the input currents, n current squarers 


and a square-root circuit are used in Fig. 6.9 [4]. 
The /jy input current, is imposed to be equal with: 


1 n 
hy = Tour: — 2nlo =~ Y— ivy: (6.34) 
8lo 
From (6.33) and (6.34), the output current of the entire circuit could be expressed as: 


Tour = 4] Bae (6.35) 
k=1 


The third implementation of the Euclidean distance circuit uses the current 
squarer presented in Fig. 6.10 [3]. 
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Considering that all MOS transistors from Fig. 6.10 are working in saturation, 
the expression of the drain current of the FGMOS transistor can be written as: 


4K (1 1 
In = f . 
D=>5 (3 Vosi 7 Vas. vr) : (6.36) 


where Vgs1 and Vgs2 represent the gate-source voltages of M1 and M2 transistors, 
respectively, having the following expressions: 


II 

Vest = Vr + re (6.37) 
II 

Vaso = Vr + zs (6.38) 


From the previous three relations it results the dependence of the FGMOS 
transistor drain current on J/g and Jo; currents: 


Ip =I9 +101 + 2Vlolo1.- (6.39) 
Because of the PMOS multiple current mirrors, it can be written that: 
Ip = 219 +Jo1 +11, (6.40) 


resulting: 


Uo + imi)” Io Im . Byy 
Io, = _ : 6.41 
aid Alo 4° 2" a eet) 


Thus, the output current expression is: 


Io Tint _ Tin 
, 2 A 


Tour: = Loi (6.42) 


A possible implementation of the square-rooting circuit is based on a structure 
that is similar with the circuit used for obtaining the squaring function. The square- 
rooting circuit using MOS transistors working in saturation and a FGMOS transis- 
tor for reducing the circuit complexity is presented in Fig. 6.11 [9]. 

The expression of the drain current for the FGMOS transistor from Fig. 6.11 is: 


Ip = 10 + Tours + V4lolours (6.43) 
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Vpp 


Fig. 6.11 Current square-root circuit (2) 


where Jour, represents the sum of output currents obtained from the n squaring 
circuits: 


n 1 n 
lout; = S- Jour “a7, ye (6.44) 
fl = 


Because of the PMOS current mirrors from Fig. 6.11, it exists the following 
linear relation between the currents from the circuit: 


Ip = 19 + Iouts + Iour- (6.45) 


So, the expression of the output current for the entire Euclidean distance circuit 
will be: 


lour = V/4lolours = 4] S— Fv (6.46) 
k=1 


The complete implementation of the Euclidean distance circuit is presented in 
Fig. 6.12 [3]. 

A CMOS implementation of a current squaring circuit using MOS transistors 
biased in weak inversion region is presented in Fig. 6.13. 

The translinear loop from Fig. 6.13 has the following characteristic equation: 


2Vas (Lin) = VasUour) + Vaso), (6.47) 
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Fig. 6.12 Euclidean distance circuit — fourth implementation 


Fig. 6.13 Current squaring 
circuit (3) Tin 


Se 
where: 
Tin 
Vos Ui) = Vr + nVin In Wy}? 
7 1DO 
I 
Ves(Ulour) = Vr + nVin In (2) 
T!bo 
and: 


I 
Veslo) = Vr + nV, In (2) . 
1!bo 


(6.48) 


(6.49) 


(6.50) 
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Fig. 6.15 Euclidean distance circuit — fifth implementation 


Considering that all MOS active devices are identical, the output current expres- 
sion of the CMOS current squarer will have the following expression: 


P. 
Iour = 7 (6.51) 
O 


A simple realization of the square-rooting circuit (Fig. 6.14) is derived from the 
current squarer presented in Fig. 6.7. 
Similarly with the current squarer, it results: 


Tour = Vlolin- (6.52) 


In order to obtain the Euclidean distance of the input currents, n current squarers 
and a square-rooting circuit must be used, the complete implementation of the 
Euclidean distance circuit being presented in Fig. 6.15. 

The total output current, Jgyry, will be: 


n | n 
Tours = )— Tours = = Sa (6.53) 
k=1 O t= 
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From (6.52) and (6.53), because the input current of the square rooting circuit is 


equal with the total output current of the current squaring circuits (jy = Ioyry), the 
output current of the entire circuit can be expressed as: 


Tour = (6.54) 


6.3. Conclusions 


Chapter analyzes the possibilities of implementing in CMOS technology of the 
Euclidean distance, covering a large area of applications in VLSI designs. Circuits 
having both current-input and voltage-input vectors have been presented, their 
practical device-level designs being closely related to the squaring and square- 
rooting circuits presented in the previous chapters. 
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Chapter 7 
Active Resistor Circuits 


7.1 Mathematical Analysis for Synthesis of Active Resistor 
Circuits 


The diversity of mathematical principles that represent the basis of designing active 
resistor circuits [1-25] is relatively restricted, existing about six fundamental 
theoretical methods for implementing this class of circuits. In the process of 
designing this circuits, V; and V2 represent the input potentials, Vo and Jo are a 
constant voltage and a constant current, respectively, while Recy notation is used 
for the equivalent resistance between the input terminals. 


7.1.1 First Mathematical Principle (PR 7.1) 


The active resistor circuits designed based on the first mathematical principle uses a 
linear differential amplifier as constitutive core and two input—output connections, in 
order to implement a linear current-voltage characteristic between two input pins. 


7.1.2 Second Mathematical Principle (PR 7.2) 


The linearization techniques based on the second mathematical principle uses a 
proper voltage biasing of a classical differential amplifier, that modifies the transfer 
characteristic of this circuit, in order to have a linear behavior for the resulting 
active resistor structure. 
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7.1.3. Third Mathematical Principle (PR 7.3) 


The method for designing a linear active resistor, based on the third mathematical 
principle, consists in the passing between two pins of a current obtained at the 
output of a differential amplifier, considering these pins as differential circuit 
inputs. 


7.1.4 Fourth Mathematical Principle (PR 7.4) 


The linearization technique of the active resistors designed using the fourth mathe- 
matical principle is based on the utilization of two blocks implementing comple- 
mentary functions (usually, squaring and square-rooting functions). 


7.1.5 Fifth Mathematical Principle (PR 7.5) 


The active resistors designed using the fifth mathematical principle are based on the 
“mirroring” of the Ohm law from two control terminals to the external pins of 
active resistor circuit, the equivalent resistance being equal with the ratio of a 
reference voltage, Vo and a reference current, Jo. 


7.1.6 Different Mathematical Principles (PR 7.D) 


Active resistors using this mathematical principle present different possible 
implementations, their common point being the exclusively utilization of MOS 
transistors biased in saturation. 


7.2 Analysis and Design of Active Resistor Circuits 


7.2.1 Active Resistor Circuits Based on the First Mathematical 
Principle (PR 7.1) 


Active resistor circuits designed based on the first mathematical principle use a 
linear differential amplifier as constitutive core in order to implement a linear 
current-voltage characteristic between two input pins. Two input-output 
connections allow to compute the differential output current, /; — 5, and to pass 
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Fig. 7.1 Active resistor with CM 
positive equivalent resistance 
based on PR 7.1 — block 
diagram 
Vv; a Ws 
I,-L I\-Ilh 
lof 
Fig. 7.2. Active resistor with CM 
negative equivalent resistance U 
based on PR 7.1 — block 
diagram CM 
by y I, 
Wy Y by } 8) 
Vv Linear V 


In-Ty DA LT 
lof 


it through the input pins of the entire structure (Fig. 7.1) [1] using two additional 
current mirrors. 

The equivalent resistance of the entire structure can be defined as the ratio 
between the V; — V2 differential input voltage and the 7; — J, differential current: 


Vi —V2 1 
ye 7A 
ECH Rai CG. ( ) 


G,, being the equivalent transconductance of the linear differential amplifier. 
The possibility of controlling the value of the equivalent resistance is given by the 
dependence of the G,, equivalent transconductance on the J/g biasing current. 

The replacing of the input—output connections from Fig. 7.1 by two input-output 
cross-connections will change the sign of the equivalent resistance for the structure 
presented in Fig. 7.2 [1]. The area of applications of controllable negative resistance 
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Fig. 7.3, Linear DA block — principle circuit 


active resistors covers many domains, including the cancellation of amplifiers’ gain 
load or the design of improved performances integrators. 


Recy = =-—. (7.2) 


The linearity of both positive and negative resistance active resistor circuits is, 
mainly, determined by the linearity of the constitutive differential amplifier. A 
possible method for linearizing the transfer characteristic of classical differential 
amplifier uses the principle based on the constant sum of gate-source voltages 
(Fig. 7.3) [2]. 

For a biasing in saturation of MOS transistors from Fig. 7.3, the V; — V2 
differential input voltage can be expressed as follows: 

Vi — V2 = Ves: — Vo (7.3) 
and: 


Vi — V2 = Vo — Ves2, (7.4) 
resulting the expressions of the sum and difference between gate-source voltages: 
Vesi + Ves2 = 2Vo (7.5) 

and: 
Vas: — Ves2 = 2(Vi — V2). (7.6) 


The 7, — Jy differential output current is: 


K K 
I, h=7 Ves Vr)’ 5 (Vesa Vr)’, (7.7) 
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equivalent with: 


I, —1=—=(Vesi — Ves2)(Vesi + Ves2 — 2Vr). (7.8) 


K 
2 

Replacing (7.5) and (7.6) in (7.8), it results a linear transfer characteristic of the 
differential amplifier presented in Fig. 7.3: 


hb = 2K Ve—WiVi — Va): (7.9) 


Usually, the Vo voltage sources are implemented as current-controlled voltage 
sources. The simplest way to realize these sources, having the advantages of 
simplicity and of minimization the errors introduced by the bulk effect is to use 
the gate-source voltage of a MOS transistor in saturation, biased at a constant 


current, /g: 
21 
Vo = Veso = Vr + ‘Fe (7.10) 


Replacing these particular expressions of Vo voltage sources in the general 
expression (7.9) of the output current of the differential amplifier, it results: 


ly — lp = V8KIo(V — Va), (7.11) 


so, an equivalent transconductance of the differential amplifier: 


Gm = /8KlIo, (7.12) 


that can be controlled by the biasing current, J. 

An active resistor circuit based on the first mathematical principle (PR 7.1), that 
uses the linearization technique of the composing differential amplifier, based on 
the constant sum of the gate-source voltages is presented in Fig. 7.4. The Vo voltage 
sources from Fig. 7.3 are practically implemented in Fig. 7.4, using the gate-source 
voltages of M3 and M4 transistors, biased at a constant current, Jj. In order to 
obtain a differential amplifier with two /, output currents and two /> output currents 
(as it is shown in Fig. 7.1), a parallel connection of two identical differential 
amplifiers is used in Fig. 7.4 (M1—M2 and M5—M6, respectively). 

The expression of the Vg current-controlled voltage sources will be: 


21, 
Vo = Ves3 = Vesa = Vr + ‘ce (7.13) 
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Fig. 7.4 Active resistor with positive equivalent resistance based on PR 7.1 — first implementation 
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Fig. 7.5 Active resistor with negative equivalent resistance based on PR 7.1 — first 
implementation 


The equivalent resistance of the entire structure can be set by choosing the value 
of the biasing current, 9: 


Vi — V2 1 1 
Ih-l, Gy vV8KIo ee 


In order to obtain an active resistor circuit with negative equivalent resistance 
based on the previous active resistor structure, two input—output cross-connections 
can be used. The resulting active resistor circuit, using the block diagram presented 
in Fig. 7.2, is shown in Fig. 7.5. 


Recu = 
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4 4 


Fig. 7.6 Active resistor with positive equivalent resistance based on PR 7.1 — second 
implementation 


The equivalent resistance of the active resistor structure is: 


VieVs 1 1 
= = 7.15 
inh Gp -J8RIp hi) 


An alternative implementation of the active resistor circuit with positive equiv- 
alent resistance using the same principle is presented in Fig. 7.6. The Vo voltage 
sources from Fig. 7.3 are practically implemented in Fig. 7.6 using the gate-source 
voltages of M5 and M6 transistors, biased at a constant current, J9. Similar with the 
active resistor presented in Fig. 7.4, two parallel-connected differential amplifiers 
(M1—M2 and M3—M4) have been used in order to generate two output currents /; 
and two output currents J. The expression of the equivalent resistance of the 
structure presented in Fig. 7.6 is also given by (7.14). 

Similar input-output cross-connections allow to obtain a negative resistance 
active resistor circuit (Fig. 7.7). 

The active resistor circuit presented in Fig. 7.8 [3, 4] is based on the same 
operation principle. The M3—M4 and M5—M6 pairs implement two current mirrors, 
necessary to extract /; and /2 currents from the circuit, in order to compute [)27 = 
I, — In current. The Vc is a DC potential which fixes the value of the equivalent 
resistance between the input pins and sets [p7 and Jpg current to be equal with J 
current. The Vo generators are voltage sources, controlled by /g current. 

Because M1 and M3 transistors are identical and biased at the same drain 
current, it results Vgs; = Vgs3, So: 


Recu = 


V, — Vx 


5 (7.16) 


Vos1 = 
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Fig. 7.7 Active resistor with negative equivalent resistance based on PR 7.1 — second 
implementation 
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Fig. 7.8 Active resistor with positive equivalent resistance based on PR 7.1 — third principle 
implementation 
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Fig. 7.9 Active resistor with positive equivalent resistance based on PR 7.1 — third complete 
implementation 


where Vy = V2 — Vo. It results: 


VY, -V24+ V, 
Vos, = 278 (7.17) 
and, similarly: 
Y.-Vi4+ V, 
Veo 5 = a (7.18) 


So, the differential current, /j2 = [; — lh, can be expressed as follows: 


K 
Ves1 — Vr)? 


K K 
5) ( Vos2 Vr) = aM —V2)(Vo — 2Vr). (7.19) 


I= a 


Thus, the active resistor presented in Fig. 7.8 has an equivalent resistance, 


expressed by: 


ee. 2 
Tio K(Vo — 2Vr) 


Recu = (7.20) 


The complete circuit implementation is presented in Fig. 7.9 [3, 4]. The Vc is an 
externally applied potential, used to control the value of equivalent resistance (Vg 
depends on /g current, which is fixed by Vc potential). 
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Fig. 7.10 The (J; — J) (Vi — V2) simulation for the active resistor presented in Fig. 7.9 


The current-controlled voltage generators, Vo from Fig. 7.8 have been replaced 
in Fig. 7.9 by two series connections of three MOS transistors (Mla, Mlb, Mic and 
M2a, M2b, M2c, respectively). The Vg voltage can be expressed as follows: 


/2Io0 2 /|K 
Vo= 3Vas(lo) = 3 (v + 2) =3Vr+ feyEtve = Vr) =Vco+2Vr. 


(7.21) 


From (7.20) and (7.21), it results an expression of the equivalent resistance of the 
circuit presented in Fig. 7.9, that does not depend on the threshold voltage: 


1 
R = —__., 7.22 
BCH = FR (7.22) 


The (1; — />) (V; — V2) simulation for the active resistor presented in Fig. 7.9 is 
shown in Fig. 7.10. 

In order to estimate the linearity of the circuit, the active resistor is compared 
with an ideal resistor, resulting the simulated linearity error presented in Fig. 7.11. 

The maximum linearity error of the active resistor presented in Fig. 7.9 for a 
limited input voltage range (|V; — V2| < 500 mV) is smaller that 0.35%. 

The circuit presented in Fig. 7.8 can be changed, in order to obtain an active 
resistor with negative equivalent resistance, resulting the circuit presented in 
Fig. 7.12 [3, 4]. 

It exists the possibility of implementing an active resistor circuit based on the 
same linearization principle, using FGMOS transistors (Fig. 7.13) [3-5]. The V; 
and V2 are the output pins of the active resistor, /;2 is the current passing between 
these terminals, Vc is a DC potential which controls the value of the equivalent 
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Fig. 7.11 The simulated linearity error for the active resistor circuit presented in Fig. 7.9 
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Fig. 7.12 Active resistor with negative equivalent resistance based on PR 7.1 — third principle 


implementation 
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Fig. 7.13 Active resistor with positive equivalent resistance based on PR 7.1 — fourth principle 
implementation 


resistance between the input pins and sets [ps and /p6 currents to be equal to Ig 
current. The Vo generators are voltage sources, controlled by the Jo current, while 
I, and J» are intern currents of the active resistor. 

Considering a biasing in saturation of all MOS transistors, /; and J) currents can 
be expressed as follows: 


K [Vi +Vo = KIVA . 
IT = = t 2 
| FV _ (Vo) v,| | “8+ Vo vn) (7.23) 
and: 
Kinky > £G=V : 
i= | 5) 2— (Vi —Vo) v,| 5 | ; 5) ~+(Vo vn) - (7.24) 


The expression of the /;2 differential current becomes: 
Ty. =h — Ih = K(Vi — V2)(Vo — Vr), (7.25) 


resulting an equivalent resistance of the entire structure, expressed by the following 
relation: 


Vi-V2 1 


= : 7.26 
fy) K(Vo — Vr) ee) 


Recu = 
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Fig. 7.14 Active resistor with positive equivalent resistance based on PR 7.1 — fourth complete 
implementation 


In order to avoid the degradation of circuit linearity caused by the bulk effect, a 
proper implementation of the current-controlled voltage sources Vg from Fig. 7.13 
has been realized in Fig. 7.14. For this particular choice, the Vg voltage can be 
expressed as follows: 


21, 
Vo = Vasia + Vesib = Ves2a + Ves2p = 2 (v + 72) (7.27) 


because Mla, M1b, M2a and M2b transistors (having the aspect ratio fourth time 
greater than the other transistors from the circuit) are biased at the same constant 
current, Jj. The precision of the entire structure presented in Fig. 7.14 [3-5] will be 
not affected by the bulk effect: 


Recu = (7.28) 


evan fay 


Another active resistor circuit having the possibility of applying between the 
input pins both positive and negative voltages, is presented in Fig. 7.15, this 
additional feature being possible using a double supply voltage. 
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Fig. 7.15 Active resistor with positive equivalent resistance based on PR 7.1 — fifth 
implementation 


Because of the multiple current mirrors, J and /’ currents are zero and 
I\2 = 1, — 1). The equivalent resistance of the circuit is: 


Vi —V2 


7.29 
is (7.29) 


Recu = 
The expression of J; current is: 


h=—(G-V avey, (7.30) 


el > 


where V’ = V; — Vgss. As M3 and M5 transistors are identical and biased at the 
same drain current, their gate-source voltages will be also equal, so 
Voss = Vos3 = Vc. It results: 


Vi=V, —Ve. (7.31) 


The expression of J; current becomes: 


K 
h = 5 [V2 —Vi) + (Ve Vr)/ (7.32) 
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Fig. 7.16 Active resistor with positive equivalent resistance based on PR 7.1 — fifth improved 
implementation 


and, similarly: 


K 
h= 5 [Vi — V2) + (Ve Vr). (7.33) 


The /; differential current can be expressed as follows: 
Ty. = In — 1, = 2K(V — V2)(Vo — Vr). (7.34) 


The equivalent resistance of the entire structure presented in Fig. 7.15 will have 
the following expression: 
Vi-V2_ 1 

Tio 2K (Vc = Vr) 


Recu = (7.35) 


In order to remove the dependence of the equivalent resistance on the threshold 
voltage, it can be used an improved circuit, presented in Fig. 7.16. 

The M5 and M6 transistors from Fig. 7.15 have been replaced by two series 
connections, M5’—M5” and M6’—M6”, respectively, all these four transistors having 
aspect ratios fourth time greater than the other transistors from the circuit. Now, 
V’ = V, — 2Voss:, where: 


_ [2Ip5 __ /2Ip3 
Voss: = Vr + aK =Vr+ AR 


1 Vet V: 
=Vr+ Voge (Vo — Vr) =F, 


(7.36) 


Sire 
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Fig. 7.17 Linear differential 
amplifier with proper current h 1 I, 
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resulting: 
Vi=V, —Vr—-Ve. (7.37) 


The expression of J; current becomes: 


K 
has [(V2 — Vi) + Vel? (7.38) 
and, similarly: 
K 
h=> [(Vi — Vo) + Ve)’. (7.39) 


The /,2 differential current can be expressed as follows: 
Tyg = 1h — 1, = 2KVc(Vi — V2). (7.40) 


The equivalent resistance of the entire structure presented in Fig. 7.16 will be 
independent on the threshold voltage: 
VWi= Ve 
2 2KVe" 


Recu = (7.41) 


Another possible implementation of a linear differential amplifier is based on a 
proper current biasing of a classical differential amplifier. The method (Fig. 7.17) 
[6] for obtaining a linear transfer characteristic of the differential amplifier is to 
obtain the Jj’ biasing current of the entire differential structure as a sum of a main 
constant term, 7g and an additional term, proportional with the squaring of the 
differential input voltage, 1 = K(V, — V2)” /4: 


K 
Io! =I9 +1 =Io + re Var (7.42) 


7.2 Analysis and Design of Active Resistor Circuits 339 


Io’ 
I 
to 
Vv vw 
Fig. 7.18 Active resistor with positive equivalent resistance based on PR 7.1 — sixth 


implementation 


resulting, in this case, a perfect linear behavior of the optimized differential 
amplifier: 


Vi -V. 
h-h= = 2 \/4KIo! — K2(V1 — V2)? 


= VKIo(V, _ V2) = Gm( V4 _ V2), 


(7.43) 


G,, being the equivalent transconductance of the proposed structure, that can be 
controlled by the biasing current, /o. 

Based on the block diagram presented in Fig. 7.1, the improved linearity 
differential cell presented in Fig. 7.17 can be re-used in order to obtain an original 
active resistor with excellent linearity, having the circuit presented in Fig. 7.18 [6]. 

For this circuit, the current passing through the input pins, /;2, can be expressed 
as follows: 


Yi - 
2 


V 
Ip=h—-h= vi 4KIo! — K2(V, — V2). (7.44) 


Because the biasing current of the circuit core, Jj’, was designed to be the sum of 


a main constant term /g, and an additional term proportional with the squaring of 
the differential input voltage: 


K 
Io! =Io + 7 WH, (7.45) 
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Fig. 7.19 Active resistor with negative equivalent resistance based on PR 7.1 — sixth 


implementation 


the Jj2 current will have the following expression: 


No = VKIo(V1 — V2). (7.46) 


Defining the equivalent resistance of the circuit from Fig. 7.18 as the ratio 
between the V; — V2 differential input voltage and the current passing through 
the input pins, /{2, it results: 


PO oat 
ECH = ie = lo 


(7.47) 


The circuit presents the advantage of controllability (the active resistance Racy 
can be changed by modifying the /g biasing current). 

Using the active resistor with positive equivalent resistance presented in 
Fig. 7.18, in order to obtain a circuit with controllable negative resistance circuit, 
it is necessary to use two input-output cross-connections, resulting the circuit 
presented in Fig. 7.19 [6]. Because now [2 = Jy — [;, the equivalent resistance of 
the circuit from Fig. 7.19 will be: 


1 
Reco’ = —Recu = ~TRis: (7.48) 
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Fig. 7.20 Active resistor with positive equivalent resistance based on PR 7.2 — block diagram 


7.2.2 Active Resistor Circuits Based on the Second 
Mathematical Principle (PR 7.2) 


The linearization techniques based on the second mathematical principle uses a 
proper biasing of a classical differential amplifier, that modifies the transfer char- 
acteristic of this circuit, in order to obtain a linear behavior for the resulting active 
resistor structure. 

The block diagram of active resistor circuit using the second mathematical 
principle is presented in Fig. 7.20. The output currents of the “DA” block from 
Fig. 7.20 [4, 7] are forces to pass through the input pins, implementing, in this way, 
a linear current-voltage characteristic, Joyr(V1 — V2), for the active resistor struc- 
ture, so a constant equivalent resistance of the structure. 


7.2.2.1 The “DA” (Differential Amplifier) Block 


The “DA” block is implemented as a classical active-load differential amplifier, 
having the concrete realization presented in Fig. 7.21. Considering a biasing in 
saturation of MOS devices from Fig. 7.21 [4, 7, 8], the output current of the 
differential amplifier can be expressed as: 


K 
lout = Ih = if = 3 Vir = Vor)(2V = Vir = Vor = 2Vr). (7.49) 


In order to obtain a linear transfer characteristic, Jovr(Vir — V2r), it is necessary 
that the value from the second parenthesis from (7.49) to be constant with respect to 
the differential input voltage Vir — Vor: 


2V — Vir _- Vor _ 2Vr =A=— ct., (7.50) 
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Fig. 7.21 Active resistor V 
with positive equivalent [e) 
resistance based on PR 7.2 — 
DA block implementation + 
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resulting the necessity of implementing a V voltage equal with: 
Vir + V. A 
V= 3 aves, (7.51) 


7.2.2.2 The “T” (Translation) Block 
The translation of the V potential by V7 + A/2 can be obtained using “T” block, 


having the implementation presented in Fig. 7.22 [4, 7]. 
Because the same /g current is passing through both transistors from Fig. 7.22, it 


can be obtained: 
21 
Vi =Vir+Vrt+ Ve (7.52) 
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Fig. 7.22 Active resistor I H 
with positive equivalent 
resistance based on PR 7.2 — 
T block implementation 
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Fig. 7.23 Active resistor with positive equivalent resistance based on PR 7.2 — M block 
implementation 


and: 


yi 
Vy = Vor + Vr +4/ | (7.53) 


So, both V; and V2 input potentials are DC shifted with the same amount, 


Vr t+ 4/2Io/K. 


7.2.2.3 The “M”’ (Arithmetic Mean) Block 


In order to obtain the arithmetic mean of input potentials expressed by (7.51), an 
arithmetical mean circuit must be used (Fig. 7.23) [4, 7], this particular implementation 
having the advantage of containing only MOS transistors, biased in saturation region. 


—V+V2 


. 5} 


(7.54) 


It can be obtained: 


V= + Vr 4 : (7.55) 
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Fig. 7.24 Active resistor with positive equivalent resistance based on PR 7.2 — complete 
implementation 


Comparing (7.51) and (7.55) relations, it results that A = 2,/2//K, so: 


K II 
Jour = 5 (Vir — Var)24 ee = /2Klo(Vir — Vor). (7.56) 


And, by using (7.52) and (7.53), equivalent with: 


Tour = V 2KIo(V, — V2) = Gn(Vi — V2), (7.57) 


Gm = V2KIo being the equivalent transconductance of the differential ampli- 
fier. As a result of using translation blocks, the G,, transconductance of the 
differential core will be not dependent on the threshold voltage, so the active 
resistor linearity will be not affected by the bulk effect. 

Because the output currents of the “DA” block are forces to pass through the 
input pins (Fig. 7.20), a linear current-voltage characteristic, Ioy7(V; — V2), of 
the active resistor structure will be obtained. So, a constant equivalent resistance of 
the entire structure from Fig. 7.20 can be achieved: 


V,-V> 1 1 
— — F 7.58 
Tour Gm  V2KIo weet 


The full implementation of the active resistor circuit is presented in Fig. 7.24 [4, 7]. 


Recu = 
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Fig. 7.25 Active resistor with negative equivalent resistance based on PR 7.2 — block diagram 
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Fig. 7.26 Active resistor with negative equivalent resistance based on PR 7.2 — complete 


implementation 


In order to obtain an active resistor circuit with negative equivalent resistance, 
the senses of the output currents of “DA” block must be inversed, resulting the 
block diagram presented in Fig. 7.25 [4]. 

The implementation of the active circuit with negative resistance is presented in 
Fig. 7.26 [4, 7], the equivalent resistance of this structure being: 


/ 
Recu = 


1 


Gm 


ile, 


(7.59) 
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Fig. 7.27 Active resistor 


with positive equivalent Io 
resistance based on PR 7.3 — 
block diagram 
DA 
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7.2.3 Active Resistor Circuits Based on the Third Mathematical 
Principle (PR 7.3) 


The method for designing a linear active resistor based on the third mathematical 
principle consists in passing, between two pins, of a current obtained from the 
output of a differential amplifier; these pins represents the inputs of the differential 
circuit. This current will be linearly dependent on the differential input voltage, so 
the equivalent resistance between these two pins will be equal with 1/G,, (G,, is the 
transconductance of the differential amplifier). 


Vi-V2_ 1 


=—. 7.60 
T2 Gm ( ) 


Recu. = 


The block diagram of this active resistor is presented in Fig. 7.27 [4, 8-10]. 

The “DA” block is a linear differential structure and “I” block represents a 
“current pass” circuit. Its goal is to “pass” a current received at its input between 
two pins (V; and V2). A possible implementation of the current pass block is 
presented in Fig. 7.28 [4, 11], consisting in a simple and a multiple current mirror. 

As a result of the quadratic characteristic of a MOS transistor operating in 
saturation, the transfer characteristic of the classical CMOS differential amplifier 
will be strongly nonlinear, its linearity being in reasonable limits only for a very 
limited range of the differential input voltage amplitudes. 

There are many possibilities of improving the linearity of the classical differen- 
tial amplifier. The method used for increasing the linearity of the active resistor 
circuit having the block diagram presented in Fig. 7.27 is based on the compensa- 
tion of quadratic characteristic of the MOS transistor working in saturation region 
by two identical current-mode square-root circuits. The result will be a more linear 
transfer characteristic of the circuit, quantitatively evaluated by an important 
reduction of the total harmonic distortions of the differential amplifier (Fig. 7.29) 
[4, 9, 10, 12]. 
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Fig. 7.29 Active resistor with positive equivalent resistance based on PR 7.3 — linear DA block 


implementation 


A possible implementation of the square-root circuits from Fig. 7.29 is shown in 
Fig. 7.30 [4, 10, 12], representing a perfect symmetrical structure using MOS 


transistors and a FGMOS device. 
The expression of J current is: 


2 


I Vr 


_ 4K Ae + Vos(li2) 
~ 2 2 


2 
= (Vio + ha) =lot+h2+2V/loh 2. 


(7.61) 
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Fig. 7.30 Active resistor with positive equivalent resistance based on PR 7.3 — square-root block 
implementation 


The output current of the square-root circuit from Fig. 7.30 will have the 
following square-root dependence on J; 2 and /g currents: 


Na! =1-Ip —hh2 =2Vhalo. (7.62) 


Considering this square-root dependencies of J,’ and /,' currents on J, and 5 
currents, the output current of the differential amplifier from Fig. 7.29, /,2, can be 
expressed as: 


In =! — bh! =2Vlo(vh - Vb), (7.63) 
resulting: 
Tg = V/2Klo(Ves1 — Vas2), (7.64) 


Vogs1 and Vgs2 being the gate-source voltages of M1 and M2 transistors from 
Fig. 7.29. It results a linear transfer characteristic of the differential amplifier: 


hha = Ga(Vi — Va), (7.65) 
where G,, is the circuit transconductance, G,, = /2K/o. So, in a first-order analy- 


sis, the dependence of the differential circuit output current on its differential input 
voltage will be perfectly linear. 
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Fig. 7.31 Active resistor ° 9 -O Vpp 
with negative equivalent | 
resistance based on PR 7.3 — 
current-pass block [| iS 
implementation 
I 
12 lis ! 
vi 
V> 
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The equivalent resistance of the circuit presented in Fig. 7.27 will have the 
following expression: 


(7.66) 


and it can be controlled by the /g biasing current. 

An advantage of the active resistor presented in Fig. 7.27 is that a circuit with a 
negative equivalent resistance can be obtained by a minor change in the current- 
pass circuit presented in Fig. 7.28. The modified implementation of the current-pass 
circuit that can be used for obtaining an active resistor with a negative equivalent 
resistance is presented in Fig. 7.31 [13]. 

The resulting expression of the active resistance will be Recy’ = —Recy = 


=172,/2KIp. 


7.2.4 Active Resistor Circuits Based on the Fourth 
Mathematical Principle (PR 7.4) 


The structure of the active resistor circuit based on the fourth mathematical 
principle contains three important blocks (Fig. 7.32) [4, 14]: a voltage-current 
squarer, “SQ”, a current square-root circuit, “SQR”, and a current-pass circuit, “T’. 
The /;2 current is proportional with the square-root of [oy7 and /g currents, while 
Tour current is proportional with the square of the differential input voltage, 
V, — V2. So, the result will be a linear relation between the differential voltage 
across the input pins of the active resistor and the current passing between them. 
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Fig. 7.32 Active resistor with positive equivalent resistance based on PR 7.4 — block diagram 
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Fig. 7.33 Active resistor with positive equivalent resistance based on PR 7.4 — squaring circuit 
implementation 


The current squaring circuit is based on the perfect symmetrical structure, 
presented in Fig. 7.33 [15]. The utilization of a FGMOS device decreases the 


silicon occupied area of this circuit. 
The output current expression has a linear dependence on the drain currents of 


M1, M2 and M3 transistors: 
Jour =H +h-h. (7.67) 


Considering a biasing in saturation of all MOS devices from Fig. 7.33, the 
previous currents will have the following expressions: 


K 
h= a =Ve=Vrl, (7.68) 
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Fig. 7.34 Active resistor ° o Vpp 
with positive equivalent ] 
resistance based on PR 7.4 — >| | 
square-root circuit | 
implementation > 
lout | Io liz 
K | 4K 
KI 4K 
I 
ss I 
Ww 
K 2 
= rue =Vs= Ve)"; (7.69) 
Vi + V2 ; 
h=K — Vs—Vr) . (7.70) 


From the previous relations, it results a quadratic dependence of the output 
current, Joyr, on the V; — V2 differential input voltage: 


K 
Tour = q (Vi — V2)’. (7.71) 


The square-root circuit is presented in Fig. 7.34, designed using exclusively 
MOS active devices biased in the saturation region. 
The relation between the currents from the circuit is: 


(v 2") (v 7) =2(vr+ Vee) (7.72) 


equivalent with: 


I =Iour +10 + 2Vloutlo. (7.73) 


Implementing the proper linear relation between the previous currents of the 
square-root circuit: 


Tyg =1—Iour — Io, (7.74) 


the output current of the circuit from Fig. 7.34 will be proportional with the square- 
root of the input current: 


Tig = 2V/Toutlo. (7.75) 
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The current-pass circuit, /, has the implementation presented in Fig. 7.28. 

Because of the complementary characteristics (7.71) and (7.75) of the squaring 
and square-root circuits, the [;2(V; — V2) current-voltage characteristic of the 
active resistor will be linear. 


No = VKIo(V1 — V2). (7.76) 


It is possible to define an equivalent resistance of the circuit presented in 
Fig. 7.32 as: 


V,-V 
Recu. = 5 ; 2 (7.77) 
1 
resulting: 
1 
Recu. = VKIo (7.78) 


The advantage of the active resistor circuit is that the value of the equivalent 
active resistance can be controlled by modifying the reference current I. 


7.2.5 Active Resistor Circuits Based on the Fifth 
Mathematical Principle (PR 7.5) 


The active resistor based on the fifth mathematical principle has the block diagram 
presented in Fig. 7.35, [4, 12] and it uses three important types of blocks: 


¢ Two linearized differential amplifiers for converting the V; — V2 input voltage 
and the Vo reference voltage in two currents that will be inserted into the 
multiplier circuit. The most important requirements for these differential 
amplifiers are referring to the linearity of the transfer characteristics, associated 
with the maximization of their input voltage ranges that allows a good linearity, 
to the common mode input range and to the independence of the circuit 
performances on the second-order effects. The currents generated by the differ- 
ential amplifiers will be proportional with their input voltages, 7} = G,Vo and 
Ty = Gn(Vi — V2); 

¢« A current-mode multiplier circuit, “MULT”, for “mirroring” the Ohm law, 
whose operation is described by the relation J). = Ig/./I;; 

¢ Accurrent-pass circuit, which imposes the condition that the same current to pass 
between the V; and V2 input pins 


Consider that DAI and DA2 differential amplifiers from Fig. 7.35 are 
implemented using the linearization technique proposed in Fig. 7.29. So: 


In = V2KI(V, — V2), (7.79) 
I, = V2KIVo, (7.80) 
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Fig. 7.35 Active resistor (1) 
with positive equivalent 
resistance based on PR 7.5 — 
block diagram 


I biasing current replacing the /g current from Fig. 7.29. Defining the equivalent 
resistance between V,; and V2 pins as the ratio between the V; — V2 differential 
input voltage and the current passing through these pins, /;2, it results: 


Vi-V2_ Vo 


= : 7.81 
Tho To wen) 


Recu = 


In conclusion, the active resistor presented in Fig. 7.35 will have an equivalent 
resistance that can be controlled by modifying the ratio of the Vo reference voltage 
and the Jj reference current. 

A possible method for obtaining the multiplying function using the previous 
designed square-root circuit is to use two identical circuits presented in Fig. 7.29, 
implementing the following functions: 


Tour = 2Vlol2 (7.82) 
and: 
Tout2 = 2VIi2h, (7.83) 


Iour1 and Igyr2 being the output currents of these square-root circuits. Using a 
classical current mirror, it is possible to impose Jour: = Jou72, resulting the neces- 
sary multiplying function: 


| ed ee (7.84) 
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In order to obtain an active resistor circuit with negative equivalent resistance, 
the block diagram from Fig. 7.35 must be modified by inversing the sense of the [12 
current passing through the J block, resulting an equivalent resistance expressed by: 


(7.85) 


An alternative method [15] for obtaining, using the fifth mathematical principle, 
a linear current-voltage characteristic of the active resistor, similar with the char- 
acteristic of a classical passive resistor, consists in the “mirroring” of the Ohm law 
from the input pins of the circuit to another pins, used for applying an external 
reference voltage and an external reference current. The equivalent resistance of the 
active structure will be controllable by the ratio between the reference voltage and 
the reference current. Because of the requirements for a good frequency response, 
only MOS transistors working in saturation are used and a current-mode operation 
of an important part of the circuit is implemented. A possible choice of the 
complementary blocks that minimize the complexity of the entire structure is 
referring to the squaring and square-rooting functions. In order to further reduce 
the silicon occupied area, classical MOS devices have been replaced by FGMOS 
transistors. 

The structure of the active resistor is based on four important blocks: two 
voltage-current squarers, a current square-root circuit, a current divider circuit 
and a current-pass circuit, named SQ, SQR, DIV and I, respectively on the block 
diagram from Fig. 7.36 [15]. 

The /;2 current is proportional with the square-root of the product between J and 
Ig currents, while J is proportional with the ratio of J and J; currents. Each of these 
two last currents is proportional with the squaring of V; — V2 and Vo voltages, 
respectively. The result of this implementation of the circuit will be a linear relation 
between the V; — V2 differential voltage across the input pins of the active resistor 
and the current passing between these pins, /2. 

The current squaring circuits can be implemented using the circuit presented in 
Fig. 7.33, resulting a quadratic dependence of the /) output current on the V; — V2 
differential input voltage: 


(Vi — V2)’. (7.86) 


RIP 


In a similar way, the other squarer from the block diagram will compute the 
following expression of /; current: 


We: (7.87) 
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Fig. 7.36 Active resistor (2) Vo 
with positive equivalent 
resistance based on PR 7.5 — 
block diagram 


SQR +} lo 


The current square-root block from Fig. 7.36 can be realized using the circuit 
presented in Fig. 7.34, the output current being proportional with the square-root of 
the input current: 


Tyg = 2V/Iol. (7.88) 


The divider circuit can be obtained using two square-root circuits from Fig. 7.34, 
connected as it is shown in Fig. 7.37. The computed functions are J9; = 2\/1;/ and 
Tor = 2\V/haIo. Because Ig; = Ip2, the function implemented by the circuit from 
Fig. 7.37 [15] will be: 


T=i,-. (7.89) 


The current-pass circuit is similar with the structure presented in Fig. 7.28. Using 
previous relations, it results that the equivalent resistance of the active resistor 
having the block diagram presented in Fig. 7.36 is: 


Vi-V2 Vo 
R = : 
ECH. To Io (7.90) 


An important advantage of the previous presented circuit is that the value of the 
equivalent active resistance can be controlled by modifying the ratio of a reference 
voltage, Vo and a reference current, J. 
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Fig. 7.37 Active resistor (2) with positive equivalent resistance based on PR 7.5 — DIV block 
implementation 


7.2.6 Active Resistor Circuits Based on Different Mathematical 
Principles (PR 7.D) 


Active resistors based on different mathematical principles use MOS transistors 
biased both in linear region and in saturation. A possible realization of an active 
resistor is presented in Fig. 7.38 [16]. 

The M1 and M2 transistors are biased in linear region, while all other MOS 
transistors are operated in saturation region. The /; and /) currents can be expressed 
as follows: 


K Ve 
h= > Vos Vas —Vr) - 2s] (7.91) 
and: 
K Visa 
h= 7 Vos2(Vas2 — Vr) — ao (7.92) 


The M5—M6 current mirror imposes the identity between /, and /, currents, so 
Vos3 = Vesa, resulting Vos; = Vps2. Using (7.91) and (7.92), it results: 


K 
Iw =k -l = 35 Vos2(Vas2 — Ves1) 


K K (7.93) 
= 3 Vosel(Vez + Vpp) — (0+ Vop)| = 7 V0sVo2- 
The equivalent input impedance can be defined as follows: 
V, 2 
Recn = —" = (7.94) 


Ty KV" 
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Fig. 7.38 Active resistor (1) 
with positive equivalent 
resistance based on PR 7.D 
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The circuit simulates in the input pin an equivalent resistance, Recy, having a 
value that can be controlled by a biasing potential Vgo. 

Another possible realization of an active resistor circuit is presented in Fig. 7.39 [17]. 

The expressions of J; — /4 currents are: 


l= 5 (Ver ape Ver, (7.95) 
h= * (Ver —Vo—Vr), (7.96) 
= © (Ver == Var (7.97) 
I, = © (Ver =Ve= Vey (7.98) 


Because of M16—M17 and M20—M21 current mirrors, J7 = 27; and [jg = 2h. 
The J and /' currents can be expressed using a linear relation containing the previous 
currents: 


l=l =]4+h-h-k (7.99) 
resulting: 
, «K 
=f > 5 V2 —V1)(2Ver — Vi — V2 — 2Vr) 


(7.100) 
+ 


wl > 


VieWe=Vi=n= 1. 
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Fig. 7.39 Active resistor (2) with positive equivalent resistance based on PR 7.D 
So: 
I=I' = K(Vco — Vei)(Vi — V2). (7.101) 


The equivalent resistance of the active structure presented in Fig. 7.39 can be 
expressed as follows: 


R —VW-V2  Vi-V2 1 
nee I 7 [' 7 K(Vea - Vcr) 


(7.102) 


and it can be controlled using Vez — Vc, differential voltage. 

Another implementation of an active resistor circuit using exclusively MOS 
transistors biased in saturation is presented in Fig. 7.40 . 

The 7 current can be expressed as a linear function on the currents from the 
circuit: 


T=h-I,-Is +I. (7.103) 
Because Ig = 2/; and J5 = 21, it results: 
T=-h. (7.104) 
Similarly, the /' current will have the following expression: 
l=h-h+h-k. (7.105) 


Using 17 = 21, and Ig = 2/5 relations (implemented using different aspect ratios 
MOS transistors), it can be obtained: 


f=h—-h. (7.106) 
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Fig. 7.40 Active resistor (3) with positive equivalent resistance based on PR 7.D 


So, the same current J = I’ will pass between the inputs, being expressed by the 
following relation: 


K K 
P= =5(V-Vi Vie a Ve Ve (7.107) 


As the drain current of M12 transistor is imposed to be Jo, their gate-source 


voltage will be equal with: 
21 
Vi —V, =Vrt+ ae (7.108) 


Thus: 
/ 2I0 
V=V,4+Vr+ x (7.109) 
Similarly: 
2I0 
V—-—V2=Vr+4/—. (7.110) 
K 
So: 
21, 
V=VotVr+4/—2. (7.111) 
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From (7.107), (7.109) and (7.111), it results: 


2 2 
K 2Io K 2Io 
l=f=-|V.-V V, -V. — 7.112 
7 | V2-Mit ye (Mi - Vat ye | > ( ) 
equivalent with: 
T=I' = \/8KIo(V2 — V1), (7.113) 


The equivalent resistance of the entire active structure can be defined as the ratio 
between the V; — V2 differential voltage and the J = /' current: 


Vi-Vo Vi-V2_ 1 
PP - ft ~~ ./8KT a” 


The Recy equivalent resistance can be controlled by the J/g reference current. 


Recu = (7.114) 


7.3 Conclusions 


Chapter presents a multitude of active resistor structures implemented in CMOS 
technology. Functionally equivalent with a classical resistor, active resistor circuits 
have the most important advantage of reducing the silicon area, especially for large 
values of the simulated resistances. Additionally, both positive and negative equiv- 
alent resistances are available by small changing of the design. The possibility of 
controlling the value of the equivalent resistance using a control current or a control 
voltage extends the area of utilization of this class of VLSI circuits. 
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Chapter 8 
Multifunctional Structures 


8.1 Mathematical Analysis for Synthesis of Multifunctional 
Structures 


An important goal in VLSI designs is represented by the possibility of a multiple 
utilization of the same cell, the increased modularity that can be achieved being 
reflected in an important reduction of power consumption and of design costs 
per circuit function. Many fundamental linear or nonlinear analog blocks can be 
realized starting from the same core, the optimization technique implemented 
for the nucleus being efficient for all the derived circuits. The presented multi- 
functional structures are based on four different elementary mathematical 
principles, each of them being illustrated by concrete implementations in CMOS 
technology of their functional relations. 

The multifunctional structures [2, 3, 5, 9, 35, 46] that can be realized starting 
from an improved performances multifunctional core are: differential amplifiers [1, 
11, 14, 16-18, 20-31, 34, 59, 64], multiplier circuits [32, 33, 36-45, 47, 48, 50], 
active resistors [10, 12, 13, 19, 60-63] (with both positive and negative controllable 
equivalent resistance), squaring [4, 38, 49-54], square-rooting [8, 15, 55-58] or 
exponential [6, 7] circuits. 


8.1.1 First Mathematical Principle (PR 8.1) 


The output currents of the multifunctional circuit core (Fig. 8.1) have the following 
general expressions: 


Tour: = Io + ay/KlIo(Vi — V2) + BK (Vi — V2) (8.1) 
and: 

Iour2 = Io — ay/KIo(V1 — V2) + bK(Vi — V2)’, (8.2) 
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Fig. 8.1 MFC core based on 
PR 8.1 — symbolical 


representation lourl tour 
Vio MFC |__o V» 
of 
Fig. 8.2 Differential 
amplifier based on PR 8.1 — cM I 
block diagram + OUT 
Tounl¥ Tour2 
Vio MFC = /-—» V2 


a and b being constants, depending on the particular implementation of the 
multifunctional circuit core. 


8.1.1.1 Principle of Operation of a Linear Differential Amplifier 
The block diagram of the differential amplifier using the multifunctional core from 
Fig. 8.1 is shown in Fig. 8.2. 


The output current of the differential amplifier circuit is obtained as the differ- 
ence between the individual output currents, [gy7; and Igy72: 


Iour = Iour: — Lour2 = 2a,/ KIo(Vi — V2). (8.3) 


The equivalent transconductance of the structure can be defined as follows: 


Tour 
Gm = = = 2a\/KI 8.4 
V, Va a O (8.4) 


and it can be controlled using the /g biasing current. 
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Fig. 8.3 Active resistor with 

Ps : : CM 
positive equivalent resistance 

based on PR 8.1 — block 
diagram CM 


Jour: ¥ flour ¥ Iour 
Vi MFC V2 
Iouti-lout2 Iouti-lour2 
Io 


8.1.1.2 Principle of Operation of an Active Resistor with Positive Equivalent 
Resistance 


In order to obtain an active resistor with positive equivalent resistance (Fig. 8.3) [1], 
the multifunctional core must be modified for generating two /oy7; output currents 
and two /gyr2 output currents. 

Additionally, two input—output connections have been added, forcing between 
the input pins the same current, [9yvr1 — Jouvr2. The equivalent resistance of the 
entire structure can be defined as the ratio between the differential input voltage, 
V, — V2 and the differential current, Joyr, — Iour2: 


V,-V2 1 1 
ie See (8.5) 
ee anu Gr 2a,/KIo 


The possibility of controlling the value of the equivalent resistance is fulfilled using 
the dependence of the equivalent transconductance, G,, on the biasing current, J9. 


8.1.1.3 Principle of Operation of an Active Resistor with Negative Equivalent 
Resistance 


The replacing of the input—output connections from Fig. 8.3 with two input-output 
cross-connections will change the sign of the equivalent resistance for the structure 
presented in Fig. 8.4 [1]. 


V, —Vo 1 1 
R = = = . 8.6 
HCE Tours — Tour Gn 2ay/Klo ) 
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Fig. 8.4 Active resistor with 
: : : CM 
negative equivalent resistance 
based on PR 8.1 — block ‘a 
diagram CM 
Le 


v1 MFC |__¢—peo V> 


Ioutz lout Iout2lout: 


Fig. 8.5 Squaring circuit (1) 
based on PR 8.1 — block 
diagram 


lout 


8.1.1.4 Principle of Operation of a Voltage Squaring Circuit 


The output current of the squaring circuit presented in Fig. 8.5 [2] can be obtained as a 
linear relation, containing the sum of the individual output currents, Jgyr; and Igy72: 


lour = Tour: + lovrs — 2lo = 2bK(V, — V2)’. (8.7) 


8.1.1.5 Principle of Operation of a Multiplier Circuit (First Method) 


For implementing a voltage multiplier circuit, using the multifunctional core 
presented in Fig. 8.1, a possible method consists in the replacing of the J/g constant 
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Fig. 8.6 Multiplier circuit 
(1) based on PR 8.1 — block 
diagram 


o— MFC I L——o ‘2 


biasing current with a current, /o’, representing the output current of a squaring 
circuit from Fig. 8.5, having as input the differential voltage V3 — V4 (Fig. 8.6): 


fo Teun! Flows = 2g = 2bR Ve = GY. (8.8) 


It results: 


Tour = Tour — Iour2 = 2avKIo' (Vi — V2) 


(8.9) 
= 2aK V2b (V; — V2) (V3 — Va). 


8.1.1.6 Principle of Operation of a Multiplier Circuit (Second Method) 


In order to obtain the multiplication function using two squaring circuits from 
Fig. 8.5, a possible method is presented in Fig. 8.7 [2] (the consideration of the 
difference between the output currents of two squaring circuits, the first circuit 
having as input potentials, V; and — V2, while the second-one, V; and V2). 
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ae] 
| | lout 
[ —>_ 
isenit Vlour Tout’ Tout? 


Fig. 8.7 Multiplier circuit (2) based on PR 8.1 — block diagram 


The output current of the multiplier circuit from Fig. 8.7 will have the following 
expression: 


bie [20 4+ 2bK (Vi, + v2)'| 2 [20 + 2bK(V; — V2)*| = 8bKV,V2. (8.10) 


8.1.1.7 Principle of Operation of a Square-Root Circuit 

A possible method for obtaining the square-root function using the squaring circuit 
from Fig. 8.5 is presented in Fig. 8.8 [2]. The input potentials, V; and V2, are 
obtained using four gate-drain connected MOS transistors, biased at J; and /> input 


currents. 
The sum of the output currents of the multifunctional core is: 


lour: + Ioure = 2lo + 2bK(Vi — V2)’. (8.11) 


The V; — V2 differential input voltage can be expressed as a function of the gate- 
source voltages as follows: 


Vi — V2 = 2Ves(h) — 2Ves(h). (8.12) 


Replacing (8.12) in (8.11) and using the square-root dependence of the drain 
current on its gate-source voltage for a MOS transistor biased in saturation, it 


results: 
2 
21; 2h 
Tour: + Tour2 = 210 + 2bK | 2 a 2 rae (8.13) 
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Tou 


Ip 16bI, | 16bI,¥ lo yl I, 
—<—_— 


lout: lout 


MFC 


= 
Alm 
—— 
IL, Ale 
WW 7 
Fig. 8.8 Square-root circuit based on PR 8.1 — block diagram 
equivalent with: 
Tour: + Iour2 = 2lo + 16bl, + 16bIy — 32bV/Ith. (8.14) 


The output current can be expressed using a linear relation between the currents 
from the circuit: 


lout = 16b/, + 16bI, + 2lo a (Vouri + Iour2), (8.15) 


resulting a square-root dependence of the output current, /oy7, on the input currents, 
I, and ly: 


Tour = 32bV Ih. (8.16) 


8.1.1.8 Principle of Operation of a Current Squaring Circuit 


The method for obtaining the current squaring function is based on the modifying of 
the previous square-root circuit by changing the positions of current mirrors from 
Fig. 8.8 (Fig. 8.9) [2]. 

Similar with the previous circuit, the sum of the output currents, Jour; and Jgy72, is: 


loum +lour: = Uo + 16bl, + 16bln — 32bV/ Tih. (8.17) 
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CM CM 
i VI, 16b1i) Zo Sly Y V lyi4b Lin 
——_- 
lout 
louriy Y Iour2 
I, 
vi MFC v; 
y 1/4 


Io 


b 5 4¢ 


Fig. 8.9 Squaring circuit (2) based on PR 8.1 — block diagram 


The current mirrors and the connections from Fig. 8.9 implement the following 
relation between the currents from the circuit: 


Tour: + Tour2 = 16bI, + 2Io + 8. (8.18) 
From the previous relations, it results: 


(2b -—Iy)? bh Iw By 
h= = ‘f 
; 1662/5 4 4b 16P*h, ee) 


The expression of the output current of the current squaring circuit will be: 


In bb ee 


— 2) 
4b 4 16b21y” een 


Tour =i 


where Jj, is considered to be the input current and / represents the reference 
current. For simplicity, the 7, current can be considered to be equal with the 
reference current, Jj, that biases the differential amplifier. Thus: 


2 


I ——/N__. 21 
OUT = TéR2T, (8.21) 
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Fig. 8.10 MFC core based 
on PR 8.2 Io¥ lour Io 


Vi MFC b= 46, V9 


CM 


: 
Io Pont Io Io Pour Vo 


Vio— MFCI oV2 Vr0 MFC II} 


Fig. 8.11 Differential amplifier based on PR 8.2 — block diagram 


8.1.2 Second Mathematical Principle (PR 8.2) 


The output current of the multifunctional circuit core (Fig. 8.10) has the following 
expression: 


K 
four = —V/2Klo(V1 — V2) +5 (Vi - V2). (8.22) 


8.1.2.1 Principle of Operation of a Linear Differential Amplifier 
The block diagram of the differential amplifier using the multifunctional core from 
Fig. 8.10 is shown in Fig. 8.11 [3]. 


Using the previous relation for the multifunctional cores from Fig. 8.11, it 
results: 


K 
Tour: = —V 2KIo(V1 — V2) + 5 (Vi=— Vo), (8.23) 


K 
loura = 4/2KIg(Vi — Vo) + = (Vi — V2)’, (8.24) 
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V39-_ DA _ 


laflount | Toy Io2 four ¥ loz 


Vio— MFC I -—oV2 Vio—} MFCIE V2 


Fig. 8.12 Multiplier circuit based on PR 8.2 — block diagram 


Meas i ws “? 
IoW Io2 


Fig. 8.13 Implementation of DA block 


Ig being the reference current. For obtaining the amplifying function with 
theoretical null distortions, it is necessary to consider the difference of the previous 
output currents: 


Tour2 — lout: = 2.\/ 2KIo(V — V2). (8.25) 


8.1.2.2 Principle of Operation of a Multiplier Circuit 


In order to implement the multiplying function, the first linear dependent on the 
differential input voltage term from relation (8.22) is used. The block diagram of 
the multiplier circuit, based on the second mathematical principle is presented in 
Fig. 8.12 [3]. 

The method for removing the last quadratic term from (8.22) consists in the 
utilization of two identical multifunctional cores from Fig. 8.1, having identical 
differential input voltage, but different biasing currents, Jj; and [92 (MFC 1 and 
MFC 2 in Fig. 8.12). As the quadratic term does not depend on /g, and /g2 currents, 
the consideration of the difference between the output currents, Joyr; and Iour2, 
will cancel out this undesired term. 

The Jo; and Jg2 currents are generated by a classical differential amplifier, DA 
(implemented in Fig. 8.13 [3]), having V3 — V4 as differential input voltage. In order 
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to obtain a double current of the output of this differential amplifier, its practical 
implementation is realized using a parallel connection of two identical classical 
differential amplifiers. 

The expressions of the output currents are: 


K 

Tours = —/2Kloi (Vi — V2) +5 (Vi - V2), (8.26) 
K 

lourz = —/ 2KToa(Vi — V2) +75 (Vi — V2). (8.27) 


The difference between the output currents, Joy7; and Igy72, will be: 


Tour = lour — Tour. = V2K (Ion - Voi) (Vi — V2). (8.28) 


For the circuit presented in Fig. 8.13, considering that its composing transistors 
are biased in saturation, it can write that: 


Vio. — Vlo = vs — Va). (8.29) 


Replacing (8.29) in (8.28), it results that the circuit proposed in Fig. 8.12 
implements the multiplying function: 


lour = K(V1 — V2)(V3 — Va). (8.30) 


8.1.2.3. Principle of Operation of a Squaring Circuit 


The proposed method for implementing the squaring function is derived from the 
realization of the differential amplifier circuit with increased linearity, presented in 
Fig. 8.11. In order to obtain an output current proportional with the square of the 
differential input voltage, the second term from (8.22) must be used. Practically, 
the sum of Joyr; and Ioyr2 output currents from Fig. 8.11 will contain only the 
quadratic term: 


Tour: + Tour2 = K(Vi — V2)’. (8.31) 
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8.1.3 Third Mathematical Principle (PR 8.3) 


The third mathematical principle can be written as follows: 


Vi-vV K 
tor = "5% Hai +5 (Vi — Vo)") — K2(Vi — V2)" = /Klo(Vi — V2). 


(8.32) 


8.1.4 Fourth Mathematical Principle (PR 8.4) 


8.1.4.1 Superior-Order Approximation of a Continuous Mathematical 
Function 


A possible method for obtaining any continuous function using current squaring 
circuits consists in the consideration of the superior-order approximation of this 
function using the limited Taylor series expansion. The input variable is represented 
by the ratio between the input current and the reference current, x = [jy /Io. 

A f(x) continuous function can be expand in Taylor series as follows: 


fe) =F@he0+ fe], (8.33) 
k=l 


x=0 


f(x) being the Ath order derivate of f(x) function. The previous relation is 
equivalent with a polynomial expression of f(x) function with constant coefficients a,: 


f(x) =a0 + So aa’, (8.34) 
k=1 
where: 
ag =f (x)|,-0 (8.35) 
and: 
(k) 
jt) (8.36) 
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Any continuous function can be approximated using a nth order limited Taylor 
expansion, the approximation error being proportional with the number of the 
neglected terms: 


f(x) Sao + So aya. (8.37) 
k=1 


Because x variable is non-dimensional, the current-mode evaluation of f(x) 
function can be made by generating a current Igyr(x) = Iof (x): 


n k 
1 
Iour(x) © aolo + Io S~ ax (*) (8.38) 
k=1 0 


The block diagram of a function generator circuit is presented in Fig. 8.14 [4-7], 
consisting in n — | identical current squaring circuits for a n - th order polynomial 
series expansion of f(x) function and in a block that computes a; coefficients for 
k=0, 1, ..., n. The advantage of this implementation is that a very good precision 
of the circuit can be achieved by increasing the value of n. 

The implemented currents using the previous circuits are: 


Touro) = Lin; (8.39) 
Tour(1) = ty, (8.40) 
0 
Tout) = ae = i, (8.41) 
Iour(n-1) eS Te 


Tour(n) (8.42) 


~ Tourn-2) 


The “a,” block is implemented using simple and multiple current mirrors and 
must be able to compute the a, coefficients from (8.35) and (8.36). The output 
current of this block, Joyr(x), will be proportional with the superior-order 
approximated function, f(x). In order to increase the circuit accuracy, the number 
of squaring blocks from Fig. 8.14 can be increased. So, a compromise between the 
circuit complexity and its precision must be made. The circuit accuracy is also 
increased because of the independence of the output current on technological 
parameters. 
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Fig. 8.14 Function generator circuit based on PR 8.2 — block diagram 


8.1.4.2 Second-Order Approximation of a Continuous Mathematical 
Function 


Another possible implementation of the same mathematical principle is also based 
on the approximation of any continuous mathematical function by its superior-order 
limited Taylor series expansion: 


f(x) =ao tayxt ax +aaxr+---, (8.43) 
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Table 8.1 Coefficients of 


Function ao a) a 

usual functions for second- 

order Taylor approximation exp) ! : 12 
cos (x) 1 0 —1/2 
cosh (x) 1 0 1/2 
(— x)! 1 1 1 
(+x? 1 1/2 1/8 
ad —x«!? 1 —1/2 —1/8 
(+x 1 1/3 -1/9 
a—-x'* 1 -1/3 —1/9 
d+x0'4 1 1/4 —3/32 
(1—x)!4 1 —1/4 —3/32 
(+x? 1 ~2 3 
(1—x)~? 1 2 3 
In(1 — x) 0 -1 —1/2 
In (1 +x) 0 1 —1/2 
(1 +x)? 1 2 1 
(1 — x)? 1 -2 1 


where x = [jy /Io (the ratio of the input current and the reference current). 
For some usual continuous mathematical functions, the values of ao, a, and az 
coefficients used for a second-order approximation are centralized in Table 8.1. 


8.1.4.3. Third-Order Approximation of a Continuous Mathematical Function 


A g(x) function that can approximate many f(x) continuous mathematical functions 
could have the following expression: 


QA\x 
() = ———_ 8.44 
g(x) Tt apn 1 Ott (8.44) 
the a, constants having the following expressions: a; = p*/q, a2 = —q/p, 


a3 =n—p*/q, a4 =m. In order to evaluate the capability of g(x) function to 
approximate a f(x) continuous function, the Taylor series expansion for g(x) 
must be determined: 


Ce (8.45) 
ge) iioeae 
—2a)\a2 
De) a 8.46 
s@) (1+ ax) ee 
6a a5 


(8.47) 
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—24a,a3 
o"(x) =, (8.48) 
qd + ax) 
resulting: 
“i 
(4) = mbm t pe + gx +o bo (8.49) 


So, the g(x) function third-order approximates a continuous f(x) function, 
having the Taylor series expansion expressed by: 


fi) =mtmxtprtgqein't+.-.. (8.50) 


The approximation error is mainly caused by the fourth-order terms from the 
previous expansions: 


r+ aja3)x* 
(r+ aay) x4 (8.51) 
f(x) 

The expressions of g(x) functions and of the approximation errors for 13 usual 
mathematical functions are presented in Appendix 2. 


8.1.4.4 Third-Order Approximation of a Continuous Mathematical Function 
Using Two Primitive Functions 


A method for obtaining a multitude of continuous mathematical functions using 
their third-order Taylor series expansion is to use two primitive functions and to 
express the approximation of each required mathematical function as a linear 
combination of these primitives. The continuous function that will be implemented 
is noted with f(x), its third-order approximation — with g(x), while the primitive 
functions are noted with fi(x) and f2(x). The approximation function g(x) can be 
expressed as follows: 


g(x) = afi(x) + bfh(x) +ex4+d, (8.52) 


a, b, c and d being constant coefficients associated with each implemented 
function f(x). The following analysis will be made for a particular choosing of 
these primitive functions that generate relatively simple mathematical relations and 
reasonable values of the coefficients: 


(8.53) 
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and: 


Als) =——. (8.54) 


The Taylor series expansions of f;(x) and f2(x) are: 


A) aHltxete text te (8.55) 
and: 
1 x x x x4 
BO) Ghee toa gah ost (8.56) 


So, the function g(x) can be expressed as follows: 


)= (at 3ta) + (atgee)xt (at2)e 
ea an nee ee 
+ (« zm) (« a) : (8.57) 


Considering that the Taylor expansion of f(x) function is: 


f(x) =m+mtprPtgetn't--., (8.58) 


m, n, p, q and r being constant coefficients of the expansion (known, because 
f(x) function is also known), the condition that g(x) function must represent the 
third-order approximation of f(x) function can be written as follows: 


m= eae d, (8.59) 
2 
b 
n=at+ at Cc, (8.60) 
b 
p=at 8 (8.61) 
and: 
ate u (8.62) 
Oo ie: 
resulting: 


a=2q-pP, (8.63) 
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b= 16(p—q), (8.64) 
c=n+2q-— 3p (8.65) 

and: 
d=m- 6q— Tp. (8.66) 


So, g(x) function that third-order approximates f(x) will have the following 
expression: 


1 1 
els) =(24~p) + 16(p— 9) 5 
+ (n + 2q — 3p)x + (m+ 6q — 7p). 


x (8.67) 


The approximation error is mainly caused by the fourth-order terms from the 
previous expansions, (8.57) and (8.58): 


x ~ (Gay)? 9  3¢—P—t 4 
(x) & Fr) x= w(x) x", (8.68) 


Table 8.2 centralizes the values of constants m, n, p, g and r and also the 
expressions of the approximation errors (8.68) and of the approximation function 
g(x) for the previous 11 usual continuous mathematical functions: 


8.1.4.5 Fifth-Order Approximation of a Continuous Mathematical Function 
Using Four Primitive Functions 


A similar method for obtaining a multitude of continuous mathematical functions 
using their fifth-order Taylor series expansion is to use four primitive functions and 
to express the approximation of each required mathematical function as a linear 
combination of these primitives. The continuous function that will be implemented 
is noted with f(x), its fifth-order approximation — with g(x), while the primitive 
functions are noted with f; (x), fo(x), f(x) and f4(x). The approximation function 
g(x) can be expressed as follows: 


g(x) = ay fi (x) + a2 fa(x) + a3 fs(x) + a4 fa(x) + asx + a6, (8.69) 


a1, 42, 43, a4, as and dg being constant coefficients associated with each 
implemented function f(x). The following analysis will be made for a particular 
choosing of these primitive functions that generate relatively simple mathematical 
relations and reasonable values of the coefficients: 


fi(x) = = (8.70) 
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1 
= -—— 71 
A) = Ty (8.71) 
Als) == (8.72) 
3 —_ 2 Pe : 
fA) = 55 (8.73) 
4 > 2 fe _ . 
The Taylor series expansions of f1(x), fo(x), fa(x) and fa(x) are 
Hie) Va a a ae ah ea, (8.74) 
A(x) j1a=x4+P% —-8 4+ 4-4 --s, (8.75) 
. eee A eee ee ee 
AQ) = 5+ a3 + 53 t 5a t 55 t 58 tates (8.76) 
ee Se a ae See a 
AX) = 3-95 + 95 — pat 95 96 bt oD) 
So, g(x) function can be expressed as follows: 
a3 + a4 az — ag 
g(x) = (a +a2+ 5) + as) (a ay + a + as). 
(ats \es (ao 2 
(ater s (ao BZ) 
{ { os wie! 6 eae 
t (ata + FA) 4... (8.78) 
Considering that the Taylor expansion of f(x) function is: 
f(x) = bo + Bix + box” + b3x? + baxt + bs? + bex® +--+, (8.79) 


bo — be being constant coefficients of the expansion (known, because f(x) 
function is also known), the condition that g(x) function must represent the fifth- 
order approximation of f(x) function can be written as follows: 


a3 + a4 


b =aytat+ + a6, (8.80) 
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bea a es, (8.81) 
by = a, +a, + a, (8.82) 
b3 = a, — a, + a = ) (8.83) 
ba = a, +a. + oe (8.84) 
and: 
bs =a a +, (8.85) 
resulting: 
2 1 
Os (b4 + bs) 6 (bz + bs), (8.86) 
1 2 
a2 = 6 (b3 bp) 3 (bs ba), (8.87) 
16 32 
a3 = — (bz — ba) +] (bs — bs), (8.88) 
16 32 
da = (b2 — ba) — 5 (bs — bs), (8.89) 
as = b; + 4b5 — 5b (8.90) 
and: 
a6 = bo + 4b4 — 5p. (8.91) 


So, g(x) function that fifth-order approximates f(x) will have the following 
expression: 


a a2 a3 


; 92 
faa ie asx + a6 (8.92) 


(x) “ 
x)= 1 t 
g Fag 
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8.2 Analysis and Design of Multifunctional Structures 


8.2.1 Multifunctional Structures Based on the First Mathematical 
Principle 


8.2.1.1 First Implementation of PR 8.1 


The first implementation of PR 8.1 is based on the multifunctional core presented in 
Fig. 8.15 [2]. This circuit uses the principle of the constant sum of gate-source 
voltages in order to obtain the required function. It presents the advantage of a 
symmetrical structure that strongly reduce the intrinsic nonlinearity of the entire 
circuit. 
The output currents of the multifunctional core presented in Fig. 8.15 have the 
following expressions: 
K 2 K 2 
foun => (Vo= Val + K(Vo= Vr) (Vi= Va) + ail = Vo) (8.93) 


and: 


K K 
Tout2 = 5 (Vo — Vr)? — K(Vo — Vr) (Vi — V2) +aM — Vo)’. (8.94) 


The Vo sources are usually implemented as current-controlled voltage sources. 

An example of a possible realization of Vo uses the gate-source voltages of MOS 
transistors biased in saturation region (Vgs3 and Vgss from Fig. 8.16) [8, 9]. 
Comparing with other circuits, the structure presented in Fig. 8.16 has an extremely 
high input impedance. 


lout! y V lourz 


M1 M2 | | 
Vi a R Co Io Io q€ bes V> 
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Fig. 8.15 First implementation of the MFC core based on PR 8.1 — principle circuit 
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Fig. 8.16 MFC core based on PR 8.1 — complete implementation (1) 


For this particular implementation of Vo sources, the expressions of Jgy7; and 
Iour2 currents become: 


K 
Tours = To + /2Klo(V1 — V2) + 5 (V1 — V2)” (8.95) 
and: 
K 2 
IouT2 = Io -— VV 2KIo(V, - V2) sare - V2) : (8.96) 


Comparing these relations with the general relations (8.1) and (8.2), for the 
implementation of the multifunctional core presented in Fig. 8.16, the a and b 
constants will have the following values: 


a=v2 (8.97) 

and: 
pe 8.98 
=>. (8.98) 


The particular implementation of the multifunctional core presented in Fig. 8.16 
can be used as linear differential amplifier, the differential output current of the 
circuit being expressed as follows: 


Tour = lour — Tourn: (8.99) 
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Fig. 8.17 Active resistor with positive equivalent resistance based on PR 8.1 — complete imple- 
mentation (1) 


So: 


Tour = V 8KIo (V1 — V2). (8.100) 


resulting an equivalent transconductance of the circuit having the following 
expression: 


I 
Gea = 4/ BRI. (8.101) 
Vi=\% 


In order to obtain two active resistors having positive and negative equivalent 
resistances, the concrete implementation of the multifunctional core shown in 
Fig. 8.16 must be used in the blocks diagrams presented in Figs. 8.3 and 8.4, the 
complete realizations of the active resistor circuits being shown in Figs. 8.17 and 
8.18. As a result on their excellent linearity and of their relative small complexity, 
the following structures find a multitude of applications in analog signal processing. 

The equivalent resistances of the circuits presented in Figs. 8.17 and 8.18 are 
expressed by the following relations, respectively: 


V, —Vo 1 
Rees = (8.102) 
oO dei his V8KIo 
and: 
V,-V 1 
Ve — ee (8.103) 


Tour2 — lourt JV8KIo 
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Fig. 8.18 Active resistor with negative equivalent resistance based on PR 8.1 — complete 
implementation (1) 
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Fig. 8.19 Squaring circuit (1) based on PR 8.1 — complete implementation (1) 


A squaring circuit can be obtained replacing in the block diagram presented in 
Fig. 8.5 the particular realization of the multifunctional core shown in Fig. 8.16, the 
implementation of the squaring circuit being presented in Fig. 8.19 [8, 9]. The 
design effort for this circuit is relatively small, as the only changing with respect to 
the MFC core from Fig. 8.16 is the consideration of the sum of its output currents. 
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Fig. 8.20 Multiplier circuit (1) based on PR 8.1 — complete implementation (1) 


The output current of the circuit from Fig. 8.19 is proportional with the square of 
the differential input voltage: 


lour = Tours + louvre — 2g = K(V1 — V2)’. (8.104) 


A multiplier circuit based on the block diagram presented in Fig. 8.6 can be 
obtained using the particular implementation of the multifunctional core shown in 
Fig. 8.16, the complete multiplier circuit being presented in Fig. 8.20. The structure 
can be used for applications that require differential input voltages. 

The output current of the circuit from Fig. 8.20 is proportional with the product 
between the differential input voltages: 


Iour = 2V2.K(V, — V2)(V3 — V4). (8.105) 
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Fig. 8.22 Square-root circuit based on PR 8.1 — complete implementation (1) 


The principle illustrated by the block diagram presented in Fig. 8.7 can be 
implemented replacing the multifunctional cores with the same circuit described 
in Fig. 8.16, this alternative realization of the multiplier circuit being presented in 
Fig. 8.21 [2]. 

The output current of the alternative realization of the multiplier circuit 
presented in Fig. 8.21 is proportional with the product between the input voltages, 
Tour = 4 KV,V2. 

A current-mode square-root circuit, having many applications in analog signal 
processing, can be obtained combining the block diagram from Fig. 8.8 with the 
multifunctional core from Fig. 8.16 (Fig. 8.22) [2]. 

The expression of the output current is: 


four = 16/ fale. (8.106) 


The current squaring circuit based on the block diagram shown in Fig. 8.9 and on 
the multifunctional core from Fig. 8.16 is shown in Fig. 8.23 [2]. This circuit is 
useful for a current-mode signal processing, presenting relatively small errors as a 
result of the independence of the output variable on technological parameters. 
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Fig. 8.24 MFC core based on PR 8.1 — complete implementation (2) 
The expression of the output current is: 
Tin 
lour = =~. 8.107 
our = ar ( ) 


An alternative realization of Vg voltage sources from Fig. 8.15, presenting the 
advantage of simplicity, uses gate-source voltages of MOS transistors biased in 
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saturation region (Vgs3 and Vgsa from Fig. 8.24 [8]). For this particular implemen- 
tation of Vo sources, the expressions of Jgy71 and Jgyr2 currents become: 


K 
leur Sle xf 2g Vy = Va) = Wevr (8.108) 
and: 
K 
lou = 19. —«/ RIg Vi — Ve) + mae Ve. (8.109) 


Comparing these relations with the general relations (8.1) and (8.2), it results 
that for the implementation of the multifunctional core presented in Fig. 8.24, the a 
and b constants have the following values: 


a=v2 (8.110) 


and: 


b= (8.111) 


1 
= 

The particular implementation of the multifunctional core presented in Fig. 8.24 
can be used as linear differential amplifier, the differential output current of the 
circuit being expressed as follows: 


Tour: — Iour2 = V 8Klo (Vi — V2), (8.112) 


resulting an equivalent transconductance of the circuit, having the following 
expression: 


I 
Ge OKT, (8.113) 
2 


In order to obtain two active resistors having positive or negative equivalent 
resistances, the concrete implementation of the multifunctional core shown in 
Fig. 8.24 must be used in the blocks diagrams presented in Figs. 8.3 and 8.4, the 
complete realizations of the active resistor circuits being shown in Figs. 8.25 and 8.26. 
The replacing of classical input—output connections (Fig. 8.25) with two input-output 
cross-connections (Fig. 8.26) offers the possibility of obtaining a negative resistance 
active resistor circuit, finding a multitude of applications in VLSI designs. 

The equivalent resistances of the circuits presented in Figs. 8.25 and 8.26 are 
expressed by the following relations, respectively: 


Vieve. . a 
Tour: —louT2 V/8KIo 


Recu = (8.114) 
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Fig. 8.25 Active resistor with positive equivalent resistance based on PR 8.1 — complete imple- 
mentation (2) 
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Fig. 8.26 Active resistor with negative equivalent resistance based on PR 8.1 — complete 
implementation (2) 


and: 


VY, -—V>2 1 
Rice = = (8.115) 
PCH Tourn — Tour J/8KIo 


A squaring circuit can be obtained replacing in the block diagram presented in 
Fig. 8.5 the particular realization of the multifunctional core shown in Fig. 8.24, the 
realization of the squaring circuit being presented in Fig. 8.27 [8, 9]. 
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Fig. 8.27 Squaring circuit (1) based on PR 8.1 — complete implementation (2) 


The output current of the circuit from Fig. 8.27 is proportional with the squaring 
of the differential input voltage: 


Tour = Touri + louvrs — 2lo = K(V1 — V2)’. (8.116) 


A multiplier circuit based on the block diagram presented in Fig. 8.6 can be 
obtained using the particular implementation of the multifunctional core shown in 
Fig. 8.24, the complete multiplier circuit being presented in Fig. 8.28. 

The output current of the circuit from Fig. 8.28 is proportional with the product 
between the differential input voltages: 


Tour = 2V2K(V; — V2)(V3 — Va). (8.117) 


The principle illustrated by the block diagram presented in Fig. 8.7 can be 
implemented replacing the multifunctional cores with the same circuit described 
in Fig. 8.24, this alternative realization of the multiplier circuit being presented in 
Fig. 8.29 [2]. 

The output current of the alternative realization of the multiplier circuit 
presented in Fig. 8.29 is proportional with the product between the input voltages: 


Tour = 4KV,V2. (8.118) 


The square-root circuit obtained combining the block diagram from Fig. 8.8 and 
the multifunctional core from Fig. 8.24 is shown in Fig. 8.30 [2]. 
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Fig. 8.28 Multiplier circuit (1) based on PR 8.1 — complete implementation (2) 


The expression of the output current is: 


Tour = 16Vh. (8.119) 


The current squaring circuit based on the block diagram shown in Fig. 8.9 and on 
the multifunctional core from Fig. 8.24 is shown in Fig. 8.31 [2]. 
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Fig. 8.29 Multiplier circuit (2) based on PR 8.1 — complete implementation (2) 
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Fig. 8.31 Squaring circuit (2) based on PR 8.1 — complete implementation (2) 
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Fig. 8.33 MFC core based on PR 8.1 — complete implementation (4) 


The expression of the output current is: 


Tour = 


Ti 
Alo 


(8.120) 


Two other alternative implementations of the multifunctional core based on the 
same principle are presented in Fig. 8.32 [2] and Fig. 8.33 [10]. 
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Fig. 8.34 Second implementation of the MFC core based on PR 8.1 — block diagram 


Fig. 8.35 MFC core based Vv 
on PR 8.1 — DA block 
implementation 


lout Iout2 


8.2.1.2 Second Implementation of PR 8.1 


Another possible implementation of PR 8.1 is based on the multifunctional core 
presented in Fig. 8.34 [11]. The “DA” block represents a classical differential 
amplifier, having the common-sources point biased at a V potential fixed by the 
circuit “M”. This circuit computes the arithmetical mean of input potentials, 
implementing a very good linearity of the entire structure, with the contribution 
of “T” blocks (which are used for introducing a DC shifting of input potentials). 

The “DA” block has the concrete realization presented in Fig. 8.35. 

The DC shifting of the V potential could be obtained using “T” blocks, with an 
implementation proposed in Fig. 8.36 [12, 13]. 

Because the same current /g is passing through all transistors from Fig. 8.36, it 


can write that: 
21 
Vi =Virt+ Vr +e (8.121) 
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Fig. 8.37 MFC core based on PR 8.1 — M block implementation 


2I 
Vo = Vor + Vr+ o-« (8.122) 


So, both V,; and Vz input potentials are shifted with the same amount, 
Vr + ./2Io/K. 

In order to obtain the arithmetic mean of input potentials, the circuit from 
Fig. 8.37 [12, 13] can be used. 


and: 


V= ae (8.123) 


The complete implementation of the multifunctional circuit is presented in 
Fig. 8.38 [11]. 
The expressions of Jgy71 and Ioyr2 currents are: 


2 
K K 21 
Tour: = a —Vir- Vr)? =5 \v (v Vr 2) “1 


2: 2 
_K Vi+V2 V, 4 2lo _K V, —V2 2lo 
-% 2 rev EE}. 3 2 ‘VK 


KI K 
=Io-\/ aus ears ts An (8.124) 
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Fig. 8.38 MFC core based on PR 8.1 — complete implementation 
and: 
KI K 
loura = lo + \|—5° (Vi — Vo) + (Vi — Va)". (8.125) 
Comparing the previous relations with (8.1) and (8.2), it results: 
: (8.126) 
a= —-— . 
V2 
and: 
1 
b= 3" (8.127) 


The implementation of a linear differential amplifier using the multifunctional 
core shown in Fig. 8.34 is identical with the structure presented in Fig. 8.38, the 
equivalent transconductance of the differential structure being defined as follows: 


ere | 
Cae a al V/2Klo. (8.128) 
1 ¥2 


In order to obtain two active resistors having positive and negative equivalent 
resistances, the concrete implementation of the multifunctional core shown in 
Fig. 8.38 must be used in the blocks diagrams presented in Figs. 8.3 and 8.4, the 
complete realizations of the active resistor circuits being shown in Fig. 8.39 [12, 13] 
and Fig. 8.40 [12, 13]. 
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Fig. 8.39 Active resistor with positive equivalent resistance based on PR 8.1 — complete 


implementation 
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Fig. 8.40 Active resistor with negative equivalent resistance based on PR 8.1 — complete 


implementation 


402 8 Multifunctional Structures 


»- rs * ~O Vpp 


Moth M7 [, MI Ma MB 4lL. ov, 


ee PS ee 


[tma ms] 


Io Ioun¥ ¥ lour2 Ylo 


Fig. 8.41 Third implementation of the MFC core based on PR 8.1 


The equivalent resistances of the circuits presented in Figs. 8.39 and 8.40 are 
expressed by the following relations, respectively: 


V,-V> 1 
R = = 8.129 
PCH Tour, —Tourt  V2KTo ( ) 
and: 
V,-V 1 
Rac Se (8.130) 


Tour — Lour2 J2KIo— 


8.2.1.3 Third Implementation of PR 8.1 


The third implementation of PR 8.1 is based on the multifunctional core presented 
in Fig. 8.41 [14]. 
The differential input voltage can be expressed as follows: 


2 
Vi -Vo= By? (ie Vloun), (8.131) 


resulting: 


KI K 
lour: =1o- \{ i (Vi Va) V1 V2)" (8.132) 
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Fig. 8.42 Fourth implementation of the MFC core based on PR 8.1 


and: 


Ko 
71 


K 
Tour. = lo + (V; — V2) + A (Wii). (8.133) 


Comparing the previous relations with (8.1) and (8.2), it results: 


1 
a=-— 8.134 
7) ny 
and: 
b= : (8.135) 
6 : 


8.2.1.4 Fourth Implementation of PR 8.1 


The fourth implementation of PR 8.1 is based on the multifunctional core presented 
in Fig. 8.42. 
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As M1—M4 transistors implement an arithmetical mean circuit, the expression of 
V potential will be: 


—V+V2 


. 2 


(8.136) 


For M5-—M6 differential amplifier, the differential input voltage can be expressed 
as follows: 


2 
“v= f2(Viow = Vio). (8.137) 


Replacing (8.136) in (8.137), it results: 


KI K 
Tours = lo + [5 -(Vi ~ V2) +5 (Vi — Va). (8.138) 
Similarly, for M7—M8 differential amplifier, it can be obtained: 


KI K 
lour2 = Io 5 (M1 V2) +3 (Vi ~ Va). (8.139) 


Comparing the previous relations with (8.1) and (8.2), it results: 
(8.140) 
and: 


(8.141) 


8.2.1.5 Fifth Implementation of PR 8.1 


The fifth implementation of PR 8.1 is based on the multifunctional core presented in 
Fig. 8.43 [15]. 

For M1—M2? differential amplifier, the differential input voltage can be expressed 
as follows: 


2 
Vi-V.= V2(v Touri — Vio). (8.142) 
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Fig. 8.43 Fifth implementation of the MFC core based on PR 8.1 


So: 
K 2 
Tour: = 1o + \/2Klo(V1 — V2) ae —V2)°. (8.143) 
Similarly, for M3—M4 differential amplifier, the expression of Jgyr2 current will be: 
K 2 
Tout2 = Io — \/2KTo(V — V2) + me —V2)°. (8.144) 


Comparing the previous relations with (8.1) and (8.2), it results: 


a=v2 (8.145) 
and: 
ake (8.146) 
=5- 


8.2.1.6 Sixth Implementation of PR 8.1 
The sixth implementation of PR 8.1 is based on the multifunctional core presented 


in Fig. 8.44 [16]. 
It was demonstrated in Chap. 3 (“Squaring Circuits”) — Fig. 3.17 that: 


K 
lourt = Io + »/2KIo(Vi — V2) + 7 (Vi — Vo)" (8.147) 
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Fig. 8.44 Sixth implementation of the MFC core based on PR 8.1 


and: 


K 
fours = to — V2Klo(Vi — V2) +5 (Vi V2). (8.148) 


Comparing the previous relations with (8.1) and (8.2), it results: 


a=vV2 (8.149) 
and: 
ee (8.150) 
=5: 


8.2.1.7 Seventh Implementation of PR 8.1 
The seventh implementation of PR 8.1 is based on the multifunctional core 


presented in Fig. 8.45 [17]. 
The differential input voltage can be expressed as follows: 


2. 
V1 -V) = Cie Vloun); (8.151) 
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Fig. 8.45 Seventh implementation of the MFC core based on PR 8.1 


resulting: 


and, similarly: 


KI K 
lout, =lo + 4] male V2) 4 g (M1 V2). 


Comparing the previous relations with (8.1) and (8.2), it results: 


and: 


8.2.1.8 Eighth Implementation of PR 8.1 
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(8.152) 


(8.153) 


(8.154) 


(8.155) 


The eighth implementation of PR 8.1 uses the multifunctional core presented in 


Fig. 8.46 [18]. 


An alternative realization of the same circuit is presented in Fig. 8.47 [18] and it 
uses FGMOS transistors for implementing the arithmetical mean of the input 


potentials. 
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Fig. 8.46 Eighth 
implementation (1) of the lout! 
MFC core based on PR 8.1 
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Fig. 8.47 Eighth (2) 
implementation of the MFC louni¥ 
core based on PR 8.1 
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-Vpp 
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2 


O -Vpp 
The expressions of Jgy7; and Igoyr2 currents are: 
K 
Tour: = at —~V-Vr) (8.156) 
and: 
K 
Jour = 5 (V2 —V — Vr)’. (8.157) 
The drain current of M3 transistor can be expressed as follows: 
K(Vit+V. ‘ 
Io = ( a vr) , (8.158) 


2 
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Thus: 
Vi+V2 2lo 
V= V ; 8.159 
Siiaen ir (8.159) 
It results: 
K[V,-V 21 ° 
I _ 1— V2 (a) 1 
our! = 5 ( ) + z) (8.160) 
and: 
K{[V,-V 21 : 
1— V2 O 
I = 161 
ouTl = 5 ( 5 2) ; (8.161) 
or: 
KI K 
lour: =1o +4] me Va) + eV V2)? (8.162) 
and: 
KI K 
lour. = lo — \ mle V+ wy. (8.163) 


Comparing the previous relations with (8.1) and (8.2), it can be obtained: 


1 
= 8.164 
a 73 ( ) 
and: 
b= : (8.165) 
= : 


8.2.2 Multifunctional Structures Based on the Second 
Mathematical Principle 


The implementation of the multifunctional core using the second mathematical 
principle is presented in Fig. 8.48 [3]. 
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Fig. 8.48 MFC core based 
on PR 8.2 loY Io¥ Tour 


Ip2 


vot] aol oy 
) | 


M3 ¢ || 


Replacing the square-root dependence of the gate-source voltage on the drain 
current for a MOS transistor biased in saturation and considering identical 


transistors, it results: 
2Io 2Ip2 
= Ves 4] Seay St wl 
Vi -—V2 Vz 4/ ra (8.166) 


equivalent with: 


K 
Ing = Io — /2KIo(V1 — V2) +5 (V1 — V2). (8.167) 


Thus, the output current of the multifunctional core presented in Fig. 8.48, Jour, 
will have the following expression: 


K 
lour = Ipx — To = —/2KTo(Vi — V2) +5 (Vi - Vay (8.168) 


The complete implementation of a linear differential amplifier circuit based on 
the second mathematical principle is presented in Fig. 8.11 [3]. MFC 1 from 
Fig. 8.49 is realized using M3 and M4 transistors, while MFC 2 from the same 
figure is composed from M1 and M2 transistors. 

The complete circuit of the multiplier circuit based on the second mathematical 
principle is presented in Fig. 8.50 [3]. 

The implementation in CMOS technology of the squaring circuit based on the 
second mathematical principle is also presented in Fig. 8.49, the difference between 
the differential amplifier and the squaring circuit being the consideration of the 
difference, respectively the sum of the output currents. 
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Fig. 8.49 Differential amplifier based on PR 8.2 — complete implementation 
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Fig. 8.50 Multiplier circuit based on PR 8.2 — complete implementation 
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Fig. 8.51 MFC core based m o Wop 
on PR 8.3 
| ‘ lout 
qo 
louri¥ IouT2 
Vi is V2 
a 


8.2.3 Multifunctional Structures Based on the Third 
Mathematical Principle 


Considering a classical CMOS differential amplifier biased at J’ current and 
having all MOS transistors working in saturation region, the Joy differential output 
current will present a strong nonlinear dependence on the differential input voltage, 
V, — V2, that can be expressed as follows: 


iota hea 
OUT OUT1 OUT2 O Fy Alo? ’ 


(8.169) 


equivalent with: 


Vi-V: 
loor =>? y/4Kto! — K2(V1 = V2). (8.170) 


So, superior-order distortions will characterize the behavior of the classical 
differential structure, imposing the design of a linearization technique for removing 
the superior-order terms from the transfer characteristic. 

The method illustrated in Fig. 8.51 [19] (based on the third mathematical 
principle) for obtaining a linear transfer characteristic of the differential amplifier 
is to obtain the bias current, Jj’, of the entire differential structure as a sum of a 
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Fig. 8.52 Active resistor with positive equivalent resistance based on PR 8.3 


main constant term, /g and an additional term proportional with the square of the 
differential input voltage, J = K(V; — V2)" /4: 


K 
Io! =Io +1 = Io + ZV aa, (8.171) 


resulting, in this case, a perfect linear behavior of the optimized differential 
amplifier: 


Tour = our: — Tour2 = V Klo(V1 — V2) = Gnn(Vi — V2), (8.172) 


G,, being the equivalent transconductance of the proposed structure, that can be 
controlled by the biasing current, J. 

The improved linearity differential amplifier presented in Fig. 8.51 can be re- 
used in order to obtain a linear active resistor, having the circuit presented in 
Fig. 8.52 [19]. 

For this circuit, the current passing through the input pins, Joy, can be expressed as: 


Vi —V2 
2 


Tour = Tours — lour2 = \/4Klo! — K*(V, — Vo)’. (8.173) 
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Because the biasing current of the circuit core, Jo’, was designed to be the sum of 
a main constant term /g and an additional term, proportional with the squaring of 
the differential input voltage (8.171), Ioyr current will have the following 
expression: 


Tour = V KIo(Vi — V2). (8.174) 


Defining the equivalent resistance of the circuit from Fig. 8.52 as the ration 
between the differential input voltage, V; — V2, and the current passing through the 
input pins, Joy, it results: 


Recu = = ; (8.175) 


Starting from the active resistor with positive equivalent resistance presented 
in Fig. 8.52, in order to obtain a circuit with a controllable negative equivalent 
resistance circuit, the method consists in the utilization of two cross-connections 
between input and output, resulting the circuit presented in Fig. 8.53. Because 
now Igur = Iour2 — [ouri, the equivalent resistance of the circuit from Fig. 8.53 
[19] is: 


1 
Recu’ = —Rec = — ee (8.176) 


In order to obtain a voltage multiplier starting from the differential linearized 
structure presented in Fig. 8.51, a similar squaring circuit will be re-used for 
generating a current proportional with the squaring of another differential voltage, 
V3 — V4, resulting the circuit presented in Fig. 8.54 [19]. 

This current, named /ox, will be further used for replacing the Jo constant 
current, which was biasing the differential amplifier presented in Fig. 8.51. Thus: 


K 
lox =] 


(Ve= Var. (8.177) 


Replacing /g from (8.174) with Joy given by (8.177), it results that the circuit 
presented in Fig. 8.54 implements the multiplying function: 


(Vi — V2)(V3 — Va). (8.178) 
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Fig. 8.53 Active resistor with negative equivalent resistance based on PR 8.3 


8.2.4 Multifunctional Structures Based on the Fourth 
Mathematical Principle 


8.2.4.1 Implementation of the Multifunctional Circuit Based on the Second- 
Order Approximation of a Continuous Mathematical Function 


In order to obtain the second-order approximation of a function, a “C” coefficient 


block (Fig. 8.55) can be used, do, a; and az coefficients corresponding to the Taylor 
series expansion (8.38). 


The output current of the circuit presented in Fig. 8.55 will be: 


P. 
Tour = a4olo + alin + a 
O 


2 
aj +a (2) + ap (2) | ~ tof (*) = Iof (x). (8.179) 


=Io 
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Fig. 8.54 Multiplier circuit 
based on PR 8.3 | 
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Fig. 8.55 The “C” block for Io 
PR 8.4 
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—— 


8.2.4.2 Implementation of the Multifunctional Circuit Based on the Third- 
Order Approximation of a Continuous Mathematical Function 


The block diagram of the multifunctional circuit is presented in Fig. 8.56. The 
MULT/DIV circuit has the implementation presented in Fig. 8.59. 
The expression of Jgyr’ current of MULT/DIV circuit is: 


I 
Tour’ = Io— (8.180) 


1 
Lb 
So: 


pe [l 
(p?/q)lin oe (#) 
To — qin /P 1-4(#) 


lowe =i (8.181) 
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Fig. 8.56 MFC core for second-order approximation based on PR 8.4 — block diagram 


The output current of the circuit having the block diagram presented in Fig. 8.56 
will have the following expression: 


2 
Tour = lout’ — (x — Yin + mlo 


tg q \lo . P Tin asi 
=Io 1=4('s) @) \Io (8.182) 
oO 


Using the notation x = Jjy/Io and (8.44) relation, it results that Jgyr current 
represents the third-order approximation of f(x) function: 


I 
tour =loe(s) = log (EL) © taf. (8.183) 


8.2.4.3. Implementation of the Multifunctional Circuit Based on the Third- 
Order Approximation of a Continuous Mathematical Function Using 
Two Primitive Functions 


The block diagram of the multifunctional circuit is presented in Fig. 8.57. The 
MULT/DIV circuit has the implementation presented in Fig. 8.59.The expressions 
of [outa and Ioyrp currents are: 


Nia 
louta = Io = (8.184) 


2a 
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Fig. 8.57 MFC core for third-order approximation based on PR 8.4 — block diagram 


and: 
Tip 
Tout = loz. (8.185) 
2b 
So: 
2g — p)l 2g — 
bop ay ee (8.186) 
To — Tin 1 (#) 
To 
and: 
16(p —q\ 16(p — 
tas A" = (8.187) 
2Io — Tin 2 (#) 
oO 


The output current of the circuit having the block diagram presented in Fig. 8.57 
will have the following expression: 


Tour = louta + lout» + (n + 2g — 3p)lin + (m+ 6g — Tp)o. (8.188) 
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Thus: 


2q—p , 16 — 4) 


I 
Tour = lo aN) + (m+ 6q—7p)|. 
ty 
lo lo 


(8.189) 


Using the notation x = [jy /Io and (8.44) relation, it results that Joyr current 
represents the third-order approximation of f(x) function: 


Fe —p , 16(p—@) 
: (8.190) 


8.2.4.4 Implementation of the Multifunctional Circuit Based on the Fifth- 
Order Approximation of a Continuous Mathematical Function Using 
Four Primitive Functions 


The block diagram of the multifunctional circuit is presented in Fig. 8.58. The 
MULT/DIV circuit has the implementation presented in Fig. 8.59. 
The expressions of Joya, Jouro,Joute and Ioyra currents are: 


Nia 
louta =lo—*, (8.191) 
Toa 
Np 
Tout = lor (8.192) 
2b 
Tie 
Toute = lo — (8.193) 
Ih¢ 
and: 
Tia 
louta = loz (8.194) 
2d 
So: 


alo ay 
Touta = Io = Io ; 
To — Tin 1— (#) 


lo 


(8.195) 
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Fig. 8.58 MFC core for fifth-order approximation based on PR 8.4 — block diagram 


I 
bei ey (8.196) 
Io + Lin 1+ (#) 
To 
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and: 


j =—j aalo _ a4 
OUTd — Taade eee («) . 


(8.198) 


To 


The output current of the circuit having the block diagram presented in Fig. 8.58 
will have the following expression: 


Tour = louta + Loutpy + Loute + Louta + aslin + alo. (8.199) 


lo lo Io 


I 

eat" a +a5() a), 
SOMEONE OMOMAG 

(8.200) 


Using the notation x = Jjy/Io and (8.44) relation, it results that Joyr current 
represents the fifth-order approximation of f(x) function: 


a a2 a3 


a. 
tour =1o(; a ee aoe = ast + a5 = Iog(x) = lof (x). 


(8.201) 


A possible implementation of the MULT/DIV circuit from the previous block 
diagrams uses as circuit cores two current squaring circuits, having the realization 
shown in Fig. 8.59. 

For the MOS transistors from Fig. 8.59a, the equation of the translinear loop can 
be expressed as follows: 


2Veslo) = Ves(Ip1) + Ves + Lin), (8.202) 
resulting: 
2/lo = Vii + Vip + Iw. (8.203) 
So: 
Ip, =I _ tow Tin (8.204) 
2 16Io 


The expression of the output current will be: 


Lin P 
Tour = Ip1 + = —Io IN 


2 16lo ae 
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Fig. 8.59 (a) The functional core of the MULT/DIV circuit and (b) the block diagram of the 
MULT/DIV circuit 


The output current of the MULT/DIV circuit from Fig. 8.59b has the following 
expression: 


Tour = Tour: — Lour2; (8.206) 


resulting: 


(+10)? (h-Ioy I 
ee 8.207 
Ab Aly ok ( ) 


Tour = 
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Fig. 8.60 The Jour(/m) simulation for the squaring circuit 
Jane SS Eompareas Tin (MA) Tour tn. (HA) Tour sim (UA) 
between the simulated and the 
theoretical estimated results 50 0.156 0.110 
for the current squarer 100 0.625 0.660 
presented in Fig. 8.59a 150 1.406 1.461 
200 2.500 2.574 
250 3.906 3.991 
300 5.625 5.711 
350 7.656 7.119 
400 10.000 10.089 
450 12.656 12.713 
500 15.625 15.714 
550 18.906 18.956 
600 22.500 22.587 
650 26.406 26.446 
700 30.625 30.707 
750 35.156 35.184 
800 40.000 40.077 
850 45.156 45.171 
900 50.625 50.596 
950 56.406 56.407 
1,000 62.500 62.564 


The Jour (I) simulation of the squaring circuit presented in Fig. 8.59a is shown 
in Fig. 8.60. The 7g current is equal with | mA, while the range of Jjy current was 


chosen to be between 0 and 1 mA. 


A comparison between the simulated and the theoretical estimated results for the 


current squarer presented in Fig. 8.59a is shown in Table 8.3. 
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Fig. 8.61 The simulated approximation error ésg(/jv) for the squaring circuit 
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Fig. 8.62 The Joyr(/:) simulation for the MULT/DIV circuit from Fig. 8.59b 


The simulated approximation error, éso(I), for the squaring circuit from 
Fig. 8.59a is shown in Fig. 8.61. The error is smaller than 0.0049% for an extended 


range of the input current. 

The Jour(/1) simulation for the MULT/DIV circuit presented in Fig. 8.59b is 
shown in Fig. 8.62. The Jg and J) currents have the following values: 
Ig = 500 pA and J, = 1 mA, while the range of J; current was chosen to be 


between 0 and 1 mA. 
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Fig. 8.63 The simulated linearity error of Joyr(/1) characteristic for the MULT/DIV circuit from 
Fig. 8.59b 
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Fig. 8.64 The Joyr(t) simulation for the MULT/DIV circuit from Fig. 8.59b 


The simulated linearity error of Jour(/) characteristic for the MULT/DIV 
circuit from Fig. 8.59b is shown in Fig. 8.63. The linearity error is smaller than 
0.006% for an extended range of the input currents. 

For the same MULT/DIV circuit presented in Fig. 8.59b, a transient analysis was 
performed. The / current is a sinusoidal current with an amplitude of 50 wA anda 
frequency equal with 1 kHz, while /; current is a sinusoidal current having an 
amplitude of 0.3 mA and a frequency of 30 kHz. The /) current is a continuous 
current, equal with 1 mA. The simulation of the output current is presented in 
Fig. 8.64. 
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Fig. 8.65 The Joyr(/2) simulation for the MULT/DIV circuit presented in Fig. 8.59b 


Table 8.4 Comparison Lb (mA 7 A Toth 
between the simulated andthe — me) our (HA) outsim (WA) 
theoretical estimated results 0.2 750.00 545.45 
for the MULT/DIV circuit 0.4 375.00 375.01 
from Fig. 8.59b 0.6 250.00 249.99 
0.8 187.50 187.49 
1 150.00 149.983 
1.2 125.00 124.984 
1.4 107.14 107.932 
1.6 93.75 93.734 
1.8 83.33 83.318 
2 75.00 74.985 
2.2 68.18 68.167 
2.4 62.50 62.451 
2.6 57.69 57.678 
2.8 53.57 53.557 
3 50.00 49.987 
3.2 46.87 46.862 
3.4 44.12 44.105 
3.6 41.67 41.654 
3.8 39.47 39.460 
4 37.50 37.487 


The /oyr(/2) simulation for the MULT/DIV circuit presented in Fig. 8.59b is 
presented in Fig. 8.65. The 7g and J; currents have the following values: [9 = 
0.5 mA and J; = 0.3 mA, while the range of /> current was chosen to be between 0 
and 4 mA. 
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A comparison between the simulated and the theoretical estimated results for the 
previously presented MULT/DIV circuit is shown in Table 8.4. 


8.3 Conclusions 


Chapter introduces the original concept of multifunctional structures — active 
circuits that are able to implement, starting from the same circuit core, both linear 
and nonlinear mathematical functions. The approach of analog signal processing 
from the perspective of using multifunctional cores presents the very important 
advantages of reducing the power consumption and silicon area per implemented 
function. As the design effort is mainly concentrated for improving the 
performances of the functional core, the design costs for a circuit function can be 
strongly reduced using this design method. 
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